


Lecture Notes in Mathematics 1958

Editors:
J.-M. Morel, Cachan
F. Takens, Groningen
B. Teissier, Paris



Martin C. Olsson

Compactifying Moduli
Spaces for Abelian Varieties

ABC



Martin C. Olsson
Department of Mathematics
University of California
Berkeley, CA 94720-3840
USA
molsson@math.berkeley.edu

ISBN: 978-3-540-70518-5 e-ISBN: 978-3-540-70519-2
DOI: 10.1007/978-3-540-70519-2

Lecture Notes in Mathematics ISSN print edition: 0075-8434
ISSN electronic edition: 1617-9692

Library of Congress Control Number: 2008931163

Mathematics Subject Classification (2000): 14K10, 14K25

c© 2008 Springer-Verlag Berlin Heidelberg
This work is subject to copyright. All rights are reserved, whether the whole or part of the material is
concerned, specifically the rights of translation, reprinting, reuse of illustrations, recitation, broadcasting,
reproduction on microfilm or in any other way, and storage in data banks. Duplication of this publication
or parts thereof is permitted only under the provisions of the German Copyright Law of September 9,
1965, in its current version, and permission for use must always be obtained from Springer. Violations
are liable to prosecution under the German Copyright Law.

The use of general descriptive names, registered names, trademarks, etc. in this publication does not
imply, even in the absence of a specific statement, that such names are exempt from the relevant protective
laws and regulations and therefore free for general use.

Cover design: SPi Publishing Services

Printed on acid-free paper

9 8 7 6 5 4 3 2 1

springer.com



Contents

Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . VII

0 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1 A Brief Primer on Algebraic Stacks . . . . . . . . . . . . . . . . . . . . . . . 7
1.1 S-groupoids . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
1.2 Stacks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
1.3 Comparison of Topologies . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
1.4 Coarse Moduli Spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
1.5 Rigidification of Stacks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

2 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31
2.1 Abelian Schemes and Torsors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31
2.2 Biextensions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34
2.3 Logarithmic Geometry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43
2.4 Summary of Alexeev’s Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

3 Moduli of Broken Toric Varieties . . . . . . . . . . . . . . . . . . . . . . . . . . 57
3.1 The Basic Construction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
3.2 Automorphisms of the Standard Family over a Field . . . . . . . . . 67
3.3 Deformation Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70
3.4 Algebraization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75
3.5 Approximation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76
3.6 Automorphisms over a General Base . . . . . . . . . . . . . . . . . . . . . . . 78
3.7 The Stack KQ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

4 Moduli of Principally Polarized Abelian Varieties . . . . . . . . . . 85
4.1 The Standard Construction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85
4.2 Automorphisms over a Field . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93
4.3 Deformation Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98
4.4 Isomorphisms over Artinian Local Rings . . . . . . . . . . . . . . . . . . . . 110



VI Contents

4.5 Versal Families . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113
4.6 Definition of the Moduli Problem . . . . . . . . . . . . . . . . . . . . . . . . . . 121
4.7 The Valuative Criterion for Properness . . . . . . . . . . . . . . . . . . . . . 121
4.8 Algebraization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125
4.9 Completion of Proof of 4.6.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130

5 Moduli of Abelian Varieties with Higher Degree
Polarizations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135
5.1 Rethinking Ag,d . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135
5.2 The Standard Construction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138
5.3 Another Interpretation of P̃ → P . . . . . . . . . . . . . . . . . . . . . . . . 142
5.4 The Theta Group . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 144
5.5 Deformation Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 158
5.6 Isomorphisms without Log Structures . . . . . . . . . . . . . . . . . . . . . . 160
5.7 Algebraization of Formal Log Structures . . . . . . . . . . . . . . . . . . . . 163
5.8 Description of the Group Hgp

S . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 166
5.9 Specialization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 178
5.10 Isomorphisms in T g,d . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 201
5.11 Rigidification . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 202
5.12 Example: Higher Dimensional Tate Curve . . . . . . . . . . . . . . . . . . 207
5.13 The Case g = 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 225

6 Level Structure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 231
6.1 First Approach Using Kummer étale Topology . . . . . . . . . . . . . . 231
6.2 Second Approach using the Theta Group . . . . . . . . . . . . . . . . . . . 237
6.3 Resolving Singularities of Theta Functions . . . . . . . . . . . . . . . . . . 241

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 273

Index of Terminology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 277

Index of Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 279



Summary

The problem of compactifying the moduli space Ag of principally polarized
abelian varieties has a long and rich history. The majority of recent work has
focused on the toroidal compactifications constructed over C by Mumford and
his coworkers, and over Z by Chai and Faltings. The main drawback of these
compactifications is that they are not canonical and do not represent any rea-
sonable moduli problem on the category of schemes. The starting point for
this work is the realization of Alexeev and Nakamura that there is a canonical
compactification of the moduli space of principally polarized abelian varieties.
Indeed Alexeev describes a moduli problem representable by a proper alge-
braic stack over Z which contains Ag as a dense open subset of one of its
irreducible components.

In this text we explain how, using logarithmic structures in the sense of
Fontaine, Illusie, and Kato, one can define a moduli problem “carving out”
the main component in Alexeev’s space. We also explain how to generalize
the theory to higher degree polarizations and discuss various applications to
moduli spaces for abelian varieties with level structure.

If d and g are positive integers we construct a proper algebraic stack with
finite diagonal A g,d over Z containing the moduli stack Ag,d of abelian va-
rieties with a polarization of degree d as a dense open substack. The main
features of the stack A g,d are that (i) over Z[1/d] it is log smooth (i.e. has
toroidal singularities), and (ii) there is a canonical extension of the kernel of
the universal polarization over Ag,d to A g,d. The stack A g,d is obtained by a
certain “rigidification” procedure from a solution to a moduli problem. In the
case d = 1 the stack A g,1 is equal to the normalization of the main component
in Alexeev’s compactification. In the higher degree case, our study should be
viewed as a higher dimensional version of the theory of generalized elliptic
curves introduced by Deligne and Rapoport.
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Introduction

In attempting to study any moduli space M , one of the basic first steps is
to find a good compactification M ⊂ M . Preferably the compactification M
should have reasonable geometric properties (i.e. smooth withM−M a divisor
with normal crossings), and the spaceM should also have a reasonable moduli
interpretation with boundary points corresponding to degenerate objects.

Probably the most basic example of this situation is the moduli space
M1,1 classifying elliptic curves and variant spaces classifying elliptic curves
with level structure. For M1,1 the compactification M 1,1 is the stack which
to any scheme T associates the groupoid of pairs (f : E → T, e), where
f : E → T is a proper flat morphism and e : T → Esm is a section into the
smooth locus of f such that for every geometric point t̄ → T the fiber Et̄ is
either a genus 1 smooth curve or a rational nodal curve.

In order to generalize this compactification M1,1 ⊂ M 1,1 to moduli spaces
YΓ classifying elliptic curves with Γ–level structure for some arithmetic sub-
group Γ ⊂ SL2(Z), Deligne and Rapoport introduced the notion of “gener-
alized elliptic curves” in [15]. The main difficulty is that for a scheme T , an
integer N ≥ 1, and an object (f : E → T, e) ∈ M 1,1(T ) there is no good
notion of the N–torsion subgroup of E. More precisely, if there exists a dense
open subset U ⊂ T such that the restriction fU : EU → U is smooth, then
the finite flat U–group scheme EU [N ] does not extend to a finite flat group
scheme over T . Deligne and Rapoport solve this problem by introducing “N -
gons” which enable them to define a reasonable notion of N–torsion group for
degenerate objects.

The moduli space M1,1 has two natural generalizations. First one can
let the genus and number of marked points vary which leads to the moduli
spaces Mg,n of genus g curves with n-marked points. These spaces of course
have modular compactifications Mg,n ⊂ M g,n defined by Deligne, Mumford
and Knudsen. The second generalization of M1,1 is moduli spaces for higher
dimensional (polarized) abelian varieties. Constructing compactifications of
moduli spaces for polarized abelian varieties has historically been a much
more difficult problem.

M.C. Olsson, Compactifying Moduli Spaces for Abelian Varieties. Lecture Notes 1
in Mathematics 1958.
c© Springer-Verlag Berlin Heidelberg 2008



2 0 Introduction

Let Ag denote the moduli space of principally polarized abelian varieties
of dimension g for some integer g ≥ 1. The first compactification of Ag over C
is the so-called Satake or minimal compactification Ag ⊂ A ∗

g constructed by
Satake in [47]. The space A ∗

g is normal but in general singular at the boundary.
The basic question following the construction of the Satake compactification
is then how to resolve the singularities of A ∗

g and to generalize the theory to
one over Z.

Over the complex numbers such resolutions of A ∗
g were constructed by

Ash, Mumford, Rapoport, and Tai in [9] where they constructed the so-called
toroidal compactifications of Ag. These compactifications are smooth with
boundary a divisor with normal crossings. Unfortunately, these compactifica-
tions are not canonical and there is no simple modular interpretation (though
recently Kajiwara, Kato, and Nakayama [22] have given a modular interpre-
tation of these compactifications using their theory of log abelian varieties).
Later Chai and Faltings [13] extended the toroidal compactifications to Z.

The problem remained however to define a compactification of Ag with
a simple modular interpretation, and to generalize the theory of Deligne–
Rapoport to also give modular compactifications of moduli spaces for abelian
varieties with level structure and higher degree polarizations. This is the pur-
pose of this text.

The starting point for our work is the paper [3] in which Alexeev studied
moduli of varieties with action of semi–abelian schemes (Alexeev’s work in
turn built on the work of several people including Namikawa [39] and work
with Nakamura [4]). He constructed compact moduli spaces for two basic
moduli problems, one of which leads to a functorial compactification of the
moduli space of principally polarized abelian varieties Ag. One feature of his
approach, is that the resulting moduli spaces have many irreducible compo-
nents with one “distinguished” component containing Ag. One of the main
ideas in this text is that using logarithmic geometry in the sense of Fontaine
and Illusie ([24]) one can give a relatively simple functorial description of the
normalizations of the main components. In fact this idea can also be applied
to give a modular interpretation of Alexeev’s moduli spaces of “broken toric
varieties”.

In the principally polarized case our work yields an Artin stack Kg with
the following properties:

(i) The diagonal of Kg is finite and Kg is proper of Spec(Z).
(ii) There is a natural open immersion Ag ↪→ Kg identifying Ag with a dense

open substack of Kg.
(iii) There is a good “analytic theory” at the boundary of Ag in Kg general-

izing the theory of the Tate curve for elliptic curves.
(iv) The stack Kg has only toroidal singularities (in fact the complement

Kg\Ag defines a fine saturated log structure MKg
on Kg such that the

log stack (Kg,MKg
) is log smooth over Spec(Z) with the trivial log

structure).
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In order to study moduli of abelian varieties with higher degree polariza-
tions and level structure, we need a different point of view on how to classify
abelian schemes with polarization. Let g and d be positive integers and let
Ag,d denote the moduli stack classifying pairs (A, λ) where A is an abelian
scheme and λ : A→ At is a polarization of degree d (by convention this means
that the kernel of λ is a finite flat group scheme of rank d2). The stack Ag,d

can be viewed as follows. Let Tg,d denote the stack over Z associating to any
scheme S the groupoid of triples (A,P,L), where A is an abelian scheme over
S of relative dimension g, P is a A–torsor, and L is an ample line bundle on
P such that the map

λL : A→ Pic0(P ), a �→ [t∗aL⊗ L−1] (0.0.0.1)

has kernel a finite flat group scheme of rank d2, where ta : P → P denotes
the action on P of a (scheme-valued) point a ∈ A. We will show that Tg,d is
in fact an algebraic stack over Z.

For such a triple (A,P,L) over a scheme S, let G(A,P,L) denote the group
of automorphisms of the triple (A,P,L) which are the identity on A. That
is, G(A,P,L) is the group scheme classifying pairs (β, ι), where β : P → P
is an automorphism commuting with the A–action and ι : β∗L → L is an
isomorphism of line bundles on P . We call this group G(A,P,L) the theta group
of (A,P,L). There is a natural inclusion Gm ↪→ G(A,P,L) sending u ∈ Gm to
the element with β = id and ι = u. This inclusion identifies Gm with a central
subgroup of G(A,P,L) and we write H(A,P,L) for the quotient. If the torsor P
is trivial, then the group G(A,P,L) is the theta group in the sense of Mumford
[36, part I, §1]. In particular, by descent theory the group scheme H(A,P,L) is
a finite flat group scheme of rank d2 over S.

As explained in 2.1.5 there is a canonical isomorphism At � Pic0(P ). The
map 0.0.0.1 therefore induces a polarization of degree d on A. This defines a
map

π : Tg,d → Ag,d, (A,P,L) �→ (A, λL).

For any object (A,P,L) ∈ Tg,d(S) (for some scheme S), the kernel of the
morphism of group schemes

AutTg,d
(A,P,L) → AutAg,d

(π(A,P,L))

is precisely the group scheme G(A,P,L). This implies that one can obtain Ag,d

by a purely stack-theoretic construction called rigidification which “kills off”
the extra automorphisms provided by G(A,P,L) (the reader not famililar with
the notion of rigidification may wish to consult the examples 1.5.7 and 1.5.8).
Thus in many ways the stack Tg,d is a more basic object than Ag,d.

With this in mind, our approach to compactifying Ag,d is to first construct
an open immersion Tg,d ↪→ T g,d and an extension of the theta group over Tg,d

to an extension of a finite flat group scheme of rank d2 by Gm over the stack
T g,d. The stack T g,d should be viewed as a compactification of Tg,d, though
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of course it is not compact (not even separated) since the diagonal is not
proper. We can then apply the rigidification construction to T g,d with respect
to the extension of the theta group to get a compactification Ag,d ↪→ A g,d.
The stack A g,d is proper over Z with finite diagonal, Ag,d ↪→ A g,d is a
dense open immersion, and over Z[1/d] the stack A g,d is log smooth (so it
has toroidal singularities). Moreover, over A g,d there is a tautological finite
flat group scheme H → A g,d whose restriction to Ag,d is the kernel of the
universal polarization of degree d2.

Remark 0.0.1. The stack A g,1 is canonically isomorphic to Kg. However,
because the moduli interpretation of these two stacks are different (the defi-
nition of Kg avoids the rigidification procedure by a trick that only works in
the principally polarized case) we make the notational distinction.

The text is organized as follows. Because of the many technical details
involved with our construction in full generality, we have chosen to present
the theory by studying in turn three moduli problems of increasing technical
difficulty (broken toric varieties, principally polarized abelian varieties, abelian
varieties with higher degree polarizations).

We also make heavy use of stack-theoretic techniques. For this reason we
have included in chapter 1 a brief primer on algebraic stacks. The reader
familiar with stacks can skip this chapter and refer back as needed.

In chapter 2 we summarize the necessary background material for the rest
of the text. We state our conventions about semi-abelian schemes, review the
necessary theory of biextensions, and summarize the material we need from
logarithmic geometry [24] and for the convenience of the reader we recall some
of Alexeev’s results from [3].

Chapter 3 is devoted to moduli of “broken toric varieties”. This chapter
is independent of the other chapters. We have included it here because it
illustrates many of the key ideas used for the moduli of abelian varieties
without many of the technical details. The moduli problems considered in this
chapter have also been studied extensively in other contexts (see for example
[26] and [30]), so this chapter may be of independent interest.

In chapter 4 we turn to the problem of compactifying the moduli space
of principally polarized abelian varieties. Though we subsequently will also
study higher degree polarizations and level structure, we first consider the
principally polarized case which does not require the more intricate theory of
the theta group and is more closely related to Alexeev’s work.

In chapter 5 we then turn to the full theory. The main ingredient needed
to generalize the principally polarized case is to study in detail degenerations
of the theta group.

Finally in chapter 6 we explain how to construct compact moduli spaces for
abelian varieties with level structure. We present two approaches. One using
the theory of logarithmic étale cohomology, and the second using the theory of
the theta group developed in 5. The second approach has the advantage that
it lends itself to a study of reductions of moduli spaces at primes dividing the
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level. We intend to discuss this in future writings. We also discuss in detail
how to construct modular compactifications of the moduli spaces for abelian
varieties with “theta level structure” defined by Mumford in [36].

0.0.2 (Acknowledgements). The author is grateful to V. Alexeev and S.
Keel for several helpful conversations. The author also would like to thank the
Institute for Advanced Study where part of this work was done for its excellent
working conditions, and the American Institute of Mathematics which hosted
an excellent workshop which helped initiate this project. Finally the author
thanks the referees for helpful suggestions. The author was partially supported
by an NSF post–doctoral research fellowship, NSF grant DMS-0714086, and
an Alfred P. Sloan research fellowship.



1

A Brief Primer on Algebraic Stacks

We recall in this chapter a few basic definitions and results (without proofs)
about algebraic stacks. For a more complete treatment (and in particular
for proofs of many of the results stated here) see the book of Laumon and
Moret-Bailly [31] and Vistoli’s paper [49].

Throughout this chapter we work over a fixed a base scheme S, and con-
sider the étale topology on the category (Sch/S) of schemes over S, unless
otherwise mentioned.

1.1 S-groupoids

1.1.1. If F is a category and p : F → (Sch/S) is a functor, then for any
S-scheme X we define F (X) to be the category whose objects are objects
x ∈ F such that p(x) = X and whose morphisms are morphisms ρ : x → x′

in F such that the induced map

X = p(x)
p(ρ) �� p(x′) = X

is equal to idX .
If f : X → Y is a morphism of S-schemes and y ∈ F (Y ), then a pullback

of y along f is an arrow h : x→ y in F with p(h) = f such that the following
hold: given an object z ∈ F with p(z) = Z for some S-scheme Z, a morphism
g : z → y in F , and a factorization

Z
u �� X

f �� Y

of p(g), there exists a unique morphism v : z → x such that p(v) = u and
h ◦ v = g. In a diagram:

M.C. Olsson, Compactifying Moduli Spaces for Abelian Varieties. Lecture Notes 7
in Mathematics 1958.
c© Springer-Verlag Berlin Heidelberg 2008
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z

g

��v ����� x
h �� y

Z
u �� X

f �� Y.

The arrow h : x → y is unique up to unique isomorphism. Abusively we
often refer to x as the pullback of y and usually denote it by f∗y.

Definition 1.1.2. A fibered category over S is a category F with a functor
p : F → (Sch/S) such that for every y ∈ F with image Y ∈ (Sch/S) and
morphism f : X → Y there exists a pullback of y along f .

Definition 1.1.3. A groupoid over S (or S-groupoid) is a functor p : F →
(Sch/S) such that the following hold:

(i) For every y ∈ F with p(y) = Y and morphism of S-schemes f : X → Y ,
there exists a pullback h : x → y of y along f (so F is a fibered category
over S).

(ii) For every X ∈ (Sch/S) the category F (X) is a groupoid (which by
definition means that all morphisms in F (X) are isomorphisms).

Remark 1.1.4. Conditions (i) and (ii) imply that every arrow in F is a pull-
back arrow.

Example 1.1.5. Let G/S be a flat group scheme, and define BG to be the
following category:

Objects. Pairs (T, P ), where T is an S-scheme and P is a G-torsor over T .
Morphisms. A morphisms (T ′, P ′) → (T, P ) in BG is a commutative (in

fact necessarily cartesian) diagram

P ′ a ��

��

P

��
T ′ �� T,

where the morphism a is G-equivariant. There is a functor

F : BG→ (Sch/S), (T, P ) �→ T,

which makes BG an S-groupoid.

Example 1.1.6. The preceding example can be generalized as follows. Let
G/S be as in 1.1.5, and let X/S be a scheme with G-action. Define [X/G] to
be the following category.

Objects. Triples (T, P, ρ), where T is an S-scheme, P is a G-torsor over T ,
and ρ : P → X is a G-equivariant map.
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Morphisms. A morphism (T ′, P ′, ρ′) → (T, P, ρ) is a commutative diagram

P ′ a ��

ρ′

��

��

P

��

ρ �� X

T ′ �� T,

where a is G-equivariant. Then [X/G] is an S-groupoid with projection

F : [X/G] → (Sch/S), (T, P, ρ) �→ T.

Note that BG = [S/G], where G acts trivially on S.

Example 1.1.7. Fix an integer g ≥ 1, and let Ag denote the following cate-
gory.

Objects. Triples (T,A, λ), where T is an S-scheme, A/T is an abelian
scheme of relative dimension g, and λ : A → At is a principal polarization
(where At denotes the dual abelian scheme of A).

Morphisms. A morphism (T ′, A′, λ′) → (T,A, λ) is a cartesian diagram

A′ a ��

��

A

��
T ′ �� T,

where a is a homomorphism of abelian schemes such that the induced diagram

A′ a ��

λ′

��

T ′ ×T A

λ

��
A′t T ′ ×T A

ta∗
��

commutes. Then Ag is an S-groupoid with projection

F : Ag → (Sch/S), (T,A, λ) �→ T.

1.1.8. If p : F → (Sch/S) and q : H → (Sch/S) are groupoids over S, then a
morphism F → H of S-groupoids is a functor ρ : F → H such that p = q ◦ ρ
(‘on-the-nose’ equality of functors). If ρ, ρ′ : F → H are two morphisms of
S-groupoids, then a morphism γ : ρ → ρ′ is a natural transformation of
functors such that the induced automorphism

p = q ◦ ρ γ→q ◦ ρ′ = p
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is the identity. Note that γ is necessarily an isomorphism. We denote by

HOM(F,H)

the groupoid of morphisms of S-groupoids F → H.

Example 1.1.9. Let F : (Sch/S)op → Set be a functor. Then F defines a
fibered category pF : F ∗ → (Sch/S) as follows:

Objects. Pairs (T, f), where T ∈ (Sch/S) and f ∈ F (T ).
Morphisms. A morphism (T ′, f ′) → (T, f) is a morphism h : T ′ → T such

that the two elements f ′, h∗(f) ∈ F (T ′) are equal.
The functor pF sends (T, f) to T . A natural transformation of functors

ρ : F → G induces a morphism of S-groupoids F ∗ → G∗ and the induced
map

Hom(F,G) → HOM(F ∗, G∗)

is an equivalence of categories [49, 3.26], where the set Hom(F,G) is viewed
as a category with only identity morphisms.

In what follows, we will usually not distinguish between the functor F and
the corresponding S-groupoid F ∗ and simply write F for both. In particular,
if X ∈ (Sch/S) then the functor of points hX of X can be viewed as an
S-groupoid, which we usually denote (abusively) again by X.

Remark 1.1.10. There is a version of Yoneda’s lemma for S-groupoids. Let
X be an S-scheme and let p : F → (Sch/S) be an S-groupoid. For any
morphism ρ : hX → F of S-groupoids, we get by looking at the fiber over X
a functor

ρX : hX(X) → F (X).

Evaluating this map on idX ∈ hX(X) we get an object ρX(idX) ∈ F (X). The
Yoneda lemma in this context [49, 3.6.2] says that the induced functor

HOM(hX , F ) → F (X)

is an equivalence of categories. We will therefore often view objects of F (X)
as morphisms hX → F and vice versa.

1.1.11. It is often convenient to think about S-groupoids F together with a
choice of a pullback arrow h : f∗x → x for every morphism f : Y → X in
(Sch/S) and object x ∈ F (X). The choice of such a collection K of pullback
arrows is called a cleavage of F [49, 3.9]. It follows from the axiom of choice
that a cleavage always exists.

If K is a cleavage of F we obtain a functor

f∗ : F (X) → F (Y ), x �→ f∗x,

for every morphism f : Y → X in (Sch/S). An arrow α : x′ → x in F (X) is
sent to the unique dotted arrow (which exists since f∗x → x is a pullback)
filling in the following diagram in F
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f∗x′

���
�
�

�� x′

α

��
f∗x �� x.

It is therefore tempting to think of an S-groupoid as a functor from (Sch/S)op

to groupoids sendingX to F (X). Here the fact that the collection of groupoids
forms a 2-category, and not a category, becomes an issue.

The main point is that in general one cannot choose the cleavage K in
such a way that for a composite

Z
g �� Y

f �� X

the two functors
(fg)∗, g∗ ◦ f∗ : F (X) → F (Z)

are equal (they are, however, canonically isomorphic by the universal property
of pullback). A simple counterexample is given in [49, 3.14]. This leads to the
following definition.

Definition 1.1.12 ([49, 3.10]). A pseudo-functor F on (Sch/S) consists of
the following data:

(i) For X ∈ (Sch/S) a groupoid F(X).
(ii) For every S-morphism f : Y → X a functor

f∗ : F(X) → F(Y ).

(iii) For every X ∈ (Sch/S) an isomorphism εX : id∗
X � idF(X).

(iv) For every composite

Z
g �� Y

f �� X

an isomorphism

αg,f : g∗f∗ � (fg)∗ : F(X) → F(Z).

This data is in addition required to satisfy the following conditions.

(a) For any S-morphism f : Y → X and x ∈ F(X) the diagrams

id∗
Y f

∗(x)

αidY ,f

��

εY

����
���

���
��

(f ◦ idY )∗(x) f∗x
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and
f∗id∗

X(x)

αf,idX

��

εX

����
���

���
��

(idX ◦ f)∗(x) f∗x

commute.
(b) For a composite

W
h �� Z

g �� Y
f �� Z

and x ∈ F(X) the diagram

h∗g∗f∗(x)

αg,f

��

αh,g �� (gh)∗f∗(x)

αgh,f

��
h∗(fg)∗(x)

αh,fg �� (fgh)∗(x)

commutes.

Remark 1.1.13. In [49, 3.10] Vistoli defines a notion of pseudo-functor with
(Sch/S) replaced by an arbitrary category and not necessarily taking values
in groupoids. However, the above definition suffices for our purposes.

1.1.14. An S-groupoid F with a cleavage defines a pseudo-functor F as in
1.1.11.

Conversely a pseudo-functor F defines an S-groupoid F as follows. The
objects of F are pairs (X,x), where X ∈ (Sch/S) and x ∈ F(X). A morphism
(Y, y) → (X,x) is a pair (f, f b), where f : Y → X is a morphism in (Sch/S)
and f b : y → f∗x is a morphism in F(Y ). The composition of two arrows

(g, gb) : (Z, z) → (Y, y), (f, f b) : (Y, y) → (X,x)

is defined to be gf together with the composite morphisms

(fg)∗x
α−1

g,f �� g∗f∗x
fb

�� g∗y
gb

�� z.

As explained in [49, 3.1.3] this defines a category which is an S-groupoid with
projection to (Sch/S) given by (X,x) �→ X. Note also that F comes equipped
with a cleavage: if f : Y → X is a morphism in (Sch/S) and x ∈ F (X) = F(X)
the we get a pullback morphism

(Y, f∗x) → (X,x).

In this way one sees as in [49, 3.1.3] that the theory of fibered categories with
cleavages is equivalent to the theory of pseudo-functors.
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Example 1.1.15. Choose (using again the axiom of choice) for every mor-
phism f : X → Y a pullback functor

(Sch/Y ) → (Sch/X), (Z → Y ) �→ (Z ×Y X
pr→X).

Such a choice defines a cleavage of Ag. Namely, if X is an S-scheme and (A, λ)
is a principally polarized abelian scheme of relative dimension g over X, then
for any morphism f : Y → X we define the pullback f∗(A, λ) to be the fiber
product A×X Y with the principal polarization

f∗λ := λ× id : A×X Y → A×X Y.

The commutative diagram

A×X Y ��

��

A

��
Y

f �� X

then defines a morphism (A ×X Y, f
∗λ) → (A, λ) in Ag over f . In this way

we obtain a functor
f∗ : Ag(X) → Ag(Y )

together with isomorphisms εX and αf,g defining a pseudo-functor.
Following customary abuse of terminology, we will usually define an

S-groupoid by specifying the corresponding pseudo-functor. For example, Ag

will be described as the fibered category which to any S-scheme X associates
the groupoid of principally polarized abelian schemes over X.

1.1.16. In general, if G is a groupoid then G is characterized by the following
data.

(i) The set of objects G0.
(ii) The set of morphisms G1.
(iii) The maps s, t : G1 → G0 sending a morphism ρ to its source and target

respectively, the map e : G0 → G1 sending an object g ∈ G0 to id : g → g,
and the map ι : G1 → G1 sending a morphism to its inverse.

(iv) The map
m : G1 ×s,G0,t G1 → G1 (ρ, η) �→ ρ ◦ η

defining the composition of arrows.

The morphisms s, t, m, ι, and e satisfy the following relations:

(v) s ◦ e = t ◦ e = id, s ◦ ι = t, t ◦ ι = s, s ◦m = s ◦ pr2, t ◦m = t ◦ pr1.
(vi) The diagram

G1 ×s,G0,t G1 ×s,G0,t G1
m×id ��

id×m

��

G1 ×s,G0,t G1

m

��
G1 ×s,G0,t G1

m �� G1

(1.1.16.1)

commutes.
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(vii) The diagrams

G0 ×id,G0,s G1

pr2

����
���

���
���

e×id

��

G1 ×t,G0,id G0

id×e

��

pr1

����
���

���
���

G1 ×s,G0,t G1
m �� G1 G1 ×s,G0,t G1

m �� G1

(1.1.16.2)
commute.

(viii) The squares

G1

s

��

ι×id �� G1 ×s,G0,t G1

m

��

G1

t

��

id×ι �� G1 ×s,G0,t G1

m

��
G0

e �� G1 G0
e �� G1

are cartesian.

Remark 1.1.17. The map ι is determined by m and e and condition (viii).
Indeed if P denotes the fiber product of the diagram

G1 ×s,G0,t G1

m

��
G0

e �� G1

then the composite

P �� G1 ×s,G0,t G1
pr2 �� G1

is an isomorphism and identifies P with G1. The composite

G1
� �� P �� G1 ×s,G0,t G1

pr1 �� G1

is then the map ι. Thus the groupoid G is specified by the data (G0, G1,
s, t,m).

1.1.18. Let C be any category with fiber products, and suppose given objects
G0, G1 ∈ C together with morphisms in C

s, t : G1 → G0, m : G1 ×s,G0,t G1 → G1, e : G0 → G1, ι : G1 → G1.

We call (G0, G1, s, t,m, e, ι) a groupoid in C if the axioms (now in C) (v)-
(viii) hold. As noted in 1.1.17 such a groupoid is determined by the data
(G0, G1, s, t,m, e).
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1.1.19. Let (X0, X1, s, t,m, e) be a groupoid in (Sch/S). We then obtain an
S-groupoid

p : {X0/X1} → (Sch/S)

defined as follows.
Objects. The objects of {X0/X1} are pairs (T, t), where T ∈ (Sch/S) and

t : T → X0 is a morphism of S-schemes.
Morphisms. A morphism (T ′, t′) → (T, t) is a pair (h, h̃), where h : T ′ → T

is a morphism of S-schemes and h̃ : T ′ → X1 is a morphism such that s◦h̃ = t′

and t ◦ h̃ = t ◦ h.
The functor p sends (T, t) to T .
Note that if T is a scheme, then the groupoid {X0/X1}(T ) has objects

X0(T ) and morphisms the set X1(T ) and the composition law is given by the
morphism m.

Remark 1.1.20. One can generalize the definition of {X0/X1} by taking X0

and X1 in 1.1.19 to be just functors (Sch/S)op → Set and s, t, e, and m to be
morphisms of functors. Again one obtains an S-groupoid {X0/X1}.

1.1.21. Let F be an S-groupoid, and fix a cleavage K for F . For a morphism
f : X → Y in (Sch/S) and object y ∈ F (Y ) the pullback arrow given by K
will be denoted by

f∗y → y.

Recall that for composable morphisms

Z
g �� X

f �� Y

there is a unique isomorphism g∗f∗y � (fg)∗y in F (Z) over y.
Now let t1, t2 ∈ F (T ) be objects over some scheme T . Define

Isom(t1, t2) : (Sch/T )op → Set

to be the functor sending f : T ′ → T to the set of isomorphisms f∗t1 → f∗t2
in F (T ′). If g : T ′′ → T ′ is a morphism and ι : f∗t1 → f∗t2 is an isomorphism
in F (T ′) then g∗(ι) ∈ Isom(t1, t2)(T ′′) is defined to be the isomorphism

(fg)∗t1
can �� g∗f∗t1

ι �� g∗f∗t2
can �� (fg)∗t2.

Remark 1.1.22. The definition of the sheaf Isom(t1, t2) depends on the
choice of a cleavage. However, a straightforward verification shows that two
different cleavages define canonically isomorphic sheaves. In what follows we
will therefore write Isom(t1, t2) without reference to a particular choice of
cleavage.
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1.1.23. Given a diagram of S-groupoids

F

a

��
G

b �� H

one can form the fiber product G×H F as follows. The objects of G×H F are
triples (g, f, ι), where g ∈ G and f ∈ F are objects such that pG(g) = pF (f)
(where pG : G → (Sch/S) and pF : F → (Sch/S) are the projections) and
ι : b(g) → a(f) is an isomorphism in H such that the map

pG(g) = pH(b(g)) ι→pH(a(f)) = pF (f) = pG(g)

is the identity map. A morphism (g′, f ′, ι′) → (g, f, ι) is a pair (σ, γ), where
σ : g′ → g is a morphism in G, γ : f ′ → f is a morphism in F , the two
projections pG(σ) and pF (γ) are equal, and such that the diagram

b(g′)

ι′

��

σ �� b(g)

ι

��
a(f ′)

γ �� a(f)

commutes. There is a natural diagram

G×H F

pr1

��

pr2 �� F

a

��
G

b �� H,

(1.1.23.1)

where pr1 (resp. pr2) is the morphism sending (g, f, ι) to g (resp. f). In addi-
tion, there is an isomorphism of functors σ : b ◦ pr1 → a ◦ pr2 defined by

b ◦ pr1(g, f, ι) b(g) ι �� a(f) a ◦ pr2(g, f, ι).

The square 1.1.23.1 is universal in the sense that for any S-groupoid Z the
natural functor

HOM(Z,G×H F ) → HOM(Z,G) ×HOM(Z,H) HOM(Z,F )

induced by the diagram 1.1.23.1 and σ is an equivalence.

Example 1.1.24. If in 1.1.23 we take H to be the trivial S-groupoid defined
by hS , then we get the product G× F .

1.1.25. For an S-groupoid F , the diagonal map

∆ : F → F × F
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is the functor sending f ∈ F to (f, f). If T ∈ (Sch/S) and t1, t2 ∈ F (T ) are
two objects, then the fiber product of the diagram

hT

t1×t2

��
F

∆ �� F × F

is canonically isomorphic to the S-groupoid associated to the functor
Isom(t1, t2).

Example 1.1.26. Let {X0/X1} be the S-groupoid associated to morphisms
of schemes

s, t : X1 → X0, e : X0 → X1,m : X1 ×s,X0,t X1 → X1

as in 1.1.19. If T is a scheme, and t1, t2 ∈ X0(T ) are elements defining objects
of {X0/X1}(T ) then the functor

Isom(t1, t2) : (Sch/T )op → Set

is represented by the fiber product of the diagram

X1

s×t

��
T

t1×t2 �� X0 ×S X0.

1.2 Stacks

Definition 1.2.1. An S-groupoid F is called a prestack if for every S-scheme
T and objects t1, t2 ∈ F (T ) the functor Isom(t1, t2) is a sheaf on (Sch/T ) with
respect to the étale topology.

Example 1.2.2. With notation as in 1.1.26, the S-groupoid {X0/X1} is a
prestack, as representable functors are sheaves with respect to the étale topol-
ogy [49, 2.55].

1.2.3. Let F be an S-groupoid with a cleavage K, and consider a scheme T
together with an étale cover {fi : Ti → T}. Define a category F ({Ti → T})
as follows.

Objects. Collections ({ti, σij}), where ti ∈ F (Ti) and σij : pr∗1ti → pr∗2tj is
an isomorphism in F (Ti ×T Tj) such that for every triple i, j, k the diagram

pr∗12pr∗1ti
pr∗12σij��

can

��

pr∗12pr∗2tj � pr∗23pr∗1tj
σjk �� pr∗23pr∗2tk

can

��
pr∗13pr∗1ti

pr∗13σik �� pr∗13pr∗2tk



18 1 A Brief Primer on Algebraic Stacks

commutes, where prαβ denotes the projection to the (α, β)-factors of Ti ×T

Tj ×T Tk.
Morphisms. A morphism ({ti, σij}) → ({t′i, σ′ij}) is a collection of mor-

phisms γi : ti → t′i in F (Ti) such that the diagrams

pr∗1ti

σij

��

γi �� pr∗1t
′
i

σ′
ij

��
pr∗2tj

γj �� pr∗1tj

in F (Ti ×T Tj) commute. Note that there is a natural functor

F (T ) → F ({fi : Ti → T})

sending an object t ∈ F (T ) to the {f∗i ti} with the canonical isomorphisms

pr∗1f
∗
i ti

can �� q∗t
can �� pr∗2f

∗
j tj ,

where q : Ti ×T Tj → T is the structure morphism.

Definition 1.2.4. A prestack F is a stack if for every étale covering {fi :
Ti → T} of a scheme T the functor

F (T ) → F ({Ti → T})

is an equivalence of categories.

Remark 1.2.5. As explained in [49, 4.1.2] two different cleavages on F define
canonically equivalent categories F ({Ti → T}). From this one sees that the
condition that a prestack F is a stack is independent of the choice of a cleavage.

Example 1.2.6. The S-groupoid Ag is a stack. This does not follow imme-
diately from descent theory as we only consider polarizations λ : A→ At and
not a specific line bundle representing the polarization. Nonetheless one can
proceed as follows.

Let T be a scheme and let (A, λ) ∈ Ag(T ) be a principally polarized
abelian scheme over T . We claim that there is a canonical relatively very
ample line bundle Mλ on A whose associated map A → At is 4λ together
with a trivialization e∗Mλ � OT . Once this is shown the fact that Ag is a
stack follows from descent theory.

To construct the line bundle Mλ, first recall that a line bundle L on A
is called symmetric (see also 6.3.2) if there exists an isomorphism ι∗L → L,
where ι : A→ A is the map sending a to −a. Étale locally on T , there exists
a symmetric line bundle L on A representing λ (see for example 6.3.18). The
line bundle L is unique up to tensoring L with a degree 0 line bundle N which
is also symmetric. Now if N is a degree 0 symmetric line bundle on A we have
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ι∗N � N−1 so the condition that N is symmetric is equivalent to N2 � OA.
It follows that the line bundle Mλ := L⊗4 is independent of the choice of L
up to isomorphism. If we further fix an isomorphism χ : e∗Mλ → OT then
it follows that for any morphism g : T ′ → T , object (A′, λ′) ∈ Ag(T ′), and
isomorphism g̃ : g∗(A, λ) → (A′, λ′) there is a unique isomorphism of line
bundles g̃∗Mλ →Mλ′ on A′ compatible with the isomorphisms

g̃∗χ : e′∗g̃∗Mλ → OT ′ , χ′ : e′∗Mλ′ → OT ′ .

Finally the fact that Mλ is relatively very ample follows from [35, Theorem
on p. 163].

1.2.7. If F is an S-groupoid, one can form its associated stack F a, which is
a stack together with a morphism F → F a such that for any other stack G
the natural functor

HOM(F a, G) → HOM(F,G)

is an equivalence of categories [31, 3.2]. As one would expect, the construction
of F a is rather formal. However, it should be noted that the construction shows
that if F is a prestack then the functor F → F a is fully faithful.

In particular, for the S-groupoid {X0/X1} defined in 1.1.19 there is an
associated stack which we will denote by [X0/X1].

Example 1.2.8. If F is a functor (Sch/S)op → Set with associated
S-groupoid F ∗, then we have (F ∗)a = (F a)∗, where F a denotes the sheaf
associated to F . In particular, F ∗ is a stack if and only if F is a sheaf.

Example 1.2.9. If

s, t : X1 → X0, e : X0 → X1, m : X1 ×s,X0,t X1 → X1

is a collection of morphisms of schemes as in 1.1.19 such that s × t : X1 →
X0×SX0 is a monomorphism, then for every S-scheme T the subset X1(T ) ⊂
X0(T ) × X0(T ) is an equivalence relation on X0(T ), and {X0/X1} is the
S-groupoid corresponding to the presheaf

T �→ X0(T )/X1(T ).

The stack [X0/X1] is then the stack associated to the sheaf associated to this
presheaf.

Definition 1.2.10. An algebraic space is a sheaf

X : (Sch/S)op → Set

whose associated S-groupoid is isomorphic to [X0/X1] for some collection of
data as in 1.1.19 with the morphisms

s, t : X1 → X0
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étale, and
s× t : X1 → X0 ×S X0

a quasi-compact monomorphism.

Remark 1.2.11. The above definition of algebraic space coincides with the
one in [29]. One can relax the condition on the diagonal, but to develop the
theory in this greater generality requires some foundational work and is not
needed in this monograph.

1.2.12. A morphism of stacks f : X → Y is schematic if for every scheme Y
and morphism y : Y → Y (equivalently object y ∈ Y (Y )) the fiber product

X ×Y Y

is representable by a scheme.
Let P is a property of morphisms of schemes which is stable under base

change (i.e. if g : Z → W is a morphism of schemes having property P then
for every morphism of schemes W ′ → W the morphism Z ×W W ′ → W ′

also has property P ). For example, P could be the property of being a closed
immersion, immersion, étale, smooth etc. We say that a schematic morphism
of stacks f : X → Y has property P if for every scheme Y and morphism
y : Y → Y the morphism of schemes

X ×Y Y → Y

has property P .
If X is a stack, then the condition that for every scheme T and objects

t1, t2 ∈ X (T ) the functor Isom(t1, t2) is representable by a scheme is equiva-
lent to the statement that the diagonal

∆ : X → X × X

is schematic by 1.1.25. This also implies that for any diagram with T and T ′

schemes
T

a

��
T ′ b �� X

the fiber product is representable by a scheme, as this fiber product is isomor-
phic to the fiber product of the diagram

T × T ′

a×b

��
X

∆ �� X × X .

Therefore we can talk about a morphism T → X being étale, flat etc., when T
is a scheme and the diagonal of X is schematic (after we introduce algebraic
spaces this condition on the diagonal will be relaxed).
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Proposition 1.2.13. A functor

X : (Sch/S)op → Set

is an algebraic space if and only if the following hold:

(i) X is a sheaf with respect to the étale topology.
(ii) The diagonal ∆ : X → X ×X is schematic, and quasi-compact.
(iii) There exists a scheme U and an étale surjective morphism U → X.

Proof. See [29, II.1.7]. 	


1.2.14. Most of the usual theory of schemes as developed in EGA [17], can
be extended to algebraic spaces.

First of all, if X is an algebraic space then since the diagonal ∆ : X →
X×X is schematic, we can talk about the diagonal being separated or proper.
We say that X is separated if the diagonal of X is proper (this is equivalent
to saying that the diagonal is a closed immersion).

As we now explain, we can also talk about a morphism of algebraic spaces
being smooth, étale, locally of finite type etc.

Let f : X → Y be a morphism of algebraic spaces. Let q : U → Y be an
étale surjection with U a scheme, and let XU denote the fiber productX×Y U .
Then XU is again an algebraic space, and therefore we can also choose an étale
surjection V → XU with V a scheme. We then have a commutative diagram

V
r ��

p

���
��

��
��

� XU
ρ ��

��

U

q

��
X

f �� Y,

(1.2.14.1)

where the square is cartesian and r and q (and hence also p) are étale surjec-
tions.

Let P be a property of morphisms of schemes. We say that P is local
in the étale topology on source and target if for any morphism of schemes
f : X → Y and diagram 1.2.14.1 the morphism f has property P if and only
if the morphism ρr : V → U has property P .

Definition 1.2.15. Let P be a property of morphisms of schemes which is
local in the étale topology on source and target. We say that a morphism of
algebraic spaces f : X → Y has property P if for every diagram 1.2.14.1 the
morphism of schemes ρr has property P .

For example, we can talk about a morphism of algebraic spaces being
smooth, étale, flat etc.

Remark 1.2.16. A straightforward verification shows that if f : X → Y is a
morphism of algebraic spaces and if for some diagram 1.2.14.1 the morphism
ρr has property P , then f has property P .
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Definition 1.2.17. A morphism of stacks f : X → Y is representable if for
every scheme Y and morphism y : Y → Y the fiber product X ×Y Y is an
algebraic space.

Remark 1.2.18. By descent theory, if f : X → Y is a representable mor-
phism of stacks then for every algebraic space Y and morphism y : Y → Y
the fiber product X ×Y Y is an algebraic space.

1.2.19. Let P be a property of morphisms of algebraic spaces. We say that
P is stable under base change and local in the étale topology on target if the
following hold:

(i) If f : X → Y has property P then for any morphism Y ′ → Y the base
change X ×Y Y

′ → Y ′ has property P .
(ii) If f : X → Y is a morphism and {Yi → Y } is an étale covering of Y , then

f has property P if and only if for every i the base change X ×Y Yi → Yi

has property P .

For example, P could be the property of being étale, surjective, flat etc. (see
[31, 3.10] for a more exhaustive list).

Definition 1.2.20. Let f : X → Y be a representable morphism of stacks,
and let P be a property of morphisms of algebraic spaces which is stable
under base change and local in the étale topology on target. We say that f
has property P if for every morphism of schemes Y → Y the morphism

X ×Y Y → Y

has property P .

1.2.21. There are a few properties of morphisms that are not étale local on
source and target but still can be extended to algebraic spaces. Most notably,
we say that an algebraic space X is quasi-compact if there exists an étale
surjection U → X with U a quasi-compact scheme. A morphism f : X → Y
of algebraic spaces is called quasi-compact if for every quasi-compact scheme U
and morphism U → Y the fiber product X×Y U is a quasi-compact algebraic
space.

Definition 1.2.22. A stack X is algebraic if the following conditions hold:

(i) The diagonal ∆ : X → X × X is representable and quasi-compact.
(ii) There exists a smooth surjection X → X with X a scheme.

An algebraic stack X is Deligne-Mumford if the diagonal ∆ is in addition
separated and if there exists an étale surjection X → X with X a scheme.

Remark 1.2.23. We call a smooth surjection X → X as in (ii) a presenta-
tion.
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Remark 1.2.24. By [29, II.6.16] any algebraic space quasi-finite and sepa-
rated over a scheme is again a scheme. It follows from this that if X is a
Deligne-Mumford stack over S then the diagonal ∆ : X → X ×S X is
schematic (or more generally if X has quasi-finite and separated diagonal).

1.2.25. Let X /S be an algebraic stack, and let X0 → X be a presentation.
Set

X1 := X0 ×X X0,

and let s, t : X1 → X0 be the two projections. Also let e : X0 → X1 be the
diagonal and define

m : X1 ×t,X0,s X1 → X1

to be the map obtained as the composite

X1 ×t,X0,s X1
� �� X0 ×X ×X0 ×X X0

pr13 �� X0 ×X X0 = X1,

where the first map is the canonical isomorphism and the second map is the
projection onto the first and third factors. Then one verifies that the axioms
in 1.1.16 (v)–(viii) hold, and moreover there is a natural isomorphism

[X0/X1] � X .

1.2.26. Let f : X → Y be a morphism of algebraic S-stacks, and let Q :
Y → Y be a presentation. Then XY := X ×Y Y is again an algebraic S-stack,
and the projection XY → X is smooth and surjective. Choose a presentation
R : X → XY . Then the composite X → XY → X is also a presentation, and
we have a commutative diagram

X

���
��

��
��

�
R �� XY

ρ ��

��

Y

Q

��
X

f �� Y ,

(1.2.26.1)

where the square is cartesian.

1.2.27. Let P be a property of morphisms of schemes. We say that P is local
in the smooth topology on source and target if for every commutative diagram
of schemes

X ′′

f ′′
���

��
��

��
�

p′
�� X ′

��

�� X

f

��
Y ′ q �� Y,

where the square is cartesian and the morphisms q and p′ are smooth and
surjective, the morphism f has property P if and only if the morphism f ′′ has
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property P . For example, P could be the property of being surjective, locally
of finite type, flat, or smooth.

By the discussion in 1.2.14, we can then also talk about a morphism of
algebraic spaces having property P .

If P is a property of morphisms of schemes which is local in the smooth
topology on source and target, then we can extend the notion to morphisms of
algebraic stacks as follows. Let f : X → Y be a morphism of algebraic stacks.
We say that f has property P if for every diagram 1.2.26.1 the morphism of
algebraic spaces ρR : X → Y has property P . As in 1.2.16, this equivalent to
verifying that for a single diagram 1.2.26.1 the morphism ρR has property P .

1.2.28. As in the case of algebraic spaces 1.2.21, we can also talk about a
morphism of algebraic S-stacks f : X → Y being quasi-compact. First of all,
an algebraic S-stack X is called quasi-compact if there exists a presentation
P : X → X with X a quasi-compact scheme. A morphism f : X → Y
is called quasi-compact if for every quasi-compact scheme Y and morphism
Y → Y the fiber product X ×Y Y is a quasi-compact algebraic stack.

1.2.29. A morphism f : X → Y of algebraic stacks is called a closed im-
mersion (resp. open immersion, immersion) if it is schematic and if for every
morphisms Y → Y with Y a scheme the map of schemes

X ×Y Y → Y

is a closed immersion (resp. open immersion, immersion).
This enables us to associate to an algebraic stack X a topological space

|X | as follows. First of all, define an S-field to be a field K together
with a morphism Spec(K) → S. Morphisms of S-fields are defined to be
S-morphisms. For an S-field K, let |X (K)| denote the set of isomorphism
classes in the groupoid X (K). We define |X | to be the quotient of the set

∐
S-fields K

|X (K)|

by the equivalence relation obtained by declaring xK ∈ |X (K)| and xK′ ∈
|X (K ′)| (for two S-fields K and K ′) to be equivalent if there exists a diagram
of S-fields

K ′′

K

a

		��������
K ′

b



��������

such that the images of xK and xK′ in |X (K ′′)| are equal.
Note that if f : X → Y is a morphism of algebraic stacks, then there is

a natural induced morphism |f | : |X | → |Y |. If f is an immersion, then this
map is an injection.



1.3 Comparison of Topologies 25

In particular, if X is an algebraic S-stack then for any open substack
U ⊂ X we obtain a subset |U | ⊂ |X |. We define a topology on |X | by
declaring the subsets |U | ⊂ |X | to be open. One verifies immediately that
if f : X → Y is a morphism of algebraic stacks then the induced map
|f | : |X | → |Y | is continuous.

Remark 1.2.30. We leave it to the reader to show that in the case when X
is a scheme the space |X | coincides with the underlying topological space of
X in the usual sense.

Definition 1.2.31. A morphism of algebraic S-stacks f : X → Y is closed if
the map |f | : |X | → |Y | is a closed map of topological spaces. The morphism
f is called universally closed if for every morphism of algebraic stacks Y ′ → Y
the base change X ×Y Y ′ → Y ′ is closed.

1.2.32. Once we have a notion of a universally closed map we can talk about
proper morphisms of stacks as follows.

First of all, if f : X → Y is a morphism of algebraic spaces then the
diagonal X → X×Y X is schematic so it makes sense to say that it is proper.
We say that f is separated if this is the case. A morphism f : X → Y of
algebraic spaces is called proper if it is locally of finite type, quasi-compact,
separated, and universally closed. One checks that the property of a morphism
of algebraic spaces being proper stable under base change and local on the
target in the sense of 1.2.19. Therefore is also makes sense to say that a
representable morphisms of stacks is proper.

A morphism of algebraic S-stacks f : X → Y is called separated if the
(representable) diagonal

X → X ×Y X

is proper. The morphism f : X → Y is called proper if it is separated, locally
of finite type and quasi-compact, and universally closed.

1.3 Comparison of Topologies

1.3.1. In the above, we have used throughout the étale topology on (Sch/S).
It is often convenient to also consider the fppf topology on (Sch/S). The fol-
lowing theorem of Artin ensures that one gets an equivalent notion of algebraic
stack.

Theorem 1.3.2 ([7, 6.1]) Let (X0, X1, s, t,m) be a groupoid in (Sch/S) and
assume the following hold:

(i) X0 and X1 are locally of finite type over S.
(ii) The morphisms s, t : X1 → X0 are flat and locally of finite presentation.
(iii) The map s× t : X1 → X0 ×X0 is of finite type.

Let X be the fibered category obtained by taking the stack associated to
{X0/X1} with respect to the fppf topology. Then X is an algebraic stack
in the sense of 1.2.22.
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1.4 Coarse Moduli Spaces

1.4.1. Let S be a scheme and X /S an Artin stack locally of finite pre-
sentation with finite diagonal. A coarse moduli space for X is a morphism
π : X → X to an algebraic space such that:

(i) π is initial for maps to algebraic spaces.
(ii) For every algebraically closed field k the map |X (k)| → X(k) is bijective,

where |X (k)| denotes the set of isomorphism classes in X (k).

Theorem 1.4.2 ([27, 1.3], [14, 1.1]) There exists a coarse moduli space π :
X → X. In addition:

(i) X/S is separated and locally of finite type if S is noetherian.
(ii) π is proper.
(iii) If X ′ → X is a flat morphism of algebraic spaces, then

π′ : X ′ := X ×X X
′ → X ′

is a coarse moduli space for X ′.

1.4.3. The key case to keep in mind is when S is affine and X admits a
finite flat surjection U → X with U an affine scheme. In this case since the
diagonal of X is finite the algebraic space

V := U ×X U

is in fact an affine scheme finite over U . Then the proof of 1.4.2 shows that
the coarse space X is equal to the spectrum of the equalizer of the two rings
homomorphisms

pr∗1,pr∗2 : Γ (U,OU ) → Γ (V,OV ).

In particular, if G is a finite group acting on an affine scheme U and X
denotes the stack quotient [U/G] then the coarse space is the spectrum of the
ring of invariants Γ (U,OU )G.

In fact, one can show that étale locally on the coarse space any Deligne-
Mumford stack is of the form [U/G] [2, 2.2.3].

Remark 1.4.4. Assume S is locally noetherian and that X /S is an algebraic
stack of finite type with finite diagonal. Then using the valuative criterion and
the fact that π : X → X is proper and surjective one sees that X is proper
over S if and only if X is proper over S.

1.5 Rigidification of Stacks

The results of this section are only used in chapters 5 and 6.

1.5.1. Let X be an Artin stack and let I → X denote the inertia stack.
By definition I is the fiber product of the diagram
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X⏐⏐�∆

X
∆−−−−→ X × X .

(1.5.1.1)

More concretely, for any scheme S the groupoid I (S) is the groupoid of pairs
(x, α), where x ∈ X (S) and α is an automorphism of x in X (S). In particular
I is a group algebraic space over X .

Assume given a group scheme G over X and a closed immersion G ⊂ I
of group spaces over X . Assume that for any scheme S and x ∈ X (S)
the subgroup scheme x∗G ⊂ Aut(x) is a normal subgroup scheme flat over
S, where x∗G denotes G ×X ,x S. This implies that for any second object
x′ ∈ X (S) and isomorphism ι : x→ x′ the induced isomorphism

Aut(x) → Aut(x′), g �→ ι ◦ g ◦ ι−1 (1.5.1.2)

sends x∗G to x′∗G .
A scheme valued section α ∈ x∗G acts on the space Hom(x, x′) by

ι �→ ι ◦ α. (1.5.1.3)

This defines an action of x∗G , and we can form the quotient

x∗G \Hom(x, x′). (1.5.1.4)

This quotient is an algebraic space since x∗G is flat over S. Observe also that
since 1.5.1.2 sends x∗G to x′∗G the quotient 1.5.1.4 is also isomorphic to

Hom(x, x′)/x′∗G , (1.5.1.5)

where α ∈ x′∗G acts by
ι �→ α ◦ ι. (1.5.1.6)

Let HomX (x, x′) denote the space 1.5.1.4.

Lemma 1.5.2 Let x, x′, x′′ ∈ X (S) be three object. Then there exists a
unique morphism

HomX (x, x′) ×S HomX (x′, x′′) → HomX (x, x′′) (1.5.2.1)

such that the diagram

HomX (x, x′) ×S HomX (x′, x′′)
composition−−−−−−−→ HomX (x, x′′)⏐⏐�

⏐⏐�
HomX (x, x′) ×S HomX (x′, x′′) −−−−→ HomX (x, x′′)

(1.5.2.2)

commutes.
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Proof. We leave this to the reader. 	


1.5.3. Let X
ps

denote the prestack which to any scheme S associates the
category whose objects are the objects of X (S) and whose morphisms x→ x′

are the elements of
HomX (x, x′). (1.5.3.1)

Using 1.5.2 we obtain a category X
ps

(S). Let X denote the associated stack.

Proposition 1.5.4. The stack X is an algebraic stack.

Proof. Let x : U → X be a smooth covering by a scheme, and let R =
HomX (x, x). Also let R denote HomX (x, x). Then X is the stack associated
to a groupoid R ⇒ U . Thus it suffices to show that the projections R → U
are flat (here we also use 1.3.2). By construction the natural map R → R is
faithfully flat, and hence the projections R → U are also flat since R → U is
smooth. 	


Definition 1.5.5. The stack X in 1.5.4 is called the rigidification of X with
respect to G .

Remark 1.5.6. Note that the projection X → X is faithfully flat. Moreover,
if U → X is a morphism and s : U → X is a section, then U ×X X is
isomorphic to the classifying stack Bs∗G over U of the group scheme s∗G .
In particular, if G is smooth over X then the morphism X → X is also
smooth.

Example 1.5.7. Let f : X → S be a proper morphism of algebraic spaces
such that the natural map OS → f∗OX is an isomorphism universally (i.e.
the same holds after base change S′ → S). Let PicX/S denote the fibered
category over (Sch/S) whose fiber over a scheme S′ → S is the groupoid of line
bundles on XS′ := X ×S S

′. By [7, Appendix 2] the fibered category PicX/S

is an algebraic stack. The assumption on f implies that for any S-scheme
S′ → S and line bundle L on XS′ the automorphism group of L is canonically
isomorphic to Γ (S′,O∗

S′). This implies that the inertia stack of PicX/S is
isomorphic to Gm × PicX/S .

We can therefore apply the rigidification construction with G equal to the
inertia stack to get a morphism

PicX/S → PicX/S

of algebraic stacks. Now by construction, the objects of PicX/S have no non-
trivial automorphisms, so PicX/S is in fact an algebraic space [31, 8.1.1]. The
algebraic space PicX/S is called the relative Picard space of X/S. It follows
from the construction of the rigidification that PicX/S is the sheaf on the
category of S-schemes with the fppf topology associated to the presheaf

(S′ → S) �→ {isom. classes of line bundles on X ×S S
′}. (1.5.7.1)
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Example 1.5.8. Let X be the stack over the category of schemes whose fiber
over any scheme S is the groupoid of pairs (E,L), where E is an ellliptic curve
over S and L is a line bundle on E which has degree 0 on all geometric fibers.
For any such object (E,L) there is an inclusion

Gm ↪→ AutX (E,L) (1.5.8.1)

sending a unit u ∈ O∗
S to the automorphism of (E,L) which is the identity on

E and multiplication by u on L. We can therefore form the rigidification X →
X with respect to Gm. By the preceding example and using the canonical
identification E � Pic0

E/S , it follows that X can be identified with the stack
which to any scheme S associates the groupoid of pairs (E, p), where E/S is
an elliptic curve and p : S → E is a section. Equivalently the rigidification X
is isomorphic to the universal elliptic curve E over M1,1 (the moduli stack of
elliptic curves).
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Preliminaries

In this chapter we review some background material used in the main part of
the text. The experienced reader may wish to just skim this chapter for our
notational conventions and then proceed to chapter 3.

2.1 Abelian Schemes and Torsors

2.1.1. If S is an algebraic space, an abelian algebraic space over S is a proper
smooth group algebraic space A/S with geometrically connected fibers. An
important fact due to Raynaud [13, 1.9] is that when S is a scheme any abelian
algebraic space over S is in fact a scheme.

A semi-abelian scheme over a scheme S is a smooth commutative group
scheme G/S such that every geometric fiber of G is an extension of an abelian
scheme by a torus.

2.1.2. If f : P → S is a proper morphism of algebraic spaces with geo-
metrically connected and reduced fibers, then the map OS → f∗OP is an
isomorphism. From a general theorem of Artin [5, 7.3] it follows that the Pi-
card functor Pic(P ) defined to be the sheaf with respect to the fppf topology
of the presheaf

T/S �→ {isomorphism classes of invertible sheaves on PT }

is an algebraic space locally of finite presentation over S (see also 1.5.7)
The case we will be interested in is when P is a torsor under an abelian

algebraic space A/S. In this case define a subfunctor Pic0(P ) ⊂ Pic(P ) as
follows. The points of Pic0(P ) over a scheme-valued point t̄ : Spec(Ω) → S
with Ω an algebraically closed field is the subgroup of Pic(P )(Ω) consisting
of isomorphism classes of line bundles L such that for every a ∈ At̄(Ω) the
line bundles t∗aL and L are isomorphic (note that this depends only on
the isomorphism class of L ). The subfunctor Pic0(P ) ⊂ Pic(P ) is defined by

M.C. Olsson, Compactifying Moduli Spaces for Abelian Varieties. Lecture Notes 31
in Mathematics 1958.
c© Springer-Verlag Berlin Heidelberg 2008
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associating to any scheme T/S the subset of Pic(P )(T ) of isomorphism classes
of line bundles L such that for every algebraically closed field Ω and point
t̄ : Spec(Ω) → S the image of [L ] in Pic(P )(Ω) is in Pic0(P )(Ω).

In the case when P = A is the trivial torsor, the subfunctor Pic0(P ) ⊂
Pic(P ) is the dual abelian scheme, denoted At.

Proposition 2.1.3. The subfunctor Pic0(P ) ⊂ Pic(P ) is a smooth proper
algebraic space over S. Tensor product defines the structure of an abelian
algebraic space on Pic0(P ).

Proof. Since Pic0(P ) ⊂ Pic(P ) is in any case a subsheaf (with respect to the
étale topology) it suffices to prove the proposition after replacing S by an
étale cover. We may therefore assume that P is a trivial torsor and that S is
a scheme. In this case Pic0(P ) is the dual abelian scheme of A as mentioned
above. 	


2.1.4. For any S–scheme T , the set of isomorphisms of AT –torsors ι : AT →
PT is canonically in bijection with the set P (T ). Any such isomorphism ι
defines an isomorphism ι∗ : At → Pic0(P ). This defines a morphism of schemes

At × P → Pic0(P ), ([L ], ι) �→ [ι∗L ]. (2.1.4.1)

Proposition 2.1.5. The morphism 2.1.4.1 factors uniquely as

At × P pr1−−−−→ At σ−−−−→ Pic0(P ), (2.1.5.1)

where σ is an isomorphism.

Proof. The uniqueness of the factorization is clear. To prove the existence we
can by descent theory work étale locally on S and may therefore assume that
S is a scheme and that P � A is the trivial torsor. In this case the map 2.1.4.1
is identified with the translation action

At ×A→ At, ([L ], a) �→ [t∗aL ].

It is well known that this action is trivial (see for example [3, 4.1.12]). 	


2.1.6. Note in particular that an invertible sheaf L on P defines a homo-
morphism λL : A→ At by

A→ Pic0(P ) � At, a �→ [t∗aL ⊗ L −1].

2.1.7. The dual abelian scheme At/S has a very useful description which
does not require the sheafification involved in the definition of Pic in general.
Namely define a rigidified line bundle on A to be a pair (L , ι), where L is a
line bundle on A and ι : OS → e∗L is an isomorphism, where e : S → A is the
identity section. Any isomorphism (L , ι) → (L ′, ι′) between two such pairs
is unique if it exists. Using this one shows that Pic(A) can also be viewed as
representing the functor
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T/S �→ {isomorphism classes of rigidified line bundles on AT }.

In particular, over A ×S A
t there is a tautological line bundle B, called

the Poincare bundle, with a trivialization of the restriction of B to {e} ×At.
If M is a line bundle on A, then for any scheme-valued point a ∈ A the

line bundle
t∗aM ⊗ M−1 ⊗OS

M−1(a) ⊗OS
M (e) (2.1.7.1)

has a canonical rigidification. We obtain a map λM : A → At by sending
a ∈ A to 2.1.7.1.

2.1.8. Let B be a scheme and A/B an abelian scheme over B. Fix a fi-
nitely generated free abelian group X with associated torus T . A semi-abelian
scheme G sitting in an exact sequence

0 → T → G→ A→ 0 (2.1.8.1)

defines a homomorphism c : X → At as follows. The group X is the character
group of T , so any x ∈ X defines an extension

0 → Gm → Ex → A→ 0 (2.1.8.2)

by pushing 2.1.8.1 out along the homomorphism x : T → Gm. Let Lx denote
the corresponding line bundle on A. The identity element of G induces a
trivialization of Lx(0) and hence Lx is a rigidified line bundle. Moreover it
follows from the construction that there is a canonical isomorphism of rigidied
line bundles

Lx ⊗ Lx′ � Lx+x′ (2.1.8.3)

for x, x′ ∈ X. In particular, the OA–module

⊕x∈XLx (2.1.8.4)

has a natural algebra structure and there is a canonical isomorphism over A

G→ Spec
A
(⊕x∈XLx). (2.1.8.5)

For any a ∈ A(B) there exists étale locally on B an isomorphism
t∗aLx → Lx. Indeed étale locally on B there exists a lifting ã ∈ G(B) of a.
Then the map

t∗ã : OG → OG

induces an isomorphism t∗ãLx → Lx since G is commutative.
In terms of the isomorphism 2.1.8.5, the group structure on G can be

described as follows. A (scheme-valued) point g ∈ G(S) is given by a point
a ∈ A(S) together with trivializations ιx : a∗Lx → OS which are compatible
in the sense that for any two x, x′ ∈ X the diagram
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a∗Lx ⊗ a∗Lx′
ιx⊗ιx′−−−−→ Lx ⊗ Lx′

2.1.8.3

⏐⏐�
⏐⏐�2.1.8.3

a∗Lx+x′
ιx+x′−−−−→ Lx+x′

(2.1.8.6)

commutes. Such trivializations ιx are equivalent to the structure of rigidified
line bundles on the t∗aLx. The translation action of a point g = (a, {ιx}) on
G can be described as follows.

Namely, since the translation action of A on At is trivial, there exists a
unique isomorphism of rigidified line bundles t∗aLx → Lx (where t∗aLx is
rigidified using ιx). This defines a morphism of algebras

t∗a(⊕xLx) → ⊕x∈XLx (2.1.8.7)

which gives the translation action of g on G.
Conversely any homomorphism c : X → At defines a semi-abelian scheme

G sitting in an extension 2.1.8.1. Indeed for every x ∈ X let Lx be the
rigidified line bundle corresponding to c(x), and set

OG := ⊕x∈XLx.

Then OG is given an algebra structure using the unique isomorphism of rigid-
ified line bundles

Lx ⊗ Lx′ → Lx+x′

corresponding to the fact that c is a homomorphism. The group structure on
G is defined as in the preceding paragraph.

2.2 Biextensions

We only review the aspects of the theory we need in what follows. For a
complete account see [19, VII] and [11].

2.2.1. Let S be a scheme and F and G abelian sheaves in the topos SEt of
all S–schemes with the big étale topology. In the applications the sheaves F
and G will be either abelian schemes over S or constant sheaves associated to
some abelian group.

A Gm–biextension of F ×G is a sheaf of sets E with a map π : E → F ×G
and the following additional structure:

(i) A faithful action of Gm on E over F × G such that the quotient sheaf
[E/Gm] is isomorphic to F ×G via the map induced by π.

(ii) For a local section q ∈ G, let E−,q ⊂ E denote π−1(F × q). Then we
require for any local section q ∈ G a structure on E−,q of an extension
of abelian groups

0 → Gm → E−,q → F → 0 (2.2.1.1)
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compatible with the Gm–action from (i). This structure is determined
by isomorphisms of Gm–torsors over F

ϕp,p′;q : Ep,q ∧ Ep′,q → Ep+p′,q (2.2.1.2)

satisfying certain compatibilities (see [19, VII.2.1]). Here p and p′ are lo-
cal sections of F and Ep,q ⊂ E denotes the subsheaf of elements mapping
to (p, q) ∈ F ×G.

(iii) Similarly, for a local section p ∈ F , let Ep,− ⊂ E denote π−1(p × G).
Then we require for any local section p ∈ F a structure on Ep,− of an
extension of abelian groups

0 → Gm → Ep,− → G→ 0 (2.2.1.3)

compatible with the Gm–action from (i). This structure is determined
by isomorphisms of Gm–torsors

ψp;q,q′ : Ep,q ∧ Ep,q′ → Ep,q+q′ (2.2.1.4)

satisfying certain compatibilities [19, VII.2.1], where q and q′ are local
sections of G.

(iv) For any local sections p, p′ ∈ F and q, q′ ∈ G the diagram

Ep,q∧Ep,q′∧Ep′,q∧Ep′,q′
flip ��

ψp;q,q′∧ψp′;q,q′
��

Ep,q∧Ep′,q∧Ep,q′∧Ep′,q′

ϕp,p′;q∧ϕp,p′;q′

��
Ep,q+q′ ∧ Ep′,q+q′

ϕp,p′;q+q′ �����
����

����
���

Ep+p′,q ∧ Ep+p′;q′

ψp+p′;q,q′��				
				

				
		

Ep+p′,q+q′

(2.2.1.5)
commutes.

If π : E → F × G and π′ : E′ → F × G are two Gm–biextensions of
F ×G, then a morphism of Gm–biextensions f : E → E′ is a map of sheaves
over F ×G compatible with the Gm–actions and the maps ϕp,p′;q and ψp;q,q′ .
Note that (i) implies that any morphism of Gm–biextensions of F × G is
automatically an isomorphism. The collection of Gm–biextensions of F × G
therefore form a groupoid denoted Biext(F,G; Gm).

The trivial Gm–biextension of F × G is defined to be the product Gm ×
F × G with Gm–action on the first factor, and the map to F × G given by
projection to the last two factors. The maps ϕp,p′;q and ψp;q,q′ are induced
by the group law on Gm × F × G. If E is a Gm–biextension of F × G, then
a trivialization of E is an isomorphism from the trivial Gm–biextension of
F ×G to E.
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If f : F ′ → F and g : G′ → G are morphisms of abelian sheaves and
π : E → F ×G is a Gm–biextension of F ×G, then the pullback π′ : E ×F×G

(F ′ ×G′) → F ′ ×G′ has a natural structure of a Gm-biextension of F ′ ×G′

induced by the structure on E. We therefore have a pullback functor

(f × g)∗ : Biext(F,G; Gm) → Biext(F ′, G′; Gm). (2.2.1.6)

For later use, let us discuss some examples of pullbacks.

2.2.2. Let E ∈ Biext(F,G; Gm) be a biextension, and let f : F → F be the
zero map and g : G→ G the identity map. Denote by E′ the pullback

E′ := (f × g)∗E. (2.2.2.1)

For any sections (p, q) ∈ F ×G we have E′
p,q = E0,q. Let eq ∈ E0,q denote the

section corresponding to the identity element in the group E−,q.

Lemma 2.2.3 The sections eq define a trivialization of E′.

Proof. Let sp,q ∈ E′
p,q denote the section eq ∈ E′

p, q = E0,q.
Let ψ′

p ; q, q′ and ϕ′
p, p′; q be the maps giving E′ the biextension structure.

Then we need to show the following:

(i) For every p, p′ ∈ F and q ∈ G the map

ϕ′
p,p′;q : E′

p,q ∧ E′
p′,q → E′

p+p′,q (2.2.3.1)

sends sp,q ∧ sp′,q to sp+p′,q;
(ii) For every p ∈ F and q, q′ ∈ G the map

ψ′
p;q,q′ : E′

p,q ∧ E′
p,q′ → Ep,q+q′ (2.2.3.2)

sends sp,q ∧ sp,q′ to sp,q+q′ .

Statement (i) is immediate as ϕ′
p,p′;q is simply the map

E0,q ∧ E0,q → E0,q (2.2.3.3)

induced by the group law on E−,q.
For statement (ii), note that the map ψ′

p;q,q′ is given by the map

ψ0;q,q′ : E0,q ∧ E0,q′ → E0,q+q′ . (2.2.3.4)

Now the identity element eq+q′ ∈ E0,q+q′ is characterized by the condition
that

ϕ0,0;q+q′(eq+q′ ∧ eq+q′) = eq+q′ . (2.2.3.5)

We show that ψ0;q,q′(eq ∧ eq′) also has this property.
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By the commutativity of 2.2.1.5, the diagram

E0,q ∧ E0,q′ ∧ E0,q ∧ E0,q′
flip ��

ψ0;q,q′∧ψ0;q,q′
��

E0,q ∧ E0,q ∧ E0,q′ ∧ E0,q′

ϕ0,0;q∧ϕ0,0;q′

��
E0,q+q′ ∧ E0,q+q′

ϕ0,0;q+q′ ��




















E0,q ∧ E0;q′

ψ0;q,q′������
���

���
���

�

E0,q+q′

(2.2.3.6)
commutes. Chasing the section

eq ∧ eq′ ∧ eq ∧ eq′ ∈ E0,q ∧ E0,q′ ∧ E0,q ∧ E0,q′ (2.2.3.7)

along the two paths to E0,q+q′ we obtain

ϕ0,0;q+q′((ψ0;q,q′(eq ∧ eq′)) ∧ (ψ0;q,q′(eq ∧ eq′))) = ψ0;q,q′(eq ∧ eq′) (2.2.3.8)

as desired. 	


2.2.4. Similarly, if we take f to be the identity map and g to be the zero
morphism, then the sections fp ∈ Ep,0 corresponding to the identity elements
of the groups Ep,− define a trivialization of the biextension

E′′ := (id × 0)∗E. (2.2.4.1)

2.2.5. We can also pullback a biextension E of F ×G by Gm along the map

(−1) : F ×G→ F ×G, (a, b) �→ (−a,−b). (2.2.5.1)

Concretely for local sections (p, q) ∈ F ×G we have

((−1)∗E)p,q = E−p,−q. (2.2.5.2)

Let
σp,q : Ep,q → ((−1)∗E)p,q = E−p,−q (2.2.5.3)

by the isomorphism of Gm-torsors characterized by the condition that the
diagram

Ep,q ∧ Ep,−q
σp,q×id−−−−−→ E−p,−q ∧ Ep,−q

ψp;q,−q

⏐⏐�
⏐⏐�ϕ−p,p;−q

Ep,0
can−−−−→ E0,−q

(2.2.5.4)

commutes, where can denotes the unique isomorphism of Gm-torsors sending
the identity element of Ep,− (an element of Ep,0) to the identity element of
E−,q (an element of E0,−q).



38 2 Preliminaries

Lemma 2.2.6 The maps σp,q define an isomorphism of Gm-biextensions of
F ×G

σ : E → (−1)∗E. (2.2.6.1)

Proof. We can rewrite the diagram 2.2.5.4 as the diagram

(E ∧ (1 × (−1))∗E)p,q

ψp;q,−q

��

σp,q×id �� (((−1)×(−1))∗E ∧ (1 × (−1))∗E)p,q

ϕ−p,p;−q

��
((1 × 0)∗E)p,q

e−1



��
���

���
���

��
((0 × (−1))∗E)p,q

Gm,

f
��



















(2.2.6.2)

where e and f are the maps of biextensions defined in 2.2.2 and 2.2.4. Since
the maps ψp;q,−q and ϕ−p,p;−q induce morphisms of biextensions

E ∧ (1 × (−1))∗E → (1 × 0)∗E (2.2.6.3)

and
((−1) × (−1))∗E ∧ (1 × (−1))∗E → (0 ×−1)∗E (2.2.6.4)

by [11, 1.2] this proves that the maps σp,q are obtained from a composition of
morphisms of biextensions (which is also a morphism of biextensions). 	


2.2.7. If F = G, then the “flip” map ι : F × F → F × F sending (a, b) to
(b, a) induces a functor

ι∗ : Biext(F, F ; Gm) → Biext(F, F ; Gm). (2.2.7.1)

A symmetric Gm–biextension of F is defined to be a Gm–biextension E of
F × F together with an isomorphism λ : ι∗E → E such that λ ◦ i∗(λ) = id
(note that (ι∗)2 = id). If (E′, λ′) is a second symmetric Gm–biextension of F ,
then a morphism (E′, λ′) → (E, λ) is a morphism h : E′ → E of biextensions
such that the diagram

ι∗E′ λ′
−−−−→ E′

ι∗(h)

⏐⏐�
⏐⏐�h

ι∗E
λ−−−−→ E

(2.2.7.2)

commutes. We denote by Biextsym(F,Gm) the category of symmetric Gm–
biextensions of F . The “flip” map Gm × F × F → Gm × F × F sending
(u, a, b) to (u, b, a) induces the structure of a symmetric Gm–biextension on
the trivial Gm–biextension of F ×F . As above, we therefore have a notion of
a trivialization of a symmetric Gm–biextension of F .
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2.2.8. Let X be a free abelian group of finite rank, and view X as a constant
sheaf. In this case the group of automorphisms of a symmetric Gm–biextension
π : E → X × X of X is canonically isomorphic to Hom(S2X,Gm), where
S2X denotes the second symmetric power of X. To see this let h : E → E
be such an automorphism. Since h is a morphism over X × X and E is a
Gm–torsor over X × X, for any local section e ∈ E there exists a unique
element u ∈ Gm such that h(e) = u(e). Furthermore, since h is compatible
with the Gm–action the element u depends only on π(e). We therefore obtain
a set map b : X×X → Gm by associating to any pair (x, y) the section of Gm

obtained by locally choosing a lifting e ∈ E of (x, y) and sending (x, y) to the
corresponding unit u ∈ Gm. Compatibility with (2.2.1 (ii) and (iii)) implies
that this map b in fact is bilinear. Furthermore, the commutativity of 2.2.7.2
amounts to the condition b(x, y) = b(y, x). Thus any automorphism h of E is
determined by a map b : S2X → Gm. Conversely any such map b induces an
automorphism by the formula

e �→ b(π(e)) · e. (2.2.8.1)

2.2.9. Let A/S be an abelian scheme, At/S the dual abelian scheme, and
λ : A → At a principal polarization defined by an invertible sheaf M on A.
Via the isomorphism λ, the Poincare bundle B → A×At defines a Gm–torsor
(denoted by the same letter) π : B → A × A. This torsor can be described
as follows. For an integer n and subset I ⊂ {1, . . . , n}, let mI : A×n → A be
the map

(a1, . . . , an) �→
∑
i∈I

ai, (2.2.9.1)

where A×n denotes the n–fold fiber product over S of A with itself. If I is the
empty set then mI sends all points of An to the identity element of A. Then
B → A×A is canonically isomorphic to

Λ(M ) :=
⊗

I⊂{1,2}
m∗

IM
(−1)card(I)

. (2.2.9.2)

In other words, for any two scheme–valued points a, b ∈ A, the fiber of B over
(a, b) ∈ A×A is equal to

M (a+ b) ⊗ M (a)−1 ⊗ M (b)−1 ⊗ M (0). (2.2.9.3)

Note also that the definition of Λ(M ) is symmetric in the two factors of
A × A so there is a canonical isomorphism ι : B → B over the flip map
A×A→ A×A.

The theorem of the cube [11, 2.4] provides a canonical isomorphism

ρ : OA3 → Θ(M ) :=
⊗

I⊂{1,2,3}
m∗

IM
(−1)card(I)

. (2.2.9.4)
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For any three scheme–valued points a, b, c ∈ A this gives a canonical isomor-
phism

M (a+ b) ⊗ M−1(a) ⊗ M−1(b) ⊗ M (0) ⊗ M (a+ c) ⊗ M−1(a) ⊗ M−1(c)⏐⏐�
M (a+ b+ c) ⊗ M−1(b+ c) ⊗ M−1(a).

(2.2.9.5)

For points p, p′, q ∈ A this induces an isomorphism

ψp;q,q′ : Bp,q ⊗ Bp,q′ → Bp,q+q′ , (2.2.9.6)

and also by symmetry for p, q, q′ ∈ A an isomorphism

ϕp,p′;q : Bp,q ⊗ Bp′,q → Bp+p′,q. (2.2.9.7)

It is shown in [11, 2.4] that these maps together with the above defined map
ι give B the structure of a symmetric Gm–biextension of A.

2.2.10. Let X be a free abelian group of finite rank, let (A,M ) be an abelian
scheme with an invertible sheaf defining a principal polarization over some
base S with Pic(S) = 0, and let c : X → A(S) be a homomorphism. We fix a
rigidification of M . Pulling back M along c we obtain a Gm–torsor W over
X (viewed as a constant sheaf on the category of S–schemes). Let

λM : A→ At, a ∈ A �→ t∗aM ⊗ M−1 ⊗ M−1(a) ⊗ M (0) (2.2.10.1)

be the isomorphism defined by M (where we view At as classifying invertible
sheaves rigidified along 0), and let B → A × A denote the symmetric Gm–
biextension defined by the Poincare bundle. Pulling back along c×c : X×X →
A × A we also obtain a symmetric Gm–biextension E of X. From above we
know that for (x, y) ∈ X ×X the fiber Ex,y is equal to

M (c(x) + c(y)) ⊗ M (c(x))−1 ⊗ M (c(y))−1 ⊗ M (0). (2.2.10.2)

Now let ψ : X → c∗M−1 be a trivialization. This trivialization ψ defines
a trivialization τ of the Gm–torsor over X × X underlying E by sending
(x, y) ∈ X ×X to

ψ(x+ y) ⊗ ψ(x)−1 ⊗ ψ(y)−1 ⊗ ψ(0).

In what follows it will be important to make explicit the additional conditions
on ψ needed for τ to be compatible with the symmetric biextension structure.

For a point a ∈ A, let La denote the rigidified invertible sheaf correspond-
ing to λM (a). The sheaf La is equal to the restriction of the Poincare bundle to
A � A×{a} ⊂ A×A. In particular, for a point b ∈ A we have La(b) � B(b,a).
For x ∈ X, we also sometimes write Lx for Lc(x) if no confusion seems likely
to arise.



2.2 Biextensions 41

Lemma 2.2.11 For any integer d ≥ 0 and x, y ∈ X the sheaves
t∗c(y)(M

d ⊗ Lx) and M d ⊗ Lx+dy on A are non–canonically isomorphic,
where tc(y) : A→ A denotes translation by c(y).

Proof. View At as the connected component of the space classifying isomor-
phism classes of line bundles on A. Then the isomorphism λ : A → At sends
a scheme–valued point a ∈ A to the isomorphism class of La := t∗aM ⊗M−1.
Since λ is a homomorphism, there exists an isomorphism

(t∗xM ) ⊗ (t∗yM ) � M ⊗ t∗x+yM . (2.2.11.1)

It follows that

t∗y(M d ⊗ Lx) � t∗y(M d−1 ⊗ t∗xM ) � t∗yM d−1 ⊗ t∗x+yM � M d−1 ⊗ t∗x+dyM ,

(2.2.11.2)

and also
M d ⊗ Lx+dy � M d−1 ⊗ t∗x+dyM . (2.2.11.3)

It follows that étale locally on S the two line bundles in the lemma are iso-
morphic. It follows that the functor on S–schemes

T/S �→ {isomorphisms t∗c(y)(M
d ⊗ Lx) → M d ⊗ Lx+dy over AT } (2.2.11.4)

is a Gm–torsor. Since Pic(S) = 0 this torsor is trivial so there exists an
isomorphism over S. 	


2.2.12. It follows that to give an isomorphism

t∗c(y)(M
d ⊗ Lx) → M d ⊗ Lx+dy (2.2.12.1)

is equivalent to giving an isomorphism of OS–modules

(M d ⊗ Lx)(c(y)) → M d(0) ⊗ Lx+dy(0). (2.2.12.2)

Since M d⊗Lx+dy is rigidified at 0 this in turn is equivalent to a trivialization
of (M d ⊗ Lx)(c(y)). On the other hand, there is a canonical isomorphism

(M d ⊗ Lx)(c(y)) � M (c(y))d ⊗ B(c(y),c(x)). (2.2.12.3)

It follows that ψ and τ define an isomorphism

ψ(y)dτ(y, x) : t∗c(y)(M
d ⊗ Lx) → M d ⊗ Lx+dy. (2.2.12.4)

Proposition 2.2.13. The trivialization τ is compatible with the symmetric
biextension structure on (c× c)∗B if and only if the following two conditions
hold (see the proof for explanation of the numbering):
(iii)’ For any x, x′, y ∈ X and d ≥ 0 the diagram
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t∗c(y)(M
d⊗Lx)⊗t∗c(y)(M

d′⊗Lx′) can−−−−→ t∗c(y)(M
d+d′⊗Lx+x′)

ψ(y)dτ(y,x)⊗ψ(y)d′
τ(y,x′)

⏐⏐�
⏐⏐�ψ(y)d+d′

τ(y,x+x′)

(M d ⊗ Lx+dy) ⊗ (M d′ ⊗ Lx′+d′y) can−−−−→ M d+d′ ⊗ Lx+x′+(d+d′)y
(2.2.13.1)

commutes, where “can” denotes the canonical isomorphisms described in
4.1.10.2.
(ii)’ For any x, y, y′ ∈ X, the diagram

t∗c(y+y′)(M
d ⊗ Lx)

ψ(y)dτ(y,x) ��

ψ(y+y′)dτ(y+y′,x) ��



















t∗c(y′)(M
d ⊗ Lx+dy)

ψ(y′)dτ(y′,x+dy)��				
				

				
		

M d ⊗ Lx+d(y+y′)

(2.2.13.2)
commutes.

Proof. First we claim that (iii)’ is equivalent to compatibility with the struc-
ture in (2.2.1 (iii)). To see this note first that 2.2.13.1 clearly commutes when
x = x′ = 0. From this it follows that it suffices to consider the case when
d = 0. In this case the commutativity of 2.2.13.1 amounts to the statement
that the image of τ(y, x) ⊗ τ(y, x′) under the canonical map

B(y,x) ⊗ B(y,x′) = Lx(y) ⊗ Lx′(y) → Lx+x′(y) = B(y,x+x′) (2.2.13.3)

is equal to τ(y, x + x′). This is precisely compatibility with the structure in
(2.2.1 (iii)).

Next we claim that condition (ii)’ in the case when d = 0 is equivalent to
compatibility of τ with (2.2.1 (ii)). Indeed in this case the composite map

(ψ(y′)dτ(y′, x+ dy)) ◦ (ψ(y)dτ(y, x)) (2.2.13.4)

is equal to the map induced by the image of τ(y, x) ⊗ τ(y′, x) under the map

Lx(y) ⊗ Lx(y′) = B(y,x) ⊗ B(y′,x) → B(y+y′,x) � Lx(y + y′). (2.2.13.5)

Note also that (ii)’ holds in the case when x = 0 by the definition of τ(y, y′).
Condition (ii)’ in general follows from these two special cases and (iii)’. To

see this note that there is a commutative diagram

t∗c(y+y′)(M
d) ⊗ t∗c(y+y′)Lx

can ��

��

t∗c(y+y′)(M
d ⊗ Lx)

ψ(y)dτ(y,x)

��
t∗c(y′)(M

d ⊗ Ldy) ⊗ t∗c(y′)(Lx) can ��

��

t∗c(y′)(M
d ⊗ Lx+dy)

ψ(y′)dτ(y′,x+dy)

��
M d ⊗ Ld(y+y′) ⊗ Lx

can �� M d ⊗ Lx+d(y+y′)

, (2.2.13.6)
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where the left column is obtained by taking the tensor product of the maps
2.2.13.4 in the cases x = 0 and d = 0. Then (iii)’ implies that it suffices to
show that the composite of the left column is equal to the tensor product of
ψ(y + y′)d and τ(y + y′, x) which follows from the above special cases.

Finally compatibility with (2.2.1 (iv)) is automatic by the definition of τ ,
as is the compatibility with the isomorphism ι giving the symmetric structure.

	


2.3 Logarithmic Geometry

In this section we review the necessary parts of the theory of logarithmic
geometry developed by Fontaine, Illusie, and Kato. For complete treatments
of the theory we recommend [24] and [41].

2.3.1. Let us start by reviewing some terminology from the theory of
monoids.

We only consider commutative monoids with unit, and morphisms of
monoids are required to preserve the unit element. We usually write the
monoid law additively (the main exception being a ring R viewed as a monoid
under multiplication).

The inclusion functor

(abelian groups) ⊂ (monoids)

has a left adjoint sending a monoidM to the groupMgp which is the quotient
of the set of pairs {(a, b) ∈M ×M} by the equivalence relation

(a, b) ∼ (c, d) if there exists s ∈M such that s+ a+ d = s+ b+ c.

The group structure on Mgp is induced by the addition

(a, b) + (c, d) = (a+ c, b+ d).

The adjunction map π :M →Mgp sends a ∈M to (a, 0).
A monoid is called integral if for every a ∈M the translation map

M →M, b �→ a+ b

is injective. The monoid M is called coherent if M is a finitely generated
monoid, and fine if M is coherent and integral.

Let X be a scheme.

Definition 2.3.2. (i) A pre-log structure on X is a pair (M,α), where M is
a sheaf of monoids on the étale site of X and α : M → OX is a morphism of
sheaves of monoids (where OX is viewed as a monoid under multiplication).

(ii) A pre-log structure (M,α) is called a log structure if the map α induces
a bijection α−1(O∗

X) → O∗
X .

(iii) A log scheme is a pair (X,MX) consisting of a scheme X and a log
structure MX on X.
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Remark 2.3.3. As in (iii) above, when dealing with (pre-)log structures we
usually omit the map α from the notation and write simply M for the pair
(M,α).

Remark 2.3.4. If (X,M) is a log scheme then the units M∗ ⊂M are by the
definition of log structure identified with O∗

X via the map α : M → OX . We
let λ : O∗

X ↪→M be the resulting inclusion. The monoid law on M defines an
action of O∗

X on M by translation. The quotient M := M/O∗
X has a natural

monoid structure induced by the monoid structure on M .

Remark 2.3.5. The notion of log structure makes sense in any ringed topos.
Using the étale topology on algebraic spaces and Deligne-Mumford stacks
and the lisse-étale topology on Artin stacks (see for example [31, §12]) we can
therefore also talk about log algebraic spaces and log algebraic stacks.

2.3.6. The natural inclusion functor

(log structures on X) ↪→ (pre-log structures on X)

has a left adjoint M �→ Ma. The log structure Ma is obtained from M by
setting Ma equal to the pushout M ⊕α−1O∗

X
O∗

X in the category of sheaves of
monoids of the diagram

α−1O∗
X

λ−−−−→ M⏐⏐�
O∗

X ,

(2.3.6.1)

with the map to OX induced by the map M → OX and the inclusion
O∗

X ↪→ OX . We refer to Ma as the log structure associated to M .
The basic example of this construction is the following. If P is a finitely

generated integral monoid and β : P → Γ (X,OX) is a morphism of monoids,
we obtain a pre-log structure by viewing P as a constant sheaf with the map
to OX defined by β . By passing to the associated log structure we obtain a
log structure on X.

Definition 2.3.7. A log structure M on X is fine if there exists an étale
cover {Ui → X}i∈I and finitely generated integral monoids {Pi}i∈I with maps
βi : Pi → Γ (Ui,OUi

) such that the restriction M |Ui
is isomorphic to the log

structure defined by the pair (Pi, βi).

Definition 2.3.8. A chart for a fine log structure M on a scheme X is a map
β : P → Γ (X,M) from a fine monoid P such that the induced map

P a →M

is an isomorphism, where P a is the log structure associated to the prelog
structure defined by the composite

P
β �� Γ (X,M) α �� Γ (X,OX).
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Example 2.3.9. Let R be a ring. If P is a finitely generated integral monoid,
we write Spec(P → R[P ]) for the log scheme whose underlying scheme is
Spec(R[P ]) (where R[P ] is the monoid algebra on P ) and whose log structure
is associated to the prelog structure given by the natural map of monoids
P → R[P ].

2.3.10. If f : X → Y is a morphism of schemes and MY is a log structure
on Y , then the pullback f∗MY of MY to X is defined to be the log structure
associated to the prelog structure

f−1MY → f−1OY → OX . (2.3.10.1)

One checks immediately that if MY is fine then f∗MY is also fine.
This construction enables one to define a category of log schemes: A mor-

phism (X,MX) → (Y,MY ) is a pair (f, f b), where f : X → Y is a morphism
of schemes and f b : f∗MY →MX is a morphism of log structures on X.

Example 2.3.11. Let θ : Q → P be a morphism of fine monoids, and let R
be a ring. Then θ induces a natural morphism of fine log schemes

Spec(P → R[P ]) → Spec(Q→ R[Q]).

Many of the classical notions (e.g. smooth, flat, local complete intersec-
tion...) have logarithmic analogues. The key notions we need in this paper are
the following:

Definition 2.3.12. (i) A morphism (f, f b) : (X,MX) → (Y,MY ) of log
schemes is strict if the map f b : f∗MY →MX is an isomorphism.

(ii) A morphism (f, f b) : (X,MX) → (Y,MY ) is a closed immersion
(resp. strict closed immersion) if f : X → Y is a closed immersion and
f b : f∗MX → MY is surjective (resp. an isomorphism).

(iii) A morphism (f, f b) : (X,MX) → (Y,MY ) is log smooth (resp. log
étale) if f : X → Y is locally of finite presentation and for every commutative
diagram

(T0,MT0)
a−−−−→ (X,MX)

j

⏐⏐�
⏐⏐�

(T,MT ) −−−−→ (Y,MY )

(2.3.12.1)

with j a strict closed immersion defined by a nilpotent ideal, there exists (resp.
there exists a unique) morphism (T,MT ) → (X,MX) filling in the diagram.

Remark 2.3.13. If (X,M) is a fine log scheme (i.e. a scheme with fine log
structure) then giving a chart P → Γ (X,M) is equivalent to giving a strict
morphism of log schemes

(X,M) → Spec(P → Z[P ]). (2.3.13.1)
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Lemma 2.3.14 Let (f, f b) : (X,MX) → (Y,MY ) be a morphism of fine log
schemes, and let h : U → X be a smooth surjection. Denote by MU the
pullback of MX to U so we have a commutative diagram of log schemes

(U,MU )

(g,gb)

��
(h,hb) �� (X,MX)

(f,fb) �� (Y,MY ). (2.3.14.1)

Then (f, f b) is log smooth if and only if (g, gb) is log smooth.

Proof. This follows immediately from the definition of a log smooth morphism.
	


2.3.15. One of the most remarkable aspects of the logarithmic theory is
that the notion of log smoothness behaves so much like the usual notion of
smoothness for schemes (a stack–theoretic “explanation” for this phenomenon
is given in [42]). In particular, as we now explain the étale local structure of
log smooth morphisms is very simple and there is a good deformation theory
of log smooth morphisms.

Theorem 2.3.16 ([24, 3.5]) Let f : (X,MX) → (Y,MY ) be a log smooth
morphism of fine log schemes, let x̄→ X be a geometric point and let ȳ → Y
be the composite x̄ → X → Y . Then after replacing X and Y by étale
neighborhoods of x̄ and ȳ respectively, there exists charts βX : P → MX ,
βY : Q→MY , and a morphism θ : Q→ P such that the following hold:
(i) The diagram of fine log schemes

(X,MX)
βX−−−−→ Spec(P → Z[P ])

f

⏐⏐�
⏐⏐�θ

(Y,MY )
βY−−−−→ Spec(Q→ Z[Q])

(2.3.16.1)

commutes.
(ii) The induced map

X → Y ×Spec(Z[Q]) Spec(Z[P ]) (2.3.16.2)

is étale.
(iii) The kernel of θgp : Qgp → P gp is a finite group and the orders of Ker(θgp)
and the torsion part of Coker(θgp) are invertible in k(x).

Conversely if étale locally there exists charts satisfying the above conditions
then the morphism (X,MX) → (Y,MY ) is log smooth.

Example 2.3.17. If S is a scheme which we view as a log scheme with
the trivial log structure O∗

S ↪→ OS , then a morphism of fine log schemes
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(X,MX) → (S,O∗
S) is log smooth if and only if étale locally on S and X

the log scheme (X,MX) is isomorphic to Spec(P → OS [P ]) for some finitely
generated integral monoid P . Thus in the case of trivial log structure on the
base log smoothness essentially amounts to “toric singularities”.

Example 2.3.18. Probably the most important example from the point of
view of degenerations is the following. Let k be a field and Mk the log struc-
ture on k associated to the map N → k sending all nonzero elements to 0.
Let ∆ : N → N2 be the diagonal map and set X = Spec(k ⊗k[N] k[N2]) =
Spec(k[x, y]/(xy)) with log structure MX induced by the natural map N2 →
k ⊗k[N] k[N2]. Then the morphism

(X,MX) → (Spec(k),Mk) (2.3.18.1)

is log smooth.

2.3.19. One technical difficulty that arises when dealing with log smooth-
ness is that in general the underlying morphism of schemes of a log smooth
morphism need not be flat. All the examples considered in this text will sat-
isfy an additional property that ensures that the underlying morphism of
schemes is flat. A morphism of integral monoids θ : P → Q is called integral
if the map of algebras Z[P ] → Z[Q] induced by θ is flat (see [24, 4.1] for
several other characterizations of this property). A morphism of log schemes
f : (X,MX) → (Y,MY ) is called integral if for every geometric point x̄→ X
the map f−1MY,f(x̄) → MX,x̄ is an integral morphism of monoids. By [24,
4.5], if f : (X,MX) → (Y,MY ) is a log smooth and integral morphism of fine
log schemes then the underlying morphism X → Y is flat.

2.3.20. As in the case of schemes without log structures, the notion of log
smoothness is intimately tied to differentials.

Let f : (X,MX) → (Y,MY ) be a morphism of fine log schemes locally of
finite presentation. For a scheme T and a quasi–coherent sheaf I on T , let
T [I] denote the scheme with same underlying topological space as that of T ,
but with structure sheaf the OT –algebra OT ⊕ I with algebra structure given
by (a + i)(c + j) = ac + (aj + ci). The ideal I defines a closed immersion
j : T ↪→ T [I] for which the natural map T [I] → T induced by OT → OT [I]
sending a to a is a retraction. If MT is a fine log structure on T , let MT [I]

denote the log structure on T [I] obtained by pullback along OT → OT [I] so
that we have a diagram of fine log schemes

(T,MT )
j−−−−→ (T [I],MT [I])

π−−−−→ (T,MT ). (2.3.20.1)

The above construction is functorial in the pair (T, I).
Consider now the functor F on the category of quasi–coherent sheaves on

X associating to any quasi-coherent sheaf I the set of morphisms of fine log
schemes (X[I],MX[I]) → (X,MX) filling in the commutative diagram
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(X,MX) id−−−−→ (X,MX)

j

⏐⏐�
⏐⏐�f

(X[I],MX[I])
f◦π−−−−→ (Y,MY ).

(2.3.20.2)

Theorem 2.3.21 ([24, 3.9]) There exists a (necessarily unique) quasi–
coherent sheaf Ω1

(X,MX)/(Y,MY ) on X and an isomorphism of functors

F � Hom(Ω1
(X,MX)/(Y,MY ),−). (2.3.21.1)

2.3.22. The sheaf Ω1
(X,MX)/(Y,MY ) is called the sheaf of logarithmic differen-

tials of (X,MX) over (Y,MY ). Note that the identity map

Ω1
(X,MX)/(Y,MY ) → Ω1

(X,MX)/(Y,MY ) (2.3.22.1)

defines a morphism

ρ : (X[Ω1
(X,MX)/(Y,MY )],MX[Ω1

(X,MX )/(Y,MY )]
) → (X,MX). (2.3.22.2)

This defines in particular a morphism ρ∗ : OX → OX [Ω1
(X,MX)/(Y,MY )].

Taking the difference of this morphism and the morphism π∗ : OX →
OX [Ω1

(X,MX)/(Y,MY )] we obtain a derivation d : OX → Ω1
(X,MX)/(Y,MY ). This

defines in particular a morphism of quasi–coherent sheaves

Ω1
X/Y → Ω1

(X,MX)/(Y,MY ). (2.3.22.3)

Remark 2.3.23. Note that in the case when the log structures MX and MY

are trivial, we recover the usual Kahler differentials.

Remark 2.3.24. The sheaf of logarithmic differentials Ω1
(X,MX)/(Y,MY ) has

the following more concrete description (see [24, 1.7]). It is the quotient of the
OX -module

Ω1
X/Y ⊕ (OX ⊗Z M

gp
X )

by the OX -submodule generated locally by sections of the following form:

(i) (dα(a), 0) − (0, α(a) ⊗ a), where a ∈MX .
(ii) (0, 1 ⊗ a) for a ∈MX in the image of f−1MY .

The following summarizes the basic properties of logarithmic differentials:

Theorem 2.3.25 ([41, 3.2.1 and 3.2.3]) (i) If f : (X,MX) → (Y,MY ) is
a log smooth morphism of fine log schemes, then Ω1

(X,MX)/(Y,MY ) is a locally
free OX–module of finite type.
(ii) For any composite

(X,MX)
f−−−−→ (Y,MY )

g−−−−→ (S,MS) (2.3.25.1)
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there is an associated exact sequence

f∗Ω1
(Y,MY )/(S,MS)

s �� Ω1
(X,MX)/(S,MS)

�� Ω1
(X,MX)/(Y,MY )

�� 0.
(2.3.25.2)

If gf is log smooth, then f is log smooth if and only if s is injective and the
image is locally a direct summand.

Example 2.3.26. Let P be a finitely generated integral monoid, and let
(X,MX) denote the log scheme Spec(P → Z[P ]). Then one can show that
Ω1

(X,MX)/Z
� OX ⊗ZP

gp [24, 1.8]. The differential d : OX → Ω1
(X,MX)/Z

sends
a section ep ∈ Z[P ] which is the image of an element p ∈ P to ep ⊗ p. In
this case when P = Nr with standard generators ei (1 ≤ i ≤ r) the module
Ω1

(X,MX)/Z
is isomorphic to the classically defined module of logarithmic dif-

ferentials on Ar � Spec(Z[X1, . . . , Xr]) with the section 1 ⊗ ei ∈ OX ⊗Z Zr

playing the role of d log(Xi).

2.3.27. If f : (X,MX) → (Y,MY ) is log smooth the dual of the vector bundle
Ω1

(X,MX)/(Y,MY ), denoted T(X,MX)/(Y,MY ), is called the log tangent bundle.
As in the classical case of schemes, the cohomology of the log tan-

gent bundle controls the deformation theory of log smooth morphisms. Let
i : (Y0,MY0) ↪→ (Y,MY ) be a strict closed immersion defined by a square–
zero quasi–coherent ideal I ⊂ OY , and let f0 : (X0,MX0) → (Y0,MY0) be
a log smooth and integral morphism. A log smooth deformation of f0 is a
commutative diagram of log schemes

(X0,MX0)
j−−−−→ (X,MX)

f0

⏐⏐�
⏐⏐�f

(Y0,MY0)
i−−−−→ (Y,MY ),

(2.3.27.1)

where j is a strict closed immersion, and the underlying diagram of schemes
is cartesian. Note that since f0 is assumed integral any deformation f is also
integral from which it follows that X → Y is a flat deformation of X0 → Y0.

Theorem 2.3.28 ([24, 3.14]) (i) There is a canonical obstruction

o ∈ H2(X0, I ⊗OY0
T(X0,MX0 )/(Y0,MY0 )) (2.3.28.1)

whose vanishing is necessary and sufficient for there to exists a log smooth
deformation of f0.
(ii) If o = 0 then the set of isomorphism classes of log smooth deformations
of f0 is canonically a torsor under H1(X0, I ⊗OY0

T(X0,MX0 )/(Y0,MY0 )).
(iii) For any log smooth deformation f of f0, the group of automorphisms of
f is canonically isomorphic to H0(X0, I ⊗OY0

T(X0,MX0 )/(Y0,MY0 )).
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2.3.29. For technical reasons we will also need the notion of saturated log
scheme.

A fine monoid P is called saturated if for any p ∈ P gp for which there
exists n ≥ 1 such that np ∈ P we have p ∈ P .

A fine log structure M on a scheme X is called saturated if for every
geometric point x̄→ X the monoid M x̄ is saturated. We also say that the log
scheme (X,M) is saturated if M is a saturated log structure.

Proposition 2.3.30 ([41, Chapter II, 2.4.5]). The inclusion functor

(saturated fine log schemes) ↪→ (fine log schemes) (2.3.30.1)

has a right adjoint (X,M) �→ (Xsat,M sat).

Remark 2.3.31. The log scheme (Xsat,M sat) is called the saturation of
(X,M).

Remark 2.3.32. Locally the saturation of a fine log scheme (X,M) can be
described as follows. Let P be a finitely generated integral monoid, and assume
given a strict morphism

(X,M) → Spec(P → Z[P ]). (2.3.32.1)

Let P ′ ⊂ P gp be the submonoid of elements p ∈ P gp for which there exists
an integer n > 0 such that np ∈ P . Then P ′ is a saturated monoid. The
saturation (Xsat,M sat) is then equal to the scheme

Xsat := X ×Spec(Z[P ]) Spec(Z[P ′]) (2.3.32.2)

with the log structure M sat equal to the pullback of the log structure on
Spec(P ′ → Z[P ′]).

Remark 2.3.33. Following standard practice, we usually write ‘fs’ for ‘fine
and saturated’.

2.3.34. The category of log schemes (resp. fine log schemes, fs log schemes)
has fiber products. Given a diagram of log schemes

(X,MX)

a

��
(Y,MY ) b �� (Z,MZ)

(2.3.34.1)

the fiber product in the category of log schemes is equal to the scheme X×Z Y
with log structure the pushout

pr∗1MX ⊕p∗MZ
pr∗2MY (2.3.34.2)



2.4 Summary of Alexeev’s Results 51

with the natural map to OX×ZY . Here we write p : X ×Z Y → Z for the
projection.

For fiber products in the categories of fine and fs log schemes more care
has to be taken, as the inclusion functors

(fs log schemes) � � �� (fine log schemes) � � �� (log schemes) (2.3.34.3)

do not preserve fiber products. To understand this, the key case to consider
is the following. Let

P

Q R��

�� (2.3.34.4)

by a diagram of fine (resp. fs) monoids, and consider the resulting diagram of
log schemes

Spec(P → Z[P ])

��
Spec(Q→ Z[Q]) �� Spec(R→ Z[R])

. (2.3.34.5)

Let P⊕RQ be the pushout in the category of monoids. Then this pushout need
not be fine (resp. fs). Let (P ⊕RQ)int be the image of P ⊕RQ in (P ⊕RQ)gp.
Then (P ⊕R Q)int is the pushout of the diagram 2.3.34.4 in the category of
integral monoids, and in the fs case the pushout of 2.3.34.4 in the category
of fs monoids is given by the saturation (P ⊕R Q)sat of (P ⊕R Q)int. The
fiber product of 2.3.34.5 in the category of fine (resp. fs) log schemes is then
equal to

Spec((P ⊕R Q)int → Spec(Z[(P ⊕R Q)int]) (2.3.34.6)

(resp. Spec((P ⊕R Q)sat → Spec(Z[(P ⊕R Q)sat])). (2.3.34.7)

2.4 Summary of Alexeev’s Results

For the convenience of the reader we summarize in this section the main results
of Alexeev [3]. At various points in the work that follows we have found it
convenient to reduce certain proofs to earlier results of Alexeev instead of
proving everything “from scratch”.

2.4.1. Recall [3, 1.1.6] that a reduced scheme P is called seminormal if for
every reduced scheme P ′ and proper bijective morphism f : P ′ → P such that
for every p′ ∈ P ′ mapping to p ∈ P the map k(p) → k(p′) is an isomorphism,
the morphism f is an isomorphism.



52 2 Preliminaries

In his paper, Alexeev considers two kinds of moduli problems. The first
concerns polarized toric varieties and the second abelian varities. We summa-
rize here the main results from both problems. The reader only interested in
abelian varieties can skip to 2.4.7.

Broken Toric Varieties.

2.4.2. Let X be a finitely generated free abelian group, and let T =
Spec(Z[X]) be the corresponding torus. If S is a scheme, we write TS for
the base change of T to S.

2.4.3. Let B = Spec(k) be the spectrum of an algebraically closed field k,
and let P/B be an affine integral scheme with action of the torus TB such
that the action has only finitely many orbits. Write P = Spec(R), and assume
that for every p ∈ P (k) the stabilizer group scheme Hp ⊂ TB of p is connected
and reduced.

The TB–action on P defines (and is defined by) an X–grading R =
⊕χ∈XRχ. Since R is an integral domain the set

S := {χ ∈ X|Rχ �= 0} ⊂ X (2.4.3.1)

is a submonoid of X. Since the TB–action has only finitely many orbits, there
exists an orbit which is dense in P . Pick a point p ∈ P (k) in this orbit so
that the map TB → P sending a scheme-valued point g ∈ TB to g(p) ∈ P is
dominant. This map defines a TB–invariant inclusion R ↪→ k[X]. This shows in
particular that each Rχ is a k–vector space of dimension 1 or 0. Furthermore,
if X ′ ⊂ X denotes the subgroup generated by S and T → T ′ the associated
quotient torus of T , then the map TB → P defines by p ∈ P (k) factors
through a dense open immersion T ′

B ↪→ P . Furthermore we obtain a morphism
Spec(k[S]) → P which by [3, 2.3.13] is an isomorphism if P is seminormal.

More generally, if P is reduced, affine, but not necessarily irreducible, we
obtain a collection of cones Si ⊂ X as follows. Let {Pi ⊂ P} be the closures
of the orbits of the T–action. Since each Pi is an irreducible scheme we get
a collection of cones Si ⊂ X. If Pi ⊂ Pj then one sees from the construction
that Si is a face of Sj .

2.4.4. We can also use this to study the projective situation. Let (P,L ) be a
projective scheme with T–action over k with a linearized ample line bundle L .
Assume that P is seminormal and connected, the T–action has only finitely
many orbits, and that for every point p ∈ P the stabilizer group scheme is
reduced.

Set R = ⊕i≥0H
0(P,L ⊗i). Let T denote the torus T ×Gm. The Z–grading

on R defines an action of Gm on R which one can show commutes with the
T–action thereby defining an action of T on R. Applying the above discussion
to R with this T–action we obtain a collection of cones Si ⊂ Z ⊕ X. Let
∆ ⊂ XR be the union of the intersections of the cones Si,R with the set
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(1, XR) ⊂ Z ⊕XR. Then one can show that ∆ is a polytope in XR and that
the Si,R ∩∆ define a paving of XR in the sense of 3.1.1 below.

2.4.5. The association of the polytope ∆ to (P,L ) in the preceding para-
graph behaves well in families. If S is a scheme and f : P → S is a projective
flat morphism with T = Spec(Z[X]) a torus acting on P over S, and L is a
T–linearized ample invertible sheaf on P then for any geometric point s̄→ S
the fiber Ps̄ defines a polytope ∆s̄ ⊂ XR. As explained in [3, 2.10.1], if S is
connected then the polytopes ∆s̄ are all equal.

For a fixed polytope Q ⊂ XR, this enables one to define a stack T P fr[Q]
which to any scheme S associates the groupoid of triples (f : P → S,L , θ ∈
f∗L ) as follows:

(i) f : P → S is a proper flat morphism of schemes, and T acts on P over S.
(ii) For every geometric point s̄ → S the fiber Ps̄ is seminormal and con-

nected with associated polytope Q ⊂ XR.
(iii) L is a relatively ample invertible sheaf on P .
(iv) θ ∈ f∗L is a section such that for every geometric point s̄→ S the zero

locus of the section θs̄ ∈ H0(Ps̄,Ls̄) does not contain any T -orbit.

Theorem 2.4.6 ([3, 2.10.10]) The stack T P fr[Q] is a proper algebraic stack
over Z with finite diagonal.

Abelian Varieties

2.4.7. Following Alexeev [3, 1.1.3.2], a stable semiabelic variety over an alge-
braically closed field k is a scheme P/k together with an action of a semiabelian
scheme G/k such that the following condition holds:

1. The dimension of G is equal to the dimension of each irreducible compo-
nent of P .

2. P is seminormal.
3. There are only finitely many orbits for the G–action.
4. The stabilizer group scheme of every point of P is connected, reduced,

and lies in the toric part T of G.

A stable semiabelic pair is a projective stable semiabelic variety P (with action
of the semiabelian group scheme G) together with an ample line bundle L
on P and a section θ ∈ H0(P,L ) whose zero locus does not contain any
G–orbits.

2.4.8. If S is a scheme, then a stable semiabelic pair over S is a collection of
data (G, f : P → S,L , θ ∈ f∗L ) where:

1. G is a semiabelian scheme over S.
2. f : P → S is a projective flat morphism, and G acts on P over S.
3. L is a relatively ample invertible sheaf on P .
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4. θ ∈ f∗L is a section.
5. For every geometric point s̄ → S the fiber (Gs̄, Ps̄,Ls̄, θs̄ ∈ H0(Ps̄,Ls̄))

is a stable semiabelic pair.

One can show that the sheaf f∗L is locally free and that its formation com-
mutes with arbitrary base change on S. We define the degree of a stable
semiabelic pair to be the rank of f∗L .

2.4.9. Fix integers g and d, and let Mg,d denote the stack over Z which to any
scheme S associates the groupoid of stable semiabelic pairs (G,P,L , θ) with
G of dimension g and L of degree d. Let Ag,d ⊂ Mg,d denote the substack
classifying pairs (G,P,L , θ), where G is an abelian scheme.

By a standard Hilbert scheme argument one sees that the diagonal of
Mg,d is representable. It therefore makes sense to talk about the connected
components of Mg,d (we ignore the question of whether the stack Mg,d is
algebraic; presumably this is the case). Furthermore the inclusion Ag,d ⊂
Mg,d is representable by open immersions. Let A Alex

g,d denote the union of the
connected components of Mg,d meeting Ag,d.

Theorem 2.4.10 ([3, 5.10.1]) The stack A Alex
g,d is a proper Artin stack over

Z with finite diagonal.

2.4.11. When d = 1, the stack Ag,1 is canonically isomorphic to the moduli
stack of principally polarized abelian varieties of dimension g. To see this
denote temporarily by A ′

g the moduli stack of principally polarized abelian
varieties. Using 2.1.6 we get a functor

F : Ag,1 → A ′
g , (A,P,L , θ) �→ (A, λL : A→ At), (2.4.11.1)

which we claim is an isomorphism. Evidently every object of A ′
g is étale locally

in the essential image of F , so it suffices to show that F is fully faithful. This
is the content of the following lemma:

Lemma 2.4.12 Let S be a scheme and A/S an abelian scheme. Let
(Pi,Li, θi) (i = 1, 2) be two collections of data as follows:

(i) fi : Pi → S is an A-torsor;
(ii) Li is a relatively ample invertible sheaf on Pi such that fi∗Li is locally

free of rank 1 on S;
(iii) θi ∈ fi∗Li is a section which is nonzero in every fiber.

Assume further that the two isomorphisms

λLi
: A→ At (2.4.12.1)

are equal. Then there exists a unique pair (g, gb) of isomorphisms

g : P1 → P2, g
b : g∗L2 → L1, (2.4.12.2)

where g is an isomorphism of A-torsors and gb is an isomorphism of line
bundle on P1 such that gb∗(θ2) = θ1).
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Proof. Using the uniqueness we may by descent theory work locally on the
fppf topology on S. We may therefore assume that the torsors Pi are trivial.
Choose some trivializations ιi : A→ Pi.

Any isomorphism of torsors g : A → A is necessarily translation by a
point. Indeed any isomorphism g can be written as ta ◦ h, where h : A→ A is
a homomorphism. Since g is also supposed to commute with the A-action we
have for every α ∈ A

g(α) = g(e) + α (2.4.12.3)

which gives
h(α) + a = a+ α. (2.4.12.4)

Therefore h is the identity and g must be translation by a point.
Next note that since λL1 = λL2 we have étale locally on S

t∗a(L1 ⊗ L −1
2 ) � L1 ⊗ L −1

2 (2.4.12.5)

for all a ∈ A. It follows that L1 ⊗ L −1
2 ∈ Pic0

A/S(S). In particular, there
exists a unique point a ∈ A such that t∗aL2 � L1. We take translation by this
element a to be the map g. The choice of gb is then uniquely determined by
the condition gb∗(θ2) = θ1. 	


Remark 2.4.13. The space A Alex
g,1 therefore provides a compactification of

Ag,1. However, in general the stack A Alex
g,1 has many irreducible componets.

One of the main problems dealt with in this paper is how to “carve out”
the component of A Alex

g,1 and also to generalize the theory to higher degree
polarizations.
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Moduli of Broken Toric Varieties

In this chapter we discuss the logarithmic interpretation of the main compo-
nent of the moduli spaces for “broken toric varieties” considered by Alexeev.
This study contains many of the basic ideas used later for our study of abelian
varieties. The reader only interested in abelian varieties can, however, skip di-
rectly to chapter 4.

3.1 The Basic Construction

3.1.1. Let X be a free abelian group of finite rank r, and let XR denote
X ⊗Z R. A polytope in XR is a subset equal to the convex hull of a finite set
of points in XR. A polytope Q ⊂ XR is integral if it is the convex hull of a
finite set of points in X ⊂ XR. A face of a polytope Q ⊂ XR is a subset F of
the boundary ∂Q of the form Q∩H for some r−1–dimensional linear subspace
H ⊂ XR. A face of a polytope is again a polytope. The dimension of a polytope
Q is the dimension of the smallest affine subspace ofXR containing Q. A vertex
of a polytope Q is a zero–dimensional face.

A paving of a polytope Q ⊂ XR is a finite collection S of subpolytopes
ω ⊂ Q such that the following hold:

(i) For any two elements ω, η ∈ S, the intersection ω ∩ η is also in S.
(ii) Any face of a polytope ω ∈ S is again in S.
(iii) Q = ∪ω∈Sω, and for any two distinct elements ω, η ∈ S the interiors of

ω and η are disjoint.

If Q is an integral polytope, then an integral pavingof Q is a paving S such
that each ω ∈ S is an integral polytope.

Let Q ⊂ XR be an integral polytope, and let Z ⊂ Q be the set of integral
point. Let ψ : Z → R be a function, and consider the convex hull in R ⊕XR

of the set

Gψ := {(h, x) ∈ R ⊕XR|x ∈ Z and h ≥ ψ(x)}. (3.1.1.1)

M.C. Olsson, Compactifying Moduli Spaces for Abelian Varieties. Lecture Notes 57
in Mathematics 1958.
c© Springer-Verlag Berlin Heidelberg 2008
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The lower boundary of Gψ is then the graph of a piecewise linear function
gψ : Q→ R. A paving S of Q is called regular if it is equal to the domains of
linearity of gψ for some ψ : Z → R.

3.1.2. Let X be a free abelian group of finite rank, and for an abelian group
A (e.g. Q or R) let XA denote X ⊗Z A. Denote by T the torus Spec(Z[X]),
and let Q ⊂ XR denote an integral polytope of dimension ≥ 1. We denote by
X the abelian group Z ⊕X.

Let S be an integral regular paving of Q. We view S as a category with
a unique morphism ωi → ωj between two polytopes ωi and ωj of S if ωi is a
face of ωj and the empty set otherwise.

For a face ωi of S, let Ni denote the integral points of the cone
Cone(1, ωi) ⊂ XR, and define

Ngp
S := lim−→

ωi∈S

Ngp
i , (3.1.2.1)

where for an integral monoid M we write Mgp for its associated group. Also
define P to be the integral points of Cone(1, Q) ⊂ XR. The Z-grading on X
makes P an N-graded monoid.

Remark 3.1.3. Define NS := lim−→ωi∈S
Ni (limit in the category of integral

monoids). Then by the universal property of the group associated to a monoid,
the group associated to NS is equal to Ngp

S .

3.1.4. For every ωi ∈ S, let ρi : Ni → Ngp
S be the natural map. If p ∈ Ni∩Nj ,

then p ∈ Nk for ωk = ωi ∩ ωj . It follows that ρi(p) = ρj(p). Consequently the
ρi define a set map ρ : P → Ngp

S by sending p ∈ Ni to ρi(p).
For p1, p2 ∈ P define p1 ∗ p2 ∈ Ngp

S by

p1 ∗ p2 := ρ(p1) + ρ(p2) − ρ(p1 + p2). (3.1.4.1)

Let HS ⊂ Ngp
S be the submonoid generated by the elements p1 ∗ p2.

Lemma 3.1.5 (i) p1 ∗ p2 = p2 ∗ p1.
(ii) p1 ∗ p2 + p3 ∗ (p1 + p2) = ρ(p1) + ρ(p2) + ρ(p3) − ρ(p1 + p2 + p3).
(iii) If p1, p2 ∈ Ni, then p1 ∗ p2 = 0.

Proof. This follows immediately from the definition. 	


3.1.6. Following [3], let S̃C1(X≥0) denote the free monoid with generators
symbols (χ̄, χ), where χ̄ ∈ ⊕ωi∈SNi and χ ∈ ∪Ni ⊂ ⊕iNi and λ(χ̄) = λ(χ),
where λ : ⊕Ni → P denotes the natural projection. Define SC1(X≥0) to be
the quotient of S̃C1(X≥0) by the relations

(χ̄1, χ1) + (χ̄2, χ2) = (χ̄1 + χ̄2, χ1 + χ2) (3.1.6.1)

when χ1 and χ2 lie in the same cone. Define SC1(X≥0)/B1 to be the quotient
defined by the relations
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(χ1, χ2) + (χ̄0, χ1) = (χ̄0, χ2). (3.1.6.2)

Let δ : ⊕iNi → Ngp
S be the map sending (χi)ωi∈S to

∑
i χi, and let

π : S̃C1(X≥0) → Ngp
S (3.1.6.3)

be the map sending (χ̄, χ) to δ(χ̄) − χ.

Lemma 3.1.7 The map π descends to SC1(X≥0)/B1, and defines a surjec-
tion SC1(X≥0)/B1 → HS.

Proof. That the map descends to SC1(X≥0)/B1 follows from the definition of
the relations.

The image of π contains HS since for p ∈ Ni and q ∈ Nj defining elements
p̄, q̄ ∈ ⊕Ni the image of (p̄+ q̄, p+ q) is equal to p ∗ q.

To see that the image is contained in HS , choose an ordering ω1, . . . ωn of
the top–dimensional simplices of S, and consider an element

(
n∑

i=1

χ̄i,
∑

i

χi), (3.1.7.1)

where χi ∈ Ni. Then the image of this element under π is equal to the image of

(χ̄1 + χ̄2, χ1 + χ2) + (χ1 + χ2 + χ̄3 + · · · + χ̄n,

n∑
i=1

χi). (3.1.7.2)

By induction on n the result follows. 	


Corollary 3.1.8 The monoid HS is finitely generated.

Proof. This follows from the preceding lemma and [3, 2.9.5]. 	


3.1.9. Define P � HS to be the monoid with underlying set P × HS and
addition law given by

(p1, q1) + (p2, q2) := (p1 + p2, q1 + q2 + p1 ∗ p2). (3.1.9.1)

The formulas in 3.1.5 imply that this gives a well–defined commutative monoid
structure. A straightforward verification shows that in fact the monoid P�HS

is a commutative, integral, graded monoid with grading induced by the map

P �HS −−−−→ P
deg−−−−→ N. (3.1.9.2)

Lemma 3.1.10 The monoid P �HS is finitely generated.

Proof. Let p1, . . . , pr ∈ P be elements such that for each ω ∈ S the monoid of
integral points of Cone(1, ω) is generated by the set of pi’s lying in Cone(1, ω).
Then P �HS is generated by HS and the elements (pi, 0). 	
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Lemma 3.1.11 The morphism HS → P �HS is integral.

Proof. By [24, 4.1], it suffices to show the following.
Consider elements (pi, hi) ∈ P �HS and qi ∈ HS (i = 1, 2) such that

(p1, h1) + (0, q1) = (p2, h2) + (0, q2). (3.1.11.1)

We must find (p, h) ∈ P �HS , and elements q3, q4 ∈ HS such that

(p1, h1) = (p, h) + (0, q3), (p2, h2) = (p, h) + (0, q4). (3.1.11.2)

For this note that 3.1.11.1 can be rewritten as

(p1, h1 + q1) = (p2, h2 + q2), (3.1.11.3)

and therefore p1 = p2 and h1 + q1 = h2 + q2. From this it follows that we can
take p = p1, h = 0, q3 = h1, and q4 = h2. 	


3.1.12. Let PS → Spec(Z[HS ]) be the projective scheme Proj(Z[P �HS ]).
The natural map of monoids P � HS → Z[P � HS ] induces a log structure
MPS

on PS so that there is a natural log smooth and integral morphism

(PS ,MPS
) → Spec(HS → Z[HS ]). (3.1.12.1)

This log structure MPS
is perhaps most easily constructed by noting that

the Gm–action on Spec(Z[P �HS ]) extends naturally to an action on the log
scheme Spec(P �HS → Z[P �HS ]) over Spec(Z[HS ]) (see for example [42,
paragraph preceding 5.14]). Since PS is isomorphic to [Spec(Z[P � HS ]) −
{0}/Gm] we obtain by descent theory also a log structure on PS . The mor-
phism 3.1.12.1 is log smooth and integral since the morphism

Spec(Z[P �HS ]) → Spec(Z[HS ]) (3.1.12.2)

is log smooth and integral by 2.3.16 (note that Hgp
S → (P �HS)gp is injective

with cokernel isomorphic Z ⊕X).
Note that the projection P � HS → P induces an action of the group

scheme D(X) � T × Gm (this isomorphism is the one induced by the decom-
position X � Z ⊕ X) on (PS ,MPS

,OPS
(1)). This action is equivalent to

an action of T on (PS ,MPS
) together with a T–linearization of the sheaf

OPS
(1). As in the introduction, we refer to the resulting polarized log scheme

(PS ,MPS
,OPS

(1)) with its T–action over Spec(HS → Z[HS ]) as the stan-
dard family associated to S.

Remark 3.1.13. The log structure MPS
has the following additional struc-

ture. Let (C ,MC ) denote the cone Spec(P �HS → Z[P �HS ]), and let C o

denote the complement of the vertex. The global chart induces a surjection
π : P � HS → MC . This map is Gm–invariant, and hence descends to a
surjection γ : P �HS →MPS

which étale locally lifts to a chart.
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3.1.14. Let QQ denote the rational points of Q, and let

η : P → QQ (3.1.14.1)

by the map sending p to (1/deg(p)) · p ∈ (1, QQ) ⊂ XQ.

3.1.15. Let k be a ring, and f : HS → k a morphism (where k is viewed as a
monoid using the multiplicative structure). Define Ff := f−1(k∗) ⊂ HS . The
submonoid Ff ⊂ HS is a face, so we can consider the localization HS,Ff

(the
submonoid of Hgp

S generated by HS and F gp
f ), and the quotient HS,Ff

/F gp
f .

Lemma 3.1.16 Let p, q, r ∈ P be elements.
(i) (q ∗ p) + (r ∗ p) + (q + p) ∗ (r + p) = (q + r) ∗ p+ (q + r + p) ∗ p+ q ∗ r.
(ii) f(p ∗ q) ∈ k∗ if and only if both f((2q) ∗ p) and f((2q + p) ∗ p) are in k∗.
(iii) If f(p ∗ q) ∈ k∗, then for every m ≥ 1 the elements f((2mq) ∗ p) and
f((2mq + p) ∗ p) are in k∗.
(iv) For every n ∈ N if f(p ∗ q) ∈ k∗ then f(p ∗ (nq)) ∈ k∗.
(v) For every n,m ∈ N, if f(p ∗ q) ∈ k∗ then f((np) ∗ (mq)) ∈ k∗.
Proof. Statement (i) is a straightforward calculation. Statement (ii) follows
from (i) by taking q and r in (i) both equal to q. Statement (ii) also implies
(iii) by induction on m.

For (iv), choose m such that 2m ≥ n. Then by (i)

(nq)∗p+((2m−n)q)∗p+(nq+p)∗ ((2m−n)q+p) = (2mq)∗p+(2mq+p)∗p,
(3.1.16.1)

and by (iii) the image of the right side under f is in k∗. Therefore f applied
to each of the terms on the left side must also be in k∗.

Statement (v) follows immediately from (iv). 	

Lemma 3.1.17 Fix p ∈ P and let ωi ∈ S be a simplex such that there exists
q ∈ Ni with f(p∗q) ∈ k∗, and such that the line segment in Q connecting η(p)
and η(q) meets ωi in at least one other point. Then f(q′ ∗ p) ∈ k∗ for every
q′ ∈ Ni.

Proof. The assumptions imply that there exists an integer n ≥ 1 such that
nq + p ∈ Ni. Taking q = nq, r = p, and p = q′ in (3.1.16 (i)) we obtain

nq∗q′+p∗q′+(nq+q′)∗(p+q′) = (nq+p)∗q′+(nq+p+q′)∗q′+nq∗p. (3.1.17.1)

Since nq + p, nq + p+ q′ ∈ Ni and using (3.1.16 (iv)), this implies that

f((nq + p) ∗ q′)f((nq + p+ q′) ∗ q′)f(nq ∗ p) ∈ k∗, (3.1.17.2)

and this in turn implies that f(p ∗ q′) ∈ k∗. 	

Lemma 3.1.18 Let p, q ∈ P be elements with f(p∗ q) ∈ k∗, and let L ⊂ Q be
the line segment connecting η(p) and η(q). Then for any q′ ∈ P with η(q′) ∈ L
we have f(p ∗ q′) ∈ k∗. In particular, for any two numbers n,m ∈ N we have
f((np+mq) ∗ p) ∈ k∗.
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Proof. Since the polytope Q is integral, there exists an integer r and a para-
metrization ρ : [0, r] → L such that ρ(0) = q, ρ(r) = p, and for every integer
i ∈ [0, r−1] the segment ρ([i, i+1]) lies in a single simplex of S and ρ(i) ∈ QQ.
This last observation implies that there exists qi ∈ P with η(qi) = ρ(i) (we
take q0 = q). By the preceding lemma, if f(qi ∗ p) ∈ k∗, then f(q ∗ p) ∈ k∗
for every q ∈ P with η(q) ∈ ρ([i, i + 1]). In particular, if f(qi ∗ p) ∈ k∗ then
f(qi+1 ∗ p) ∈ k∗ as well. By induction on i starting with i = 0 (this case is by
assumption), the result follows. 	

Lemma 3.1.19 Let ωi ∈ S be a simplex, and let Ni denote the monoid of
integral points in Cone(1, ωi). Let p ∈ Ni be an interior point and q, q′ ∈ P
elements such that f(p ∗ q) and f(p ∗ q′) are in k∗. Fix α, β ∈ N.
(i) f((αq +Np) ∗ (βq′ +Np)) ∈ k∗ for every N ≥ 1.
(ii) f((αq + βq′) ∗ p), f((αq) ∗ (βq′)) ∈ k∗.
Proof. For (i), note first that since p is an interior point the result holds for
N sufficiently big. Therefore it suffices to prove that if the result holds for all
integers greater than or equal to some N ≥ 2 then it also holds for N − 1. For
this take q = αq + (N − 1)p, r = βq′ + (N − 1)p, and p = p in (3.1.16 (i)) so
that

(αq+(N − 1)p) ∗ p+(βq′ +(N − 1)p) ∗ p+(αq+Np) ∗ (βq′ +Np) (3.1.19.1)

is equal to

(αq+βq′+2(N−1)p)∗p+(αq+βq′+(2N−1)p)∗p+(αq+(N−1)p)∗(βq′+(N−1)p).

(3.1.19.2)

Since 3.1.19.1 maps to k∗ under f by induction and 3.1.18, this implies (i) for
N − 1.

For (ii), apply (3.1.16 (i)) with q = αq, r = βq′, and p = p to get

(αq∗p)+(βq′∗p)+(αq+p)∗(βq′+p)=(αq+βq′)∗p+(αq+βq′+p)∗p+(αq)∗(βq′).
(3.1.19.3)

By (i) and (3.1.16 (iv)) the left side of this expression maps to k∗ under f ,
and therefore (ii) follows. 	

3.1.20. Define a new paving S′ of Q, which is coarser than S, by declaring

that two top–dimensional simplices ωi, ωj ∈ S lie in the same simplex of
S′ if and only if there exists interior elements pi ∈ Ni and pj ∈ Nj with
f(pi ∗ pj) ∈ k∗. The preceding lemmas imply that this is well–defined. That
is for three simplices ωi, ωj , ωk ∈ S and interior elements pi ∈ Ni, pj ∈ Nj ,
and pk ∈ Nk, if f(pi ∗ pk), f(pj ∗ pk) ∈ k∗ then f(pi ∗ pj) ∈ k∗. Also the
simplices of S′ are convex by 3.1.18 so this really gives a paving. Since S is
a refinement of S′ there is a natural map π : Ngp

S → Ngp
S′ which induces a

surjection HS → HS′ .

Lemma 3.1.21 The kernel of π : Ngp
S → Ngp

S′ is equal to the subgroup of Ngp
S

generated by f−1(k∗) ⊂ HS.
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Proof. For ωj ∈ S′, let ∆j ⊂ S be the full subcategory whose objects are
simplices ωi ∈ S lying in ωj . Then

Ngp
S = lim−→

ωj∈S′
( lim−→
ωi∈∆j

Ngp
i ). (3.1.21.1)

To prove the lemma it therefore suffices to show that for any fixed ωj ∈ S′

the kernel of the map

lim−→
ωi∈∆j

Ngp
i → Cone(1, ωj)gp (3.1.21.2)

is generated by elements p1 ∗ p2 with p1, p2 ∈ Cone(1, ωj). Let K ⊂
lim−→ωi∈∆j

Ngp
i be the subgroup generated by these elements.

For any abelian group A, we have by the universal property of direct limit
and the group associated to a monoid

Hom( lim−→
ωi∈∆j

Ngp
i , A) � lim←−

ωi∈∆j

Hom(Ni, A). (3.1.21.3)

From this description it follows that to give an element

λ ∈ Hom(( lim−→
ωi∈∆j

Ngp
i )/K,A) (3.1.21.4)

is equivalent to giving a compatible collection of morphisms λi : Ni → A such
that for any two elements pi ∈ Ni and pj ∈ Nj with pi + pj ∈ Nk we have

λi(pi) + λj(pj) − λk(pi + pj) = 0. (3.1.21.5)

This condition amounts to saying that the maps λi are induced by a homo-
morphism λ : Cone(1, ωj) → A. By Yoneda’s lemma it follows that

lim−→
ωi∈∆j

Ngp
i /K � Cone(1, ωj)gp (3.1.21.6)

as desired. 	


Corollary 3.1.22 The map π identifies HS′ with the quotient of HS by the
face f−1(k∗).

3.1.23. Let Mk be the log structure on Spec(k) induced by the map f :
HS → k, and let

(PS,k,MPS,k
,OPS,k

(1)) → (Spec(k),Mk) (3.1.23.1)

be the polarized log scheme with action of Tk obtained by base change from
(PS ,MPS

,OPS
(1)) by the map Spec(k) → Spec(Z[HS ]).
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Lemma 3.1.24 After replacing k by a finite flat ring extension, the family
3.1.23.1 is isomorphic to the base change of the standard family

(PS′ ,MPS′ ,OPS′ ) → Spec(HS′ → Z[HS′ ]) (3.1.24.1)

by a map Spec(k) → Spec(Z[HS′ ]) induced by a map HS′ → k sending all
nonzero elements to k − k∗.

Proof. If ρ : HS → k∗ is a homomorphism, and f ′ : HS → k is the map
sending h ∈ HS to ρ(h) · f(h), then we obtain a second family

(P ′
S,k,MP′

S,k
,OP′

S,k
(1)) → (Spec(k),M ′

k). (3.1.24.2)

Since P gp is a free abelian group we have Ext1(P gp, k∗) = 0. It follows that
the exact sequence

0 → Hgp
S → (P �HS)gp → P gp → 0 (3.1.24.3)

induces a short exact sequence

0 → Hom(P gp, k∗) → Hom((P �HS)gp, k∗) → Hom(Hgp
S , k

∗) → 0.
(3.1.24.4)

Let ρ̃ : P �HS → k∗ be a lifting of ρ. Then there is a commutative diagram

P �HS
(p,h)
→(ρ̃(p)ρ(h),p,h)−−−−−−−−−−−−−→ k∗ ⊕ P �HS	⏐⏐

	⏐⏐
HS

h
→(ρ(h),h)−−−−−−−→ k∗ ⊕HS

(3.1.24.5)

which induces a commutative diagram of polarized log schemes

(P ′
S,k,MP′

S,k
,OP′

S,k
(1)) −−−−→ (PS,k,MPS,k

,OPS,k
(1))⏐⏐�

⏐⏐�
(Spec(k),M ′

k) σ−−−−→ (Spec(k),Mk),

(3.1.24.6)

where σ is an isomorphism of log schemes whose underlying morphism
Spec(k) → Spec(k) is the identity.

Let F ⊂ HS be the face f−1(k∗), and let HS,F be the localization so
that HS′ = HS/F . Since Hgp

S′ is a finitely generated group, there exists after
replacing k by a finite flat extension a homomorphism ρ : Hgp

S → k∗ whose
restriction to F gp is the map induced by f . Replacing f by ρ−1 · f we may
assume that f maps F gp to 1. In this case the map HS → k factors through
a map HS′ → k sending all nonzero elements to 0. This defines the map
Spec(k) → Spec(Z[HS′ ]) and an isomorphism between Mk and the pullback
of the log structure on Spec(Z[HS′ ]). Furthermore, since F gp is sent to 1 ∈ k,
there is a canonical isomorphism
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Z[P �HS ]⊗Z[HS ] k � Z[(P �HS)⊕HS
HS′ ]⊗Z[HS′ ] k � Z[P �HS′ ]⊗Z[HS′ ] k.

(3.1.24.7)

This defines the desired isomorphism between 3.1.23.1 and 3.1.24.1. 	


Remark 3.1.25. Note that any two choices of the lifting ρ differ by a homo-
morphism P gp → k∗. Equivalently, the isomorphism in 3.1.24.1 is canonical
up to the action of D(X) on (PS ,MPS

,OPS
).

Corollary 3.1.26 Let g : PS → Spec(Z[HS ]) denote the structure mor-
phism. Then the formation of the sheaves Rig∗OPS

(d) (d ≥ 0, i ≥ 0)
commutes with arbitrary base change B′ → Spec(Z[HS ]), and the sheaves
Rig∗OPS

(d) are zero for i ≥ 1. Furthermore there is a canonical isomorphism
of Z[HS ]–algebras

⊕d≥0H
0(PS ,OPS

(d)) � Z[P �HS ]. (3.1.26.1)

Proof. First note that by the construction there is a canonical map

Z[P �HS ] → ⊕d≥0H
0(PS ,OPS

(d)). (3.1.26.2)

By standard cohomology and base change results [20, III.12.11], it therefore
suffices to show that for any geometric point s̄ → Spec(Z[HS ]), we have
Hi(PS,s̄,OPS,s̄

(d)) = 0 for all i ≥ 1 and d ≥ 0 and that 3.1.26.2 induces
an isomorphism

k(s̄) ⊗Z[HS ] Z[P �HS ] → ⊕d≥0H
0(PS,s̄,OPS,s̄

(d)). (3.1.26.3)

This follows from [3, 2.5.1 and 2.5.2]. 	


Corollary 3.1.27 Let (B,MB) be a fine log scheme, and g : (X,MX) →
(B,MB) a proper log smooth morphism of fine log schemes. Let L be an
invertible sheaf on X such that for every geometric point s̄ → B the data
(MB |k(s̄), Xs̄,MXs̄

, LXs̄
) over Spec(k(s̄)) is isomorphic to the base change of

(MS ,PS ,MPS
,OPS

(1)) via some map Z[HS ] → k(s̄). Then the natural map
OB → g∗OX is an isomorphism, for any d ≥ 0 the formation of g∗Ld com-
mutes with arbitrary base change, and the sheaves Rig∗L

d are zero for i ≥ 1.

Proof. Again cohomology and base change [20, III.12.11] implies that it suf-
fices to verify these statement for each geometric fiber which is the previous
corollary. 	


Remark 3.1.28. The above discussion implies in particular that when con-
sidering the standard family it suffices to consider pavings S such that HS

is sharp (i.e. H∗
S = {0}). By the following proposition it therefore suffices to

consider regular integral pavings of Q.

Proposition 3.1.29. Let S be a paving of Q. Then S is regular if and only
if the monoid HS is sharp.
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Proof. For this note first the following characterization of sharp monoids:

Lemma 3.1.30 Let M be a fine monoid. Then M is sharp if and only if there
exists a homomorphism h :M → N with h−1(0) = 0.

Proof. Since N is sharp, for any h :M → N we have h(M∗) = {0}. From this
the “if” direction follows.

For the “only if” direction, letM sat denote the saturation of M and let M
denote the quotient of M sat by its group of unit. The inverse image of 0 under
the composite M →M sat →M is equal to {0}. Indeed, if an element m ∈M
maps to a unit in M sat, then there exists an element y ∈ M sat such that
x+ y = 0. Let n be an integer such that ny ∈M . Then we have nx+ ny = 0
in M so x+((n−1)x+ny) = 0 and x is a unit in M . It follows that it suffices
to prove the “only if” direction in the case when M is also saturated.

In this case, it follows from [25, 5.8 (1)] that there exists for any element
m ∈ M a morphism h : M → N with h(m) �= 0. Let m1, . . . ,mr ∈ M be
a set of generators and let hi : M → N be a map with hi(mi) �= 0. Then
h := h1 + · · · + hr :M → N is a map with h−1(0) = {0}. 	


Thus 3.1.29 is equivalent to the statement that S is regular if and only if there
exists a homomorphism h : Hgp

S → Z sending the nonzero elements of HS to
the positive integers. From the exact sequence

0 → Hom(P gp,Z) → Hom(P �HS ,Z) → Hom(HS ,Z) → 0 (3.1.30.1)

we see that there exists such a homomorphism h if and only if there exists
a function g : P → Z which is linear on the monoid of integral points of
each Cone(1, ωi), and such that for any two elements p, q ∈ P not lying in
the same Cone(1, ω) we have g(p) + g(q) − g(p + q) > 0. Now giving such a
function g is equivalent to giving a function ψ : Z → Z (where Z denotes the
integral points of Q) such that S is the regular paving associated to ψ by the
construction in 3.1.1. 	


3.1.31. Let H → Q be an integral morphism of integral monoids such that
Hgp → Qgp is injective with torsion free cokernel. Let P denote the cokernel
in the category of integral monoids of the morphism H → Q. The monoid P
is equal to the image of Q in the group Qgp/Hgp = P gp. Assume that H is
sharp (i.e. H∗ = {0}), and let π : Q→ P be the projection.

For p ∈ P define a partial order ≤ on π−1(p) by declaring that f ≤ g if
there exists h ∈ H such that f + h = g.

Lemma 3.1.32 For any p ∈ P there exists a unique element p̃ ∈ π−1(p) such
that p̃ ≤ f for all f ∈ π−1(p).

Proof. By [41, 2.1.5 (3)], there exists a minimal (for the partial order ≤)
element p̃ ∈ π−1(p). Let f ∈ π−1(p) be any other element. Since p̃ and f map
to the same element in P , there exist elements h1, h2 ∈ H such that
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p̃+ h1 = f + h2. (3.1.32.1)

Since the morphism H → Q is integral, this implies by [24, 4.1] that there
exists an element g ∈ π−1(p) and h3, h4 ∈ H such that

p̃ = g + h3, f = g + h4, h1 + h3 = h2 + h4. (3.1.32.2)

Since p̃ is minimal, this implies that h3 = 0, p̃ = g, whence p̃ ≤ f . This also
proves that if f is also minimal then f = p̃. 	


Remark 3.1.33. It follows in particular that as a module over Z[H], there
exists a canonical isomorphism

Z[P �HS ] � ⊕p∈P Z[H] · p̃. (3.1.33.1)

3.2 Automorphisms of the Standard Family over a Field

3.2.1. Let k be a field, S an integral regular paving of a polytope Q ⊂ XR,
Mk the log structure on Spec(k) induced by the unique map HS → k sending
all nonzero elements to 0, and let

(Pk,MPk
,OPk

(1), T–action) → (Spec(k),Mk) (3.2.1.1)

be the resulting standard family. Let C denote the cone

Spec(⊕d≥0H
0(P,OPk

(d)) � Spec(k ⊗Z[HS ] Z[P �HS ]), (3.2.1.2)

and let MC denote the log structure associated to the map P �HS → OC .

Proposition 3.2.2. Let α : (Pk,OPk
(1)) → (Pk,OPk

(1)) be an automor-
phism of the underlying polarized scheme with T–action (recall T = D(X)).
Then there exists a unique pair (αb, β), where β : Mk → Mk is an automor-
phism of Mk and αb : α∗MPk

→MPk
is an isomorphism compatible with the

T–action such that the diagram

α∗MPk

αb

−−−−→ MPk	⏐⏐
	⏐⏐

Mk
β−−−−→ Mk

(3.2.2.1)

commutes.

Proof. Let αC : C → C be the automorphism of the cone induced by α.
For an element (p, h) ∈ P � HS , write ζ(p,h) for the resulting element of

k ⊗Z[HS ] Z[P �HS ].
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The automorphism αC : C → C is induced by a map

α∗
C : k ⊗Z[HS ] Z[P �HS ] → k ⊗Z[HS ] Z[P �HS ] (3.2.2.2)

compatible with the D(X)–action. Looking at the character decomposition of
k ⊗Z[HS ] Z[P � HS ], it follows that there exists a set map ρ : P → k∗ such
that α∗

C is given by
ζ(p,0) �→ ρ(p)ζ(p,0). (3.2.2.3)

Furthermore, for any simplex ω ∈ S the restriction of ρ to Cone(1, ω) ⊂ P is
a homomorphism. Consequently, ρ is an element of Hom(Ngp

S , k
∗), where Ngp

S

is defined as in 3.1.2.1.
Let β :Mk →Mk be the automorphism induced by the composite

β̃ : HS ↪→ Ngp
S → k∗. (3.2.2.4)

The map β is induced by the morphism of prelog structures HS → k∗ ⊕HS

sending h ∈ HS to (β̃(h), h). Also define

ρ̃ : P �HS → k∗, (p, h) �→ ρ(p)β̃(h). (3.2.2.5)

The formula

ρ(p)ρ(q) = ρ(p+ q)(ρ(p)ρ(q)ρ(p+ q)−1) = ρ(p+ q)β̃(p ∗ q) (3.2.2.6)

implies that in fact ρ̃ is a homomorphism. We then define αb to be the iso-
morphism induced by the map

P �HS → k∗ ⊕ P �HS , (p, h) �→ (ρ̃(p, h), (p, h)). (3.2.2.7)

This completes the proof of the existence of (αb, β).
For the uniqueness, it suffices to show that if σ : MPk

→ MPk
and

β : Mk → Mk are compatible automorphisms of the log structures which are
also compatible with the T–action, then σ and β must be the identities. This
can be verified after base change to an algebraic closure of k, and hence we
may assume that k is algebraically closed.

For ωi ∈ S, let Pi ⊂ Pk be the irreducible component Proj(k[Ni]), and
let Mi ⊂ MPk

|Pi
be the sub–log structure consisting of sections whose im-

age in OPi
is nonzero. The log structure Mi is isomorphic to the standard

log structure on Proj(k[Ni]) induced by the map Ni → k[Ni]. In particular,
the mapMi → OPi

is injective which implies that σ|Mi
is the identity. Denote

by Ci ⊂ Ck the closed subscheme Spec(k[Ni]), and let C o
i ⊂ Ci denote the

complement of the vertex.

Lemma 3.2.3 The natural map

k∗ ⊕ (P �HS)gp → H0(C o
i ,M

gp
Pk

|C o
i
) (3.2.3.1)

is an isomorphism.
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Proof. Denote by Qi the quotient ofMgp
Pk

|C o
i

byMgp
i so that there is an exact

sequence
0 →Mgp

i →Mgp
Pk

|C o
i
→ Qi → 0. (3.2.3.2)

The quotient Qi is the constant sheaf associated to the abelian group (P �
HS)gp/Ngp

i . Consideration of the commutative diagram (where the map c is
an isomorphism since Qi is a constant sheaf on a connected scheme)

0 �� k∗⊕Ngp
i

��

��

k∗⊕(P�HS)gp ��

��

(P�HS)gp/Ngp
i

��

c

��

0

0 �� H0(C o
i ,M

gp
i ) �� H0(C o

i ,M
gp
Pk

|C o
i
) �� H0(C o

i , Qi)
(3.2.3.3)

shows that it suffices to prove that H0(C o
i ,M

gp
i ) is equal to k∗ ⊕ Ngp

i . This
follows from noting that there is an injection

H0(C o
i ,M

gp
i ) ↪→ H0(Spec(k[Ngp

i ]),O∗) = k∗ ⊕Ngp
i . (3.2.3.4)

	


Lemma 3.2.4 The natural map

k∗ ⊕ (P �HS)gp → H0(C o
k ,M

gp
C o

k
) (3.2.4.1)

is an isomorphism.

Proof. Let W denote the set of top–dimensional simplices of S, and choose
an ordering of W . For an ordered subset i1 < i2 < · · · < ir of W let

ji1···ir
: Ci1···ir

↪→ Ck (3.2.4.2)

denote the intersection Ci1 ∩ · · · ∩ Cir
. There is then a commutative diagram

0 0 0⏐⏐�
⏐⏐�

⏐⏐�
O∗

C o
k

−−−−→ ⊕iji∗O∗
C o

i
−−−−→ ⊕i<jjij∗O∗

C o
ij

−−−−→ · · ·⏐⏐�
⏐⏐�

⏐⏐�
Mgp

C o
k

−−−−→ ⊕iji∗M
gp
Pk

|C o
i

−−−−→ ⊕i<jjij∗M
gp
Pk

|C o
ij

−−−−→ · · ·⏐⏐�
⏐⏐�

⏐⏐�
M

gp

C o
k

−−−−→ ⊕iji∗M
gp

Pk
|C o

i
−−−−→ ⊕i<jjij∗M

gp

Pk
|C o

ij
−−−−→ · · ·⏐⏐�

⏐⏐�
⏐⏐�

0 0 0.

(3.2.4.3)
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By cohomological descent for proper morphisms the bottom row is exact [8,
VIII.9.4], and by [3, 2.5.5] the top row is also exact in degrees ≤ 1. It follows
that the middle row is also exact in degrees ≤ 1 so

H0(C o
k ,M

gp
C o

k
) = Ker(⊕iH

0(C o
i ,M

gp
Pk

|C o
i
) → ⊕i<jH

0(C o
ij ,M

gp
Pk

|C o
ij

)),

(3.2.4.4)
which by 3.2.3 shows that

H0(C o
k ,M

gp
C o

k
) = H0(|Q|, k∗ ⊕ (P �HS)gp) = k∗ ⊕ (P �HS)gp. (3.2.4.5)

Here |Q| denotes the topological space associated to the polytope Q (i.e. the
set Q with the topology induced by the real topology on XR). 	


It follows that the automorphism σ induces an automorphism δ : k∗⊕(P�
HS)gp → k∗ ⊕ (P �HS)gp. By the above, for every simplex ωi, the map

H0(C o
k ,M

gp
C o

k
) → H0(C o

i ,M
gp
C o

k
|C o

i
) (3.2.4.6)

is an isomorphism. Furthermore, since the map Mi → OC o
i

is injective the
automorphism δ induces the identity map on

H0(C o
i ,M

gp
i ) ⊂ H0(C o

i ,M
gp
C o

k
|C o

i
). (3.2.4.7)

If p lies in Cone(1, ωi), then the image of p in H0(C o
i ,M

gp
C o

k
|C o

i
) lies in

H0(C o
i ,M

gp
i ). Since 3.2.4.6 is injective it follows that δ(p) = p. This implies

that δ restricts to the identity map on P . Furthermore, for any two elements
p, q ∈ P we have

δ(p+ q, 0) + δ(0, p ∗ q) = δ(p+ q, p ∗ q)
= δ(p, 0) + δ(q, 0)
= (p, 0) + (q, 0)
= (p+ q, p ∗ q)

in P �HS . It follows that δ(0, p ∗ q) = (0, p ∗ q). Since HS is generated by the
elements p ∗ q we conclude that δ, and hence also σ, is the identity map.

Finally this implies that β is the identity since the map Mk → MPk
is

injective. This completes the proof of 3.2.2. 	


3.3 Deformation Theory

3.3.1. Let k be an infinite field, and A′ → A a surjection of Artinian local
rings with residue field k and kernel J = Ker(A′ → A) a finite dimensional
k–vector space.

Let S be an integral regular paving of a polytope Q ⊂ XR, and let c :
HS → A′ be a morphism sending all nonzero elements to the nilradical of A′
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and inducing log structures MA′ , MA, and Mk and Spec(A′), Spec(A), and
Spec(k) respectively. Let

(PA,MPA
, LA, ρ) → (Spec(A),MA) (3.3.1.1)

be the polarized log scheme with T–action ρ obtained by base change via the
map Z[HS ] → A from the standard family over Z[HS ].

Definition 3.3.2. A deformation (PA′ ,MPA′ , LA′ , ρ′) of (PA,MPA
, LA, ρ)

to (Spec(A′),MA′) is a log smooth deformation (PA′ ,MPA′ ) of (PA,MPA
)

together with a deformation LA′ of LA and a lifting ρ′ of the T–action ρ to
(PA′ ,MPA′ , LA′).

Proposition 3.3.3. Any deformation

(PA′ ,MPA′ , LA′ , ρ′) (3.3.3.1)

of 3.3.1.1 to (Spec(A′),MA′) is isomorphic to the base change of the standard
family via the map Z[HS ] → A′ induced by c.

The proof will be in several steps 3.3.4–3.3.9.
Fix a deformation 3.3.3.1. Let CA = Spec(A ⊗Z[HS ] Z[P � HS ]) denote

the cone and C o
A the complement of the vertex so that PA = [C o

A/Gm]. Let
MCA

denote the canonical log structure on CA induced by the map P �HS →
A ⊗Z[HS ] Z[P �HS ]. Also let C o

A′ denote the total space of the O∗
PA′ –torsor

corresponding to LA′ so that PA′ = [C o
A′/Gm], and let MC o

A′ denote the
pullback of MPA′ to C o

A′ .

Lemma 3.3.4 For any i ≥ 1, the group Hi(C o
k ,OC o

k
)Gm of Gm–invariants

in Hi(C o
k ,OC o

k
) is zero.

Proof. Since Pk = [C o
k /Gm], there is a canonical isomorphism

Hi(C o
k ,OC o

k
)Gm � Hi(Pk,OPk

), (3.3.4.1)

which by 3.1.27 is zero. 	


Lemma 3.3.5 The log tangent sheaf T(Ck,MCk
)/(k,Mk) is isomorphic as a

sheaf with D(X)–action to Hom(X,Z) ⊗Z OCk
(where D(X) acts trivially on

Hom(X,Z)).

Proof. By [24, 1.8] the chart P �HS →MCk
induces an isomorphism

d log : OC o
k
⊗Z P

gp � Ω1
(C o

k ,MCo
k
)/(k,Mk), (3.3.5.1)

which by the construction in (loc. cit.) is compatible with the D(X)–action.
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Lemma 3.3.6 The log smooth deformation (C o
A′ ,MC o

A′ ) of (C o
A,MC o

A
) (i.e.

ignoring the action of D(X)) is isomorphic to the base change of the standard
model.

Proof. By [24, 3.14] the set of isomorphism classes of log smooth deformations
of (C o

A,MC o
A
) form a torsor under the group

H1(C o
k , T(C o

k ,MCo
k
)/(k,Mk) ⊗ J) � H1(C o

k ,OC o
k
) ⊗ Hom(X,J). (3.3.6.1)

Thus taking the difference of (C o
A′ ,MC o

A′ ) and the standard model we obtain
a class o in this group. Furthermore, since both the standard model and
(C o

A′ ,MC o
A′ ) come equipped with liftings of the D(X)–action the class o is

invariant under the Gm–action. By 3.3.4 we therefore have o = 0. 	


This reduces the proof of 3.3.3 to the following. Let τ be an action of D(X)
on the log scheme

Spec(P �HS → A′ ⊗Z[HS ] Z[P �HS ]) − {vertex} (3.3.6.2)

over Spec(HS → A′) reducing to the standard action. Then we wish to show
that there is an infinitesimal automorphism σ of Spec(P � HS → A′ ⊗Z[HS ]

Z[P �HS ]) − {vertex} over Spec(HS → A′) taking τ to the standard action.
For such an isomorphism σ induces an isomorphism of log schemes

(PA′ ,MPA′ ) � [(C o
A′ ,MC o

A′ )/Gm]

� [Spec(P �HS → A′ ⊗Z[HS ] Z[P �HS ]) − {vertex}/Gm],

and the quotient of 3.3.6.2 by the Gm-action is just the base change of the
standard model. Furthermore the deformation LA′ of the line bundle can be
recovered as the invertible sheaf associated to the Gm–torsor C o

A′ → [C o
A′/Gm].

Let (CA′ ,MCA′ ) denote the log scheme Spec(P �HS → A′⊗Z[HS ] Z[P �HS ]).

Lemma 3.3.7 The natural map

H0(CA′ ,OCA′ ) → H0(C o
A′ ,OC o

A′ ) (3.3.7.1)

is an isomorphism.

Proof. The short exact sequence of sheaves

0 → J ⊗ OCk
→ OCA′ → OCA

→ 0 (3.3.7.2)

induces a commutative diagram

0 �� J ⊗H0(Ck,OCk
) ��

��

H0(CA′ ,OCA′ ) ��

��

H0(CA′ ,OCA
) ��

��

0

0 �� J ⊗H0(C o
k ,OC o

k
) �� H0(C o

A′ ,OC o
A′ ) �� H0(C o

A′ ,OC o
A
),

(3.3.7.3)
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where the top row is exact on the right since Ck is affine. From this it follows
that it suffices to prove the result for Ck and CA. By induction on the integer
n such that rad(A)n = 0 it follows that it suffices to show that the map

H0(Ck,OCk
) → H0(C o

k ,OC o
k
) (3.3.7.4)

is an isomorphism.
For simplicity write just C for Ck. For ωi ∈ S let Ci denote the cone

Spec(k[Ni]), and let ji : Ci ↪→ C be the inclusion. Let S denote the set of
top–dimensional simplices, and order these simplices in some way. Then by
[3, 2.5.5] there is a natural isomorphism of sheaves

OC � Ker(⊕ωi∈S ji∗OCi
→ ⊕ωi,ωj∈S ,ωi<ωj

jij∗OCij
), (3.3.7.5)

where Cij denotes the intersection Ci ∩Cj and jij : Cij ↪→ C is the inclusion.
We thus obtain a commutative diagram

0

��

0

��
H0(C ,OC )

��

a �� H0(C o,OC o)

��
⊕ωi∈SH

0(Ci,OCi
)

��

b �� ⊕ωi∈SH
0(C o

i ,OC o
i
)

��
⊕ωi,ωj∈S ,ωi<ωj

H0(Cij ,OCij
) c �� ⊕ωi,ωj∈S ,ωi<ωj

H0(C o
ij ,OC o

ij
)

(3.3.7.6)

with exact columns. Since the dimension of Q is at least 1 by assumption,
each Ci is a normal scheme of dimension ≥ 2. It follows that the map b
is an isomorphism, and that the kernel of c is equal to the direct sum of
H0(Cij ,OCij

) for ωi, ωj ∈ S with ωi ∩ωj zero–dimensional. In particular the
map a is injective. Furthermore, if α ∈ H0(C o,OC o) is a section mapping
to zero in ⊕ωi∈SH

0(C o
i ,OC o

i
) then α induces a collection of sections (αi) ∈

⊕ωi
H0(Ci,OCi

) which are compatible on the overlaps, and hence are obtained
from a section of H0(C ,OC ). 	


Fix an element u ∈ D(P gp)(A′), and let τu be the resulting automorphism
of (CA′ ,MCA′ ). Since τ reduces to the standard action over A, the automor-
phism τu induces the identity automorphism on MCA′ . It follows that for
every element p ∈ P , there exists a unique element νp ∈ Γ (C o

A′ ,O∗
C o

A′
) =

Γ (CA′ ,O∗
CA′ ) reducing to u(p) in Γ (C ,O∗

C ) such that

τu(β(p̃)) = λ(νp) + β(p̃), (3.3.7.7)
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where p̃ ∈ P �HS denotes the canonical lifting of p provided by 3.3.3, and β
is the chart. Write

νp = u(p)(1 +
∑
χ∈P

gu
χ(p)), gu

χ(p) ∈ J · ζχ ⊂ A′ ⊗Z[H] Z[P �HS ]. (3.3.7.8)

Lemma 3.3.8 (i) For any χ ∈ P with u(χ) �= 1, the element

hχ(p) := gu
χ(p)(u(χ) − 1)−1 ∈ J · ζχ (3.3.8.1)

is independent of the choice of u, and the map p �→ 1 +
∑

χ∈P hχ(p) ∈
Γ (CA′ ,O∗

CA′ ) is a homomorphism.
(ii) For any section u ∈ D(P gp)(A′) we have

(u(χ) − 1)hχ(p) = gu
χ(p), (3.3.8.2)

where hχ(p) is defined as in (i) using any other section of D(P pg)(A′) not
mapping to 1 in D(P gp)(k).

Proof. Let u′ ∈ D(P gp)(A′) be a second section. Since the action τu′ agrees
with the standard action modulo J , we have

τu′(1 +
∑

χ

gu
χ(p)) = 1 +

∑
χ

gu
χ(p)u′(χ). (3.3.8.3)

Computing we find

τu′ ◦ τu(β(p̃)) = τu′(λ(u(p)) + λ(1 +
∑

χ g
u
χ(p)) + β(p̃))

= λ(u′(p)) + λ(u(p)) + λ(1 +
∑

χ g
u
χ(p)u′(χ))

+ λ(1 +
∑

χ g
u′
χ (p)) + β(p̃).

(3.3.8.4)

From this and the corresponding formula for τu ◦ τu′(β(p̃)) it follows that∑
χ

(gu
χ(p)u′(χ) + gu′

χ (p)) =
∑

χ

(gu′
χ (p)u(χ) + gu

χ(p)). (3.3.8.5)

This implies that for every χ we have

gu
χ(p)u′(χ) + gu′

χ (p) = gu′
χ (p)u(χ) + gu

χ(p), (3.3.8.6)

or equivalently
gu

χ(p)(u′(χ) − 1) = gu′
χ (p)(u(χ) − 1). (3.3.8.7)

This proves the independence of u in the definition of hχ in (i) and also proves
(ii). That the map p �→ 1 +

∑
χ hχ(p) is a homomorphism follows from the

observation that gu
χ(p) is additive in p, whence hχ(p) is also additive in p. 	


3.3.9. This lemma completes the proof of 3.3.3 because the infinitesimal
automorphism defined by

P �HS → Γ (CA′ ,O∗
CA′ ) ⊕ P �HS , q �→ (1 +

∑
χ

hχ(q̄), q), (3.3.9.1)

where q̄ ∈ P denotes the image of q in P , transforms the action τ into the
standard action of D(X). 	
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3.4 Algebraization

Fix an integral regular paving S of a polytope Q ⊂ XR.

3.4.1. Let A be a complete noetherian local ring with maximal ideal m ⊂ A,
and let An denote the reduction of Amodulo mn. Let k denote the residue field
of A and assume k �= F2. Fix a map l : HS → A defining a log structureMA on
Spec(A), and let MAn

denote the pullback of MA to Spec(An). Assume that
the map l : HS → k sends all non–zero elements to 0.

Let
(XA,MXA

, LA, ρA) → (Spec(A),MA) (3.4.1.1)

be a log smooth proper morphism with polarization and T–action, such that
the reduction (Xk,MXk

, Lk, ρk) is isomorphic to the standard family over
(Spec(k),Mk).

Proposition 3.4.2. The family (XA,MXA
, LA, ρA) is isomorphic to the base

change of the standard family over Z[HS ] via the map l : Z[HS ] → A.

Proof. Let (Xn,MXn
, Ln, ρn) be the reduction of (XA,MXA

, LA, ρA)
modulo mn.

By the deformation theory, there is an isomorphism of compatible systems

{(Xn,MXn
, Ln, ρn)}n � {(PS,An

,MPS,An
,OPS,An

(1), standard action)}n.

(3.4.2.1)

By the Grothendieck existence theorem [17, 5.1.4] it follows that (Xn, Ln) is
isomorphic to the base change of the standard family (PS,A,OPS,A

(1)).
To see that this isomorphism is also compatible with the T–actions, for

any integer d define Rd = H0(XA, L
⊗d
A ). The module Rd is a finite A–module,

and the two actions correspond to two decompositions Rd = ⊕χMχ and Rd =
⊕χNχ. These two decompositions agree modulo mn for every integer n, and
hence they must agree. Since XA can be recovered as Proj(⊕dRd) it follows
that the two actions agree.

It remains only to see that the log structure MXA
agrees with the log

structure obtained from the standard family. Let M ′ denote the log structure
on XA obtained from the standard family.

Since the sheaves MXA
and M

′
are constructible, the proper base change

theorem [8, XII.5.1] implies that

H0(XA,MXA
) = H0(Xk,MXk

) � H0(XA,M
′
). (3.4.2.2)

Let γ′ : P × HS → M
′

be the natural map described in 3.1.13, and let
γ : P �HS →MXA

be the map induced by the isomorphism 3.4.2.2.

Lemma 3.4.3 The map γ lifts étale locally on XA to a chart for MXA
.
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Proof. Since XA is proper, it suffices to consider étale neighborhoods of geo-
metric points x̄→ XA in the closed fiber. Let Fx̄ ⊂ P �HS be the inverse im-
age under the map P�HS →MXA,x̄. Since (P�HS)gp is torsion free, the map
γ : (P �HS)gp →M

gp

XA,x̄ admits a lifting to a map γ̃ : (P �HS)gp →Mgp
XA,x̄

compatible with the given map HS → MXA,x̄ (see for example [23, proof of
4.1]). By [24, 2.10] it follows that it suffices to show that the map

(P �HS)/Fx̄ →MXA,x̄ (3.4.3.1)

is an isomorphism. This can be verified on the closed fiber in which case it
follows from the fact that γ′ locally lifts to a chart. 	

Lemma 3.4.4 Let I denote the functor on the category of XA–schemes which
to any scheme T associates the set of isomorphisms MXA

|T � M ′|T over
MA|T compatible with the maps γ and γ′. Then I is a separated algebraic
space.

Proof. The assertion is étale local on XA. We may therefore assume that there
exists charts β : P � HS → MXA

and β′ : P � HS → M ′ lifting γ and γ′

respectively. Define

SP�HS/HS
:= [Spec(Z[P �HS ])/D(P g)]. (3.4.4.1)

We view SP�HS/HS
as a moduli stack for log structure as in [42, 5.20]. Let

g : XA → SP�HS/HS
× SP�HS/HS

be the map defined by the log structures
MXA

and M ′. Then

I � SP�HS/HS
×∆,SP �HS/HS

×SP �HS/HS
,g XA. (3.4.4.2)

Since the diagonal of SP�HS/HS
is separated the result follows. 	


Remark 3.4.5. In fact I is representable by a scheme, but this is not needed.

To construct an isomorphism between MXA
and M ′, note that the iso-

morphisms over the reductions define a compatible family of maps Xn → I.
Since I is separated and XA is proper, this compatible collection is uniquely
algebraizable to a map XA → I which gives the desired isomorphism. This
completes the proof of 3.4.2. 	


3.5 Approximation

3.5.1. Let (B,MB) be a fine log scheme, b̄ → B a geometric point, S an
integral regular paving of Q, and HS → Γ (B,MB) a chart such that the map
HS → k(b̄) sends all non–zero elements to 0. Let

(XB ,MXB
, LB , ρB) → (B,MB) (3.5.1.1)

be a proper log smooth family with polarization and T–action such that the
fiber (Xb̄,MXb̄

, Lb̄, ρb̄) over (b̄,Mb̄) is isomorphic to the base change of the
standard family via the map Z[HS ] → k(b̄) induced by the chart.



3.5 Approximation 77

Proposition 3.5.2. In an étale neighborhood of b̄, the family 3.5.1.1 is iso-
morphic to the base change via B → Spec(Z[HS ]) of the standard family.

Proof. Let (P,MP , LP , ρ
′) denote the standard family.

By the preceding section, we know the result over the completion ÔB,b̄.
Let I1 denote the functor over B

Isom(XB ,P). (3.5.2.1)

By [45, 4.1 and 4.2] it is a separated algebraic space. Over I1 there is a
tautological isomorphism σ : XB ×B I1 → P ×B I1. Let I2 be the functor
over I1 classifying isomorphisms between the polarizations. The space I2 can
be described as follows. Let L1 be the sheaf pr∗1LB on XB ×B I1, and let L2

be the pullback of LP along the tautological isomorphism

XB ×B I1 → P ×B I1 (3.5.2.2)

over I1 (so L2 is also an invertible sheaf on XB ×B I1. Let Ĩ2 → XB ×B I1 be
the Gm–torsor of isomorphisms between L1 and L2. Then I2 is equal to the
fiber product of the diagram

Hom(XB , Ĩ2)⏐⏐�
B

id−−−−→ Hom(XB , XB),

(3.5.2.3)

where for two B–schemes U and V we write Hom(U, V ) for the functor on the
category of B–schemes which to any T/B associates the set of T–morphisms
U ×B T → V ×B T . It is shown in [45, 4.1] that if U is proper and flat over B
and V is separated over B then Hom(U, V ) is a separated algebraic space over
B. In particular, I2 is an algebraic space separated over I1 and so I2 is also
separated overB. Now the tautological isomorphism σ : (XB , LB) → (P, LP)
over I2 may not be compatible with the T–actions. We claim that the condition
that it is compatible with the T–action is represented by a closed subscheme,
denoted I3, of I2. This can be seen by noting that the two actions define two
decompositions of

R = ⊕d≥0f∗L
d (3.5.2.4)

into a direct sum of locally free sheaves of rank 1. Since this algebra is finitely
generated, this implies that I3 is defined as a subfunctor of I2 by the condition
that a finite set of maps between locally free sheaves of rank 1 on I2 vanish.
This is evidently representable by a closed subscheme.

By [6, 2.5], the map Spec(ÔB,b̄) → I3 defined by the isomorphisms over the
completion can be approximated by a morphism in some étale neighborhood of
b̄. It remains only to approximate the isomorphism between the log structures
MXB

and MP (which we view as a log structure also on XB). By the proper
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base change theorem, we may assume as in 3.4.3 that there is a map γ′ :
P � HS → MXB

which locally lifts to a chart. Let γ : P � HS → MP be
the map defined in 3.1.13. Then as in 3.4.4 we can define a functor Q over
XB which to any XB–scheme associates the set of isomorphisms between the
pullbacks of MXB

and MP and are also compatible with the maps γ and γ′.
By 3.4.4 (note that the proof made no use of the fact that the base was the
spectrum of a complete local ring) the functor Q is represented by a separated
algebraic space overXB . Let I5 denote the functor over B which to any scheme
W → B associated the set of sections of the projection Q×BW → XB ×BW.
If f : XB → B denotes the structure morphism, then in the notation of [45,
1.5] we have I5 = f∗Q. In particular, I5 is represented by a quasi–separated
algebraic space over B. From this and [6, 2.5] it follows that we can also
approximate the isomorphisms over the completion between the log structures.
	


3.6 Automorphisms over a General Base

3.6.1. Fix an integral regular paving S of a polytope Q ⊂ XR.
Let B = Spec(A) be an affine scheme, MB the log structure on B defined

by a map HS → A, and

(XB ,MXB
, LB , ρB) → (B,MB) (3.6.1.1)

the standard family over (B,MB).
Let Aut be the group of automorphisms of the data

(MB , XB ,MXB
, LB , ρB), (3.6.1.2)

and let Aut′ denote the group of automorphisms of the underlying polarized
scheme with T–action.

Proposition 3.6.2. The forgetful map h : Aut → Aut′ is a bijection.

Proof. To see that the map h is injective, let a : MXB
→ MXB

and
b :MB →MB be automorphisms defining an element of the kernel. By the
case when B is a field already considered, the induced maps ā : MXB

→MXB

and b̄ :MB →MB are the identity morphisms.
Let γ : P �HS →MXB

denote the surjection defined in 3.1.13. Then since
ā is the identity, there exists a map of sheaves k̃ :MXB

→ O∗
XB

such that for
any local sectionm ∈MXB

we have a(m) = λ(k̃(m))+m. Let k : P�HS → A∗

be the map obtained by composing with γ and taking global sections. Now
for every p ∈ P there exists a point x ∈ XB such that the image of p in OX,x

is non–zero. From this it follows that k(p, 0) = 1 for every p. This in turn
implies that k(0, p ∗ q) = 1 for every p, q ∈ P since

1 = k(p, 0) · k(q, 0) = k(p+ q, p ∗ q) = k(p+ q, 0) · k(0, p ∗ q). (3.6.2.1)
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It follows that k is the constant map sending all elements to 1 and hence a
and b are trivial. This proves the injectivity of h.

For the surjectivity consider an automorphism

σ : (XB , LB , ρB) → (XB , LB , ρB). (3.6.2.2)

Let R denote the algebra ⊕d≥0H
0(XB , L

⊗d
B ). By 3.1.13 there is a canonical

isomorphism of graded algebras

R � A⊗Z[HS ] Z[P �HS ]. (3.6.2.3)

The automorphism σ therefore induces an automorphism of the algebra
A⊗Z[HS ] Z[P �HS ] compatible with the D(P gp)–action. It follows that there
exists a set map

κ : P → A∗ (3.6.2.4)

such that σ is induced by the map ζ(p,0) �→ κ(p) · ζ(p,0) in A⊗Z[HS ] Z[P �HS ],
where ζ(p,0) ∈ A ⊗Z[HS ] Z[P � HS ] denotes the element defined by (p, 0) ∈
P � HS . The map κ need not be a homomorphism, but for any ωi ∈ S the
restriction of κ to the cone Ni is linear. The map κ therefore corresponds to
a map

δ : Ngp
S = lim−→Ng

i → A∗. (3.6.2.5)

Note that for p, q ∈ P we have

δ(p ∗ q) = κ(p)κ(q)κ(p+ q)−1. (3.6.2.6)

Also if β : P �HS → R denotes the natural map, then

β(p, 0) · β(q, 0) = β(p+ q, 0)β(0, p ∗ q), (3.6.2.7)

and σ acts trivially on β(0, p ∗ q). It follows that

κ(p) · κ(q) · β(0, p ∗ q) = κ(p+ q) · β(0, p ∗ q). (3.6.2.8)

In other words, the diagram

HS −−−−→ A

h
→(δ(h),h)

⏐⏐�
⏐⏐�id

A∗ ⊕HS −−−−→ A

(3.6.2.9)

commutes.
Let a : MXB

→ MXB
and b : MB → MB be the automorphisms induced

by the maps
P �HS → A∗, (p, h) �→ κ(p) · δ(h), (3.6.2.10)

and
HS → A∗, h �→ δ(h). (3.6.2.11)

Then these maps induce an automorphism of (MB , XB ,MXB
, LB , ρB) induc-

ing σ. This completes the proof of 3.6.2. 	
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3.7 The Stack KQ

3.7.1. Fix a finitely generated free abelian group X, and let Q ⊂ XR be an
integral polytope.

Let KQ denote the fibered category over Spec(Z) which to any scheme B
associates the groupoid of data

(MB , f : (X,MX) → (B,MB), L, θ, ρ) (3.7.1.1)

where

(i) MB is a fine log structure on B,
(ii) f : (X,MX) → (B,MB) is a log smooth morphism whose underlying

morphism of schemes X → B is proper.
(iii) L is a relatively ample invertible sheaf on X/B.
(iv) ρ is an action of D(X) on the triple ((X,MX), L) over (B,MB).
(v) θ ∈ f∗L is a section.

We require that the following conditions hold for every geometric point s̄→ B:

(vi) The zero–locus of θs̄ in Ps̄ does not contain any T–orbits.
(vii) There exists a paving S of Q such that the data

(Xs̄,MXs̄
, Ls̄, ρs̄) → (s̄,MB |s̄) (3.7.1.2)

is isomorphic to the base change of the standard family

(PS ,MPS
,OPS

(1), D(X)–action) (3.7.1.3)

via the map Z[HS ] → k(s̄) sending all non–zero elements of HS to 0 (note
that implicit here is the assumption that HS has no nonzero invertible
elements; see 3.1.28 for more discussion about this).

3.7.2. Note that there is a natural log structureMKQ
on the fibered category

KQ. To give such a log structure is equivalent to giving for any 1–morphism
t : B → KQ a log structure on B which is functorial in the morphism t (see
[46, Appendix B] for more details). If t corresponds to data 3.7.1.1 then we
simply take the log structure MB .

The main theorem of this chapter is the following:

Theorem 3.7.3 (i) The fibered category KQ is a proper irreducible algebraic
stack with finite diagonal.
(ii) The log stack (KQ,MKQ

) is log smooth over Spec(Z).
(iii) The stack KQ is canonically isomorphic to the closure (with the reduced
structure) of the irreducible open substack classifying smooth polarized toric
varieties of the stack T P fr[Q] defined in [3, 2.10.10].
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Remark 3.7.4. Statement (3.7.3 (ii)) implies that locally in the smooth
topology the stack KQ is isomorphic to Spec(Z[M ]) for some fine monoid
M (this follows from [24, 3.5]). In particular, the normalization of KQ has at
most toroidal singularities.

3.7.5. The proof of 3.7.3 occupies the remainder of this section. Note that
clearly KQ is a stack with respect to the étale topology.

Lemma 3.7.6 Let T P fr[Q] be the stack defined in [3, 2.10.10]. Then the
functor KQ → T P fr[Q] which forgets the log structures is fully faithful. In
particular, by (loc. cit.) the diagonal

∆ : KQ → KQ × KQ (3.7.6.1)

is representable and finite.

Proof. Let B be a scheme and

(MB , XB ,MXB
, LB , θ, ρ), (M ′

B , X
′
B ,MX′

B
, L′

B , θ
′, ρ′) ∈ KQ(B) (3.7.6.2)

two objects. Set

I := Spec(B) ×KQ×KQ
KQ, I

′ := Spec(B) ×T Pfr[Q]×T Pfr[Q] T P fr[Q].

(3.7.6.3)

A priori, I is just a sheaf. Let b̄ → B be a geometric point over which the
two families are isomorphic. By the deformation theory, algebraization, and
approximation we can after replacing B by an étale neighborhood of b as-
sume that there exists an integral regular paving S of Q, maps ρ, ρ′ : HS →
Γ (B,OB) inducing the same map to k(b̄), such that the families (that is, the
given data without the sections) are isomorphic to the base changes of the
standard family over Z[HS ] by the maps B → Spec(HS) induced by ρ and ρ′.

In this case, the argument used to prove the surjectivity part of 3.6.2 shows
that the map I(B) → I ′(B) is surjective. From 3.6.2 it therefore follows that
I(B) → I ′(B) is bijective. This implies the lemma. 	


3.7.7. To see that KQ admits a smooth cover, proceed as follows. For any
integral regular paving S of Q, let K̃Q,S be the functor over Z[HS ] which
to any B → Spec(Z[HS ]) associates the set of sections of the base change of
OPS

(1) giving the base change of the standard family to B the structure of
an object of KQ(B). The functor K̃Q,S is representable by an open subspace
of the total space of the bundle OPS

(1). Furthermore, 3.1.26 shows that the
induced map K̃Q,S → KQ is smooth. Indeed it suffices to show that the map
is formally smooth which follows from the vanishing of H1 with coefficients
in L.

Since the collection of K̃Q,S as S varies covers KQ it follows that KQ is
an algebraic stack. In fact this also shows that KQ is quasi–compact.
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Lemma 3.7.8 The stack KQ is proper.

Proof. It suffices to verify the valuative criterion for properness since we al-
ready know that the stack KQ is a quasi–compact algebraic stack with finite
diagonal [43, paragraph after 1.3]. In other words, given a discrete valuation
ring V with fraction field K, and a morphism η : Spec(K) → KQ, we wish
to show that there exists an extension Spec(V ) → KQ after possible making
an extension V → V ′. Furthermore, it suffices to prove this for morphisms η
whose image is contained in some dense open U ⊂ KQ (this also follows from
Chow’s lemma for Artin stacks [43] and the corresponding result for schemes).

We take for U the open substack of KQ classifying families all of whose
geometric fibers are irreducible. This is the same as the locus where the log
structure MKQ

is trivial, and by 3.4.2 the substack U ⊂ KQ is dense.
In this case, the valuative criterion essentially follows from [3, proof of

2.8.1]. We proceed with the notation of (loc. cit., proof of the case when the
generic fiber is geometrically irreducible). Let S be the paving of Q defined in
[3, 2.8.2] corresponding to the function gψ. We assume that the function gψ is
integer valued on X∩Q (this always holds after a finite extension of V ). Then
the extension of the family of the generic fiber is defined by the V –subalgebra
R ⊂ K[X] with generators πgψ(χ) ·1χ, where π ∈ V is a uniformizer, 1χ denotes
the basis element of K[X] defined by χ.

Recall that gψ : P → Z is obtained from a function g̃ψ : Q→ R by

gψ(p) = deg(p)g̃ψ(p/deg(p)). (3.7.8.1)

Furthermore, the function g̃ψ is convex so that

gψ(p+ q)/deg(p+ q) = g̃ψ((deg(p)/deg(p+ q)) · (p/deg(p))
+(deg(q)/deg(p+ q)) · (q/deg(q)))

≤ ((deg(p)/deg(p+ q)) · g̃ψ(p/deg(p)))
+((deg(q)/deg(p+ q)) · g̃ψ(q/deg(q)))

= (gψ(p)/deg(p+ q)) + (gψ(q)/deg(p+ q)).

Therefore
gψ(p) + gψ(q) − gψ(p+ q) ∈ N. (3.7.8.2)

Define ρ : HS → V by

p ∗ q �→ πgψ(p)+gψ(q)−gψ(p+q), (3.7.8.3)

and let λ : P �HS → R be the map sending

(p, h) �→ ρ(h) · πgψ(p) · 1p. (3.7.8.4)

Then this defines an isomorphism

R � Z[P �HS ] ⊗Z[HS ] V (3.7.8.5)

of graded algebras compatible with the torus actions. Therefore the valuative
criterion holds and the lemma is shown. 	
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3.7.9. The fully faithful functor KQ → T P fr[Q] is therefore also proper, and
hence a closed immersion. Since it contains the open substack of T P fr[Q] clas-
sifying objects with irreducible underlying space, the image of KQ in T P fr[Q]
is contained in the main irreducible component of T P fr[Q] (with the reduced
structure). Since KQ is also reduced this completes the proof of 3.7.3. 	




4

Moduli of Principally Polarized Abelian
Varieties

In this chapter we give a modular interpretation of the normalization of the
main component of Alexeev’s stack A Alex

g,1 . The results of this chapter will
be subsumed by the results of chapter 5, but we treat this case first as it is
technically simpler and essentially follows the outline of the preceding chapter
(and in particular at various points we make use of results of Alexeev).

4.1 The Standard Construction

4.1.1. Fix a lattice X isomorphic to Zr for some integer r, and let XR denote
X ⊗Z R.

A paving of XR is a set S of polytopes ω ∈ XR satisfying

(i) For any two elements ω, η ∈ S, the intersection ω ∩ η is also in S.
(ii) Any face of a polytope ω ∈ S is again in S.
(iii) XR = ∪ω∈Sω and for any two distinct ω, η ∈ S the interiors of ω and η

are disjoint.
(iv) For any bounded subset W ⊂ XR there exists only finitely many ω ∈ S

with W ∩ ω �= ∅.

A paving S of XR is called integral if each ω ∈ S is an integral polytope in
XR. Following [3, 5.7.3], an integral paving S of XR is called regular if there
exists a non–homogeneous R–valued quadratic function a on X with positive
definite homogeneous part such that S is the set of domains of linearity of the
function defined by the lower envelope of the convex hull of the set

Ga := {(x, a(x))|x ∈ X}. (4.1.1.1)

A paving S of XR is called X–invariant if it is invariant under the translation
action of X.

M.C. Olsson, Compactifying Moduli Spaces for Abelian Varieties. Lecture Notes 85
in Mathematics 1958.
c© Springer-Verlag Berlin Heidelberg 2008



86 4 Moduli of Principally Polarized Abelian Varieties

Lemma 4.1.2 A regular paving S of XR is X-invariant.

Proof. If y ∈ X, then the function

L(x) := a(x+ y) − a(x) (4.1.2.1)

is a linear function of x since a is a quadratic function. Therefore if a′ denotes
the quadratic function a(− + y) and if g′ : XR → R is the corresponding
piecewise linear function (whose graph is the lower envelope of Ga′) then
g′(x) − L(x) is a piecewise linear function on XR whose values on x ∈ X are
equal to a(x). It follows that if g denotes the piecewise linear function defined
by a (the lower envelope of Ga) then g = g′ −L. Since L is linear this implies
that the domains of linearity of g and g′ are the same. 	


4.1.3. Let S be an integral regular paving of XR. Let P denote the integral
points of Cone(1, X) ⊂ X := Z⊕X. The group X acts on X by y ∈ X sending
(d, x) to (d, x+ dy). Define

ρ : P → lim−→
ω∈S

Cone(1, ω)gp (4.1.3.1)

to be the set map which sends p ∈ Cone(1, ω) to the corresponding element of
Cone(1, ω)gp, and let H̃S ⊂ lim−→ω∈S

Cone(1, ω)gp be the submonoid generated
by elements p ∗ q := ρ(p) + ρ(q) − ρ(p + q) (p, q ∈ P ). The action of X on
X induces an action of X on H̃S , and we define HS to be the quotient of
H̃S by this action. For ωi ∈ S, let Ni ⊂ P denote the integral points of
Cone(1, ωi), and for p, q ∈ P let p ∗ q ∈ HS also denote the image of the
element p ∗ q ∈ H̃S . As in 3.1.5 one sees by elementary calculations that the
following formulas hold in H̃S :

Lemma 4.1.4 (i) p1 ∗ p2 = p2 ∗ p1.
(ii) p1 ∗ p2 + p3 ∗ (p1 + p2) = ρ(p1) + ρ(p2) + ρ(p3) − ρ(p1 + p2 + p3).
(iii) If p1, p2 ∈ Ni, then p1 ∗ p2 = 0.

4.1.5. As in 3.1.9 define P�HS to be the monoid with underlying set P×HS

and addition law given by

(p1, q1) + (p2, q2) := (p1 + p2, q1 + q2 + p1 ∗ p2). (4.1.5.1)

The formulas in 4.1.4 imply that this gives a well–defined commutative monoid
structure. A straightforward verification shows that in fact the monoid P�HS

is a commutative, integral, graded monoid (but not finitely generated) with
grading induced by the map

P �HS −−−−→ P
deg−−−−→ N. (4.1.5.2)

Lemma 4.1.6 The monoid HS is finitely generated.
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Proof. Define S̃C1(X≥0) to be the free monoid with generators pairs (
∑
χ̄i, χ),

where
∑
χ̄i ∈ ⊕ωi∈SNi and χ ∈ P such that the image of

∑
χ̄i under the

natural map
⊕Ni → P (4.1.6.1)

is equal to χ. Let SC1(X≥0)′ denote the quotient of S̃C1(X≥0) by the relations

(χ̄1, χ1) + (χ̄2, χ2) = (χ̄1 + χ̄2, χ1 + χ2) (4.1.6.2)

when χ1 and χ2 lie in the same cone, and let SC1(X≥0)′/B1 denote the quo-
tient of SC1(X≥0)′ by the relations

(χ1, χ2) + (χ̄0, χ1) = (χ̄0, χ2). (4.1.6.3)

Finally define SC1(X≥0)/B1 to be the quotient SC1(X≥0)′/B1 by the natural
X–action. By [3, 5.8.2], the monoid SC1(X≥0)/B1 is finitely generated.

For every ωi ∈ S, let ρi : Cone(1, ωi)gp → lim−→ωi∈S
Cone(1, ωi)gp be the

natural map. There is a map

S̃C1(X) → lim−→
ωi∈S

Cone(1, ωi)gp (4.1.6.4)

sending (
∑

i χ̄i, χ) to (
∑

i ρi(χ̄i))− ρk(χ), where χ ∈ Nk. By the definition of
the relations 4.1.6.2 and 4.1.6.3 this map descends to a map

π : SC1(X≥0)′/B1 → lim−→
ωi∈S

Cone(1, ωi)gp (4.1.6.5)

Since any element p ∗ q ∈ H̃S is equal to the image of (p̄+ q̄, p+ q) the image
of π contains H̃S . In fact the image of π is equal to H̃S . This is shown by
induction as in the proof of 3.1.7 by noting that the image of an element

(
n∑

i=1

χ̄i,
∑

i

χi), (4.1.6.6)

under π is equal to the image of

(χ̄1 + χ̄2, χ1 + χ2) + (χ1 + χ2 + χ̄3 + · · · + χ̄n,

n∑
i=1

χi). (4.1.6.7)

Here we have ordered the submonoids Ni = Cone(1, ωi) ∩ (Z ⊕ X) in some
way and χi ∈ Ni. Taking the quotient by the X–action we therefore obtain a
surjection SC1(X≥0)/B1 → HS which implies the lemma since SC1(X≥0)/B1

is finitely generated. 	


Remark 4.1.7. In what follows we will only need the weaker result that Hsat
S

is finitely generated. This can be seen more directly as follows. Since Hsat
S is

saturated, it suffices to show thatHgp
S is a finitely generated group [41, 2.2.11].
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SinceHgp
S is equal to Z⊗Z[X]H̃

gp
S (where the map Z[X] → Z sends all elements

of X to 1), it suffices to show that H̃gp
S is finitely generated as a Z[X]–module.

This follows from noting that there is a short exact sequence

0 → H̃gp
S → lim−→Ngp

ω → P gp → 0, (4.1.7.1)

and lim−→Ngp
ω and P gp are immediately seen to be finitely generated Z[X]–

modules.

Lemma 4.1.8 The monoid HS is sharp (i.e. H∗
S = {0}).

Proof. Let a : X → R be a quadratic function with positive definite quadratic
part defining S, and let g̃ : XR → R be the piecewise linear function given by
the lower envelope of the convex hull of the set

Ga := {(x, a(x))|x ∈ X} ⊂ XR × R. (4.1.8.1)

Extend g̃ to a function g : P → R by the formula

g(p) := deg(p)g̃(p/deg(p)). (4.1.8.2)

By the definition of the paving associated to a, the restriction of g to each
Pω ⊂ P (where ω ∈ S) is a linear function, and for two elements p, q ∈ P
which do not lie in the same Pω we have

g(p) + g(q) − g(p+ q) > 0. (4.1.8.3)

The function g therefore defines a map

g : HS → R>0 (4.1.8.4)

sending the generators of HS to nonzero elements of R>0. Since the additive
monoid R>0 is torsion free this implies that HS is sharp. 	


Lemma 4.1.9 The morphism HS → P�HS is integral. In particular Hgp
S →

(P �HS)gp is injective with cokernel isomorphic to P gp � X ⊗ Z.

Proof. This follows from the same argument proving 3.1.11. 	


4.1.10. Let B be a scheme and fix data as follows:

(i) An abelian scheme A/B;
(ii) An ample line bundle M on A defining a principal polarization A→ At;
(iii) A rigidification of M at 0 ∈ A;
(iv) A morphism of monoids β : HS → OB;
(v) A homomorphism c : X → At � A defining a semiabelian scheme G/B

as in 2.1.8;
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(vi) A trivialization ψ : X×B → c∗M−1 inducing a trivialization τ : B×X×
X → (c× c)∗B−1 compatible with the symmetric biextension structure
(where B denotes the Poincare bundle which we view as a bundle over
A×A using the principal polarization).

Define P �HS to be the monoid whose elements are (p, h) with p ∈ P and
h ∈ HS , and whose addition law is given by (p, h) + (p′, h′) = (p+ p′, h+h′ +
p ∗ p′) (where we also abusively write p ∗ p′ for the image of p ∗ p′ in HS). Let
R denote the quasi–coherent sheaf on A given by

R := ⊕(d,x)∈P M d ⊗ Lx. (4.1.10.1)

Since c is a homomorphism, for any x, y ∈ X there exists a unique isomorphism
of rigidified line bundles can : Lx ⊗ Ly � Lx+y. Define an algebra structure
on R by defining multiplication using the maps

ρ((d, x)∗ (d′, y)) ·can : (M d⊗Lx)⊗ (M d′ ⊗Ly) → M d+d′ ⊗Lx+y. (4.1.10.2)

Note that locally on A, if we choose a trivialization of M and compatible
trivializations of the Lx, then R is isomorphic Z[P �HS ] ⊗Z[HS ] OA (where
Z[HS ] → OA is induced by the composite HS → OB → OA). The scheme
P̃ := ProjA(R) has a natural log structure M

P̃
defined locally by the mor-

phism P �HS → Z[P �HS ] ⊗Z[HS ] OA, and there is a canonical log smooth
morphism

(P̃,M
P̃

) → (B,MB), (4.1.10.3)

where MB is the log structure on B defined by the map HS → OB .

Lemma 4.1.11 The morphism 4.1.10.3 is log smooth an integral.

Proof. By the construction there exists after replacing P̃ by a smooth cover-
ing a smooth morphism

π : P̃ → B ×Spec(Z[HS ]) Spec(Z[P �HS ]) (4.1.11.1)

such that the log structure M
P̃

is isomorphic to the pullback of the log struc-
ture on Spec(Z[P �HS ]) induced by the natural map P �HS → Z[P �HS ].
Combining 4.1.9, 2.3.16, and 2.3.14 we obtain the lemma. 	


4.1.12. It is sometimes useful to have an alternate description of the log
structure MC on the cone C = Spec

A
(R). Let s : C → A denote the projec-

tion. Then the log structure MC is the log structures associated to the prelog
structure which to any U → C associates the set of pairs ((d, x), v), where
(d, x) ∈ P and v is a trivialization of s∗(M d⊗Lx) over U . The mapMC → OC

sends ((d, x), v) to the image of v under the canonical map s∗(M d⊗Lx) → OC .
We will often use this description as follows. Let λ : A → A denote an

automorphism of A (not necessarily compatible with the group structure)
and λ̃ : λ∗R → R an isomorphism induced by isomorphisms λ(d,x) : λ∗(M d ⊗
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Lx) → (M d ⊗ Lx). Then the induced isomorphism λ̃ : C → C extends
canonically to an isomorphism of log schemes (C ,MC ) → (C ,MC ). Indeed the
log structure λ̃∗MC is associated to the prelog structure which to any U → C
associates the set of pairs ((d, x), v′), where (d, x) ∈ P and v′ ∈ s∗λ∗(M d ⊗
Lx), so the isomorphisms λ(d,x) induce isomorphisms of log structures.

Lemma 4.1.13 The log structure M
P̃

is a fine log structure.

Proof. By construction, M
P̃

is a quasi–coherent log structure in the sense of
[24, 2.1]. Hence it suffices to show that for any geometric point p̄ → P̃ the
monoid M

P̃,p̄
is a finitely generated monoid. For this note that there exists

a surjection P � HS → M
P̃,p̄

identifying M
P̃,p̄

with P � HS/F for some
face F ⊂ P �HS containing at least one element f of the form ((l, η), 0) with
(l, η) ∈ P . Let Q ⊂ P denote the submonoid generated by the cones over
simplices ω containing η/l ∈ XR. Then for any (d, x) ∈ P and h ∈ HS we
have

((d, x), h) +Nf = ((d+Nl, x+Nη), h+ (d, x) ∗ (Nl,Nη)). (4.1.13.1)

Now for N sufficiently big, (d + Nl, x + Nη) is in Q, and therefore the map
Q � HS → P � HS/F is surjective. Since Q is a finitely generated monoid,
and hence also Q�HS , it follows that P �HS/F is finitely generated. 	


4.1.14. There is also a natural G–action on (P̃,M
P̃

) over (B,MB). The
action g : (P̃,M

P̃
) → (P̃,M

P̃
) of a point g ∈ G(B) corresponding to a

point a ∈ A(B) and compatible isomorphisms ιg : t∗aLx → Lx is obtained
by locally on A choosing a trivialization of t∗aM ⊗ M−1 and defining the
resulting map g∗ : t∗aR → R to be the one induced by the isomorphisms ιg.
The resulting morphism

A×a,A P̃ → P̃ (4.1.14.1)

is then independent of the choice of trivialization of t∗aM ⊗ M−1 and hence
defined globally. Furthermore, the local description shows that it extends nat-
urally to a morphism of log schemes over (B,MB).

Let us verify that this really defines an action of G on (P̃,M
P̃

) over
(B,MB). This amounts to the following:

Lemma 4.1.15 Let g′ ∈ G(B) be a second point. Then (g + g′)∗ = g′∗ ◦ g∗.

Proof. The point g (resp. g′) is given by a point a ∈ A(B) (resp. a′ ∈ A(B))
together with compatible isomorphisms εx : t∗aLx → Lx (resp. ε′x : t∗a′Lx →
Lx). The point g + g′ then corresponds to a+ a′ and the isomorphisms

ε′′ : t∗a+a′Lx � t∗a′t∗aLx
t∗a′ εx−−−−→ t∗a′Lx

ε′−−−−→ Lx. (4.1.15.1)

The composite g′∗ ◦ g∗ is given locally on A by choosing trivializations of M
and t∗a+a′M and then using the map of algebras over A
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t∗a′t∗a(⊕(d,x)Lx)
t∗a′ ε−−−−→ t∗a′(⊕(d,x)Lx) ε′−−−−→ ⊕(d,x)Lx. (4.1.15.2)

By the above description of g + g′ this agrees with (g + g′)∗. This shows the
result on the level of the underlying schemes. In fact, combining this with
4.1.12 this also shows that the two morphisms of log schemes are equal. 	


4.1.16. There is also an X–action on (P̃,M
P̃
,O

P̃
(1)). Recall from 2.2.12

that ψ and τ define isomorphisms

ψ(y)dτ(y, x) : t∗y(M d ⊗ Lx) → M d ⊗ Lx+dy. (4.1.16.1)

For y ∈ X define
T ∗

y : t∗c(y)R → R (4.1.16.2)

to be the map obtained by taking the direct sum of the isomorphisms
ψ(y)dτ(y, x).

Lemma 4.1.17 The map 4.1.16.2 is an algebra homomorphism.

Proof. We have to show that the diagram

t∗c(y)(M
d⊗Lx)⊗t∗c(y)(M

d′⊗Lx′)
ρ((d,x)∗(d′,x′))can−−−−−−−−−−−−→ t∗c(y)(M

d+d′⊗Lx+x′)⏐⏐�ψ(y)dτ(y,x)⊗ψ(y)d′
τ(y,x′) ψ(y)d+d′

τ(y,x+x′)

⏐⏐�
(M d⊗Lx+dy)⊗(M d′⊗Lx′+d′y)

ρ((d,x+dy)∗(d′,x′+d′y))can−−−−−−−−−−−−−−−−−−→ M d+d′ ⊗ Lx+x′+(d+d′)y

(4.1.17.1)

commutes. Since ρ((d, x + dy) ∗ (d′, x′ + d′y)) is equal to ρ((d, x) ∗ (d′, x′))
(since HS is the quotient of H̃S by the X–action) this follows from (2.2.13
(iii)’). 	


4.1.18. Note that if locally on A we choose a trivialization of M and com-
patible trivializations of the Lx, then T ∗

y is induced by the map

P �HS → (P �HS) ⊕ O∗
A, ((d, x), h) �→ (((d, x+ dy), h), ψ(y)dτ(y, x)).

(4.1.18.1)
It follows that the morphism Ty : P̃ → P̃ extends naturally to a mor-
phism of polarized log schemes Ty : (P̃,M

P̃
,O

P̃
(1)) → (P̃,M

P̃
,O

P̃
(1))

over (B,MB). Observe also that the map Ty : (P̃,M
P̃

) → (P̃,M
P̃

) de-
pends only on τ and not on the choice of ψ inducing τ . Indeed if ψ′ is a
second trivialization of c∗M−1 inducing τ , then ψ and ψ′ differ by a homo-
morphism X → Gm. To see this last statement, note that by the definition of
τ for any two element x, y ∈ X we have

ψ(x+ y)ψ(x)−1ψ(y)−1 = τ(x, y) = ψ′(x+ y)ψ′(x)−1ψ′(y)−1 (4.1.18.2)

as sections of M (x+y)⊗M (x)−1⊗M (y)−1. This formula implies that ψ/ψ′

is a homomorphism X → Gm.
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Lemma 4.1.19 For any y, y′ ∈ X the two morphisms

Ty+y′ , Ty′ ◦ Ty : (P̃,M
P̃
,O

P̃
(1)) → (P̃,M

P̃
,O

P̃
(1)) (4.1.19.1)

are equal.

Proof. Chasing through the definitions one finds that this is equivalent to
(2.2.13 (ii)’). 	


Lemma 4.1.20 The actions of G and X on the fine log scheme (P̃,M
P̃

)
commute.

Proof. For a point g ∈ G(B) mapping to a ∈ A(B), the translation action
Sg : (P̃,M

P̃
) → (P̃,M

P̃
) is obtained from maps ixg : t∗aLx → Lx such that

ix+y
g = ixg ⊗ iyg . It follows that the two maps

T ∗
y ◦ S∗

g , S
∗
g ◦ T ∗

y : R → R (4.1.20.1)

locally differ by a scalar which implies the lemma (here we also use 4.1.12 to
see that the maps of log structures agree). 	


In fact we can say a bit more. On the polarized log scheme (P̃,M
P̃
,O

P̃
(1))

there is both an action of X and an action of T = D(X).

Lemma 4.1.21 Let y ∈ X and u ∈ T (B) be sections, and Ty and Su the
resulting automorphisms of (P̃,M

P̃
,O

P̃
(1)). Then

u(y) ◦ Su ◦ Ty = Ty ◦ Su, (4.1.21.1)

where Gm acts on (P̃,M
P̃
,O

P̃
(1)) via multiplication on O

P̃
(1).

Proof. The morphism Su ◦ Ty is induced by the maps

M d ⊗ Lx
u(x)−−−−→ M d ⊗ Lx

ψ(y)dτ(y,x)−−−−−−−−→ M d ⊗ Lx+dy, (4.1.21.2)

and Ty ◦ Su is given by

M d ⊗ Lx
ψ(y)dτ(y,x)−−−−−−−−→ M d ⊗ Lx+dy

u(x+y)−−−−−→ M d ⊗ Lx+dy. (4.1.21.3)

Since u(x+ y) = u(x)u(y) this implies the lemma. 	


4.1.22. Now assume that the image of HS in OB is contained in the nilradical
of OB . Then as explained in [4, 3.17] the action of X on P̃ is properly discon-
tinuous, and hence we can form the quotient P := P̃/X. Furthermore, by
descent theory the log structure M

P̃
and the invertible sheaf O

P̃
(1) descend

to give a fine log structure MP on P and a polarization LP .
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The result is a polarized fine log scheme with G–action

(P,MP , LP , G–action) → (B,MB). (4.1.22.1)

By 4.1.11 the morphism

(P,MP) → (B,MB) (4.1.22.2)

is log smooth and integral. We refer to the data (G,MB ,P,MP , LP , G–action)
as a standard family over B.

Though many of the proofs involve this standard family, for technical
reasons it will be useful to consider a slight modification of the standard family.
Namely, let (Bsat,M sat

B ) denote the saturation of the log scheme (B,MB) ([23],
3.0.3), and let (PBsat ,M sat

P , LP) → (Spec(Bsat),M sat
B ) denote the polarized

log scheme obtained by base change (Spec(Bsat),M sat
B ) → (Spec(B),MB).

The group G still acts on (PBsat ,M sat
P , LP). We refer to the data

(G,M sat
B ,PBsat ,M sat

P , LP , G–action) (4.1.22.3)

as the saturation of a standard family.

Remark 4.1.23. There is a canonical section θ ∈ H0(P, LP). To give such
a section is equivalent to giving a section θ̃ ∈ H0(P̃,O

P̃
(1))X . Such a section

can be written down explicitly [4, 3.22].

4.2 Automorphisms over a Field

4.2.1. Let k be a field, and A/k an abelian variety with a rigidified line bundle
M defining a principal polarization on A. Let G/k be the semi–abelian variety
defined by a homomorphism c : X → At, for some latticeX. Let S be a regular
paving of XR, and let Mk be the log structure on Spec(k) associated to the
map HS → k sending all nonzero elements to 0. Assume given ψ and τ as in
4.1.10 giving rise to the standard family

(P,MP , LP , G–action) → (Spec(k),Mk). (4.2.1.1)

Proposition 4.2.2. Let α : (P, LP) → (P, LP) be an automorphism of the
underlying polarized scheme with G–action. Then there exists a unique pair
(αb, β), where β : Mk → Mk is an automorphism and αb : α∗MP → MP is
an isomorphism compatible with the G–action such that the diagram

α∗MP
αb

−−−−→ MP	⏐⏐
	⏐⏐

Mk
β−−−−→ Mk

(4.2.2.1)

commutes.
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Proof. We first consider the problem of finding (αb, β) compatible with the
T–action.

Let (P̃,M
P̃
,O

P̃
(1)) be as in the construction of the standard model. By

[3, 4.3.1] there exists a unique automorphism α̃ of (P̃,O
P̃

(1)) compatible
with the T and X–actions inducing α after taking the quotient by X (see also
section 5.3). Let π : P̃ → A denote the projection.

Lemma 4.2.3 There exists a unique automorphism ᾱ : A→ A such that the
diagram

P̃
α̃−−−−→ P̃

π

⏐⏐�
⏐⏐�π

A
ᾱ−−−−→ A

(4.2.3.1)

commutes.

Proof. The uniqueness is immediate since π is faithfully flat.
To prove existence, note first that the irreducible components Pi of P̃ are

given by the schemes ProjA(⊕(d,x)∈Pi
M d⊗Lx), where Pi denotes the integral

points of Cone(1, ωi) for some top–dimensional simplex ωi ∈ S. Furthermore,
if the intersection of two components Pi and Pj is nonempty, then their
intersection is given by ProjA(⊕(d,x)∈Pij

M d ⊗ Lx), where Pij denotes the
integral points of the cone over ωij := ωi ∩ ωj . In particular, for any two
irreducible components Pi and Pj of P̃ with Pi ∩ Pj �= ∅, the map Pi ∩
Pj → A is surjective. It therefore suffices to show that for any irreducible
component Pi of P̃ there exists a unique morphism ᾱ : A→ A such that the
diagram

Pi
α̃−−−−→ α̃(Pi)

π

⏐⏐�
⏐⏐�π

A
ᾱ−−−−→ A

(4.2.3.2)

commutes. For this note that if Ui ⊂ Pi is the maximal open subset on
which T acts faithfully, then A = [Ui/T ]. In fact locally over A, we have
Pi � Spec(OA[Pi]) with Pi equal to the integral points of Cone(1, ωi) ⊂ XR

for some simplex ωi ∈ S, and Ui = SpecA(OA[P gp
i ]). The open subset Ui

is also α̃–invariant since the automorphism α̃ commutes with the T–action.
The restriction of α̃ to Ui therefore defines a map ᾱ, and the diagram 4.2.3.2
commutes since Ui is dense in Pi and Pi is reduced. 	


By [34, 6.4], we can write ᾱ uniquely as ᾱ = h + ta, where h : A → A is
a homomorphism and a ∈ A(k) is a point. The obstruction to lifting a to a
point of G lies in H1(Spec(k)et, T ) which since k is a field is zero. Choose a
lifting ã ∈ G of a. Replacing α by ρ−ã ◦ α we may assume that a = 0 (here
ρ denotes the action of G on P̃). In this case ᾱ is a homomorphism and α is
induced by a map
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ᾱ∗(⊕(d,x)M
d ⊗ Lx) → ⊕(d,x)M

d ⊗ Lx. (4.2.3.3)

The compatibility with the T–action further implies that this map is obtained
from the direct sum of isomorphisms α∗

(d,x) : ᾱ∗(M d ⊗Lx) → M d ⊗Lx (look
at the eigenspaces in π∗(OP̃

(1))). Now since ᾱ∗(M d ⊗ Lx) and M d ⊗ Lx

are both rigidified at 0, giving such maps α∗
(d,x) is equivalent to giving a set

map ρ : P → k∗. Furthermore, the compatibility with the algebra structure
implies that for every simplex ωi ∈ S the restriction of ρ to the integral points
of Cone(1, ωi) is linear. In other words, ρ is obtained from a homomorphism

ρ : lim−→
ω∈S

Cone(1, ω)gp → k∗. (4.2.3.4)

Let γ̃ : H̃S → k∗ be the map induced by restriction. The compatibility with
the X–action implies that ρ(d, x) = ρ(d, x+dy) for every x, y ∈ X and d ≥ 1.
This equation implies that γ̃ descends to a morphism γ : HS → k∗. Let β be
the automorphism of Mk induced by the map

HS → HS ⊕ k∗, h �→ (h, γ(h)), (4.2.3.5)

and let αb : α∗M
P̃

→ M
P̃

be the isomorphism of log structures obtained
from the maps α∗

(d,x) and the description in 4.1.12 of the log structure M
P̃

.
This proves existence of the pair (αb, β), except we still have to prove that αb

is compatible with the G–action.
So consider a point g ∈ G(B) with image a ∈ A(B) and the resulting two

isomorphisms
t∗g ◦ αb, αb ◦ t∗g : α∗t∗gMP̃

→M
P̃
. (4.2.3.6)

Let σg be the automorphism (αb ◦ t∗g) ◦ (t∗g ◦αb)−1 of M
P̃

. Observe that since
αb is compatible with the T–action the automorphism σg depends only on
a ∈ A(B) and not on the lifting g ∈ G(B) of a.

Let C denote the cone Spec
A
(R), and let C o denote the complement of the

vertex so that P̃ = [C o/Gm]. Let MC denote the natural log structure on C
giving locally over A by the map P → OA⊗Z[HS ] Z[P�HS ]. The restriction to
C o is canonically isomorphic to the pullback of M

P̃
. The global chart defines

a surjection β : P � HS → MC , and it follows from the construction of σg

that the automorphism σ̃g : MC o → MC o is compatible with this map β.
From this and the compatibility with the Gm–action on C o, it follows that
the automorphism σg is induced by a homomorphism

ρg : P gp → Γ (C o,O∗
C o)Gm = Gm(B). (4.2.3.7)

The association g �→ ρg is clearly compatible with base change B′ → B, and
hence induces a map of schemes G → Hom(P gp,Gm). Furthermore, as men-
tioned earlier the compatibility with the T–action implies that this morphism
descends to a morphism A→ Hom(P gp,Gm). Note that P gp is a direct limit of
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finitely generated free abelian groups, and hence Hom(P gp,Gm) is a projective
limit of tori. Since A is proper this implies that the map A→ Hom(P gp,Gm)
is constant. Since it sends 0 to the constant map 1 this implies that σg is the
identity for all g. This completes the proof of the existence of (αb, β).

To prove the uniqueness, it suffices to prove that there are no non–trivial
automorphisms of the log structure M

P̃
compatible with the G–action. This

is because the map Mk →M
P̃

is injective.
Let σ : M

P̃
→ M

P̃
be an automorphism of the log structure compatible

with the G–action. We first show that σ̄ :M
P̃

→M
P̃

is the identity. Since σ
is compatible with the G–action, to prove that σ̄ is the identity it suffices to
show that σ̄ induces the identity over the fiber P̃0 of P̃ over 0 ∈ A. Note that
P̃0 � Proj(k ⊗Z[HS ] Z[P �HS ]). We may also assume that k is algebraically
closed.

For ωi ∈ S, let Pi ⊂ P̃0 be the irreducible component Proj(k[Ni]) (where
Ni is the integral points of Cone(1, ωi)), and letMi ⊂MP̃0

|Pi
be the sub–log

structure consisting of sections whose image in OPi
is nonzero. The log struc-

tureMi is isomorphic to the standard log structure on Proj(k[Ni]) induced by
the map Ni → k[Ni]. In particular, the map Mi → OPi

is injective which im-
plies that σ|Mi

is the identity. Denote by Ck the cone Spec(k⊗Z[HS ]Z[P�HS ]),
let Ci ⊂ Ck be the closed subscheme Spec(k[Ni]), and let C o

i ⊂ Ci denote the
complement of the vertex.

Lemma 4.2.4 The natural map

k∗ ⊕ (P �HS)gp → H0(C o
i ,M

gp
Pi

|C o
i
) (4.2.4.1)

is an isomorphism.

Proof. Denote by Qi the quotient Mgp
Pk

|C o
i
/Mgp

i so that there is an exact
sequence

0 →Mgp
i →Mgp

Pk
|C o

i
→ Qi → 0. (4.2.4.2)

The quotient Qi is the constant sheaf associated to the abelian group (P �
HS)gp/Ngp

i . Consideration of the commutative diagram

0 �� k∗⊕Ngp
i

��

��

k∗⊕(P�HS)gp ��

��

(P�HS)gp/Ngp
i

��

y

��

0

0 �� H0(C o
i ,M

gp
i ) �� H0(C o

i ,M
gp
Pk

|C o
i
) �� H0(C o

i , Qi)
(4.2.4.3)

shows that it suffices to prove that H0(C o
i ,M

gp
i ) is equal to k∗ ⊕ Ngp

i (note
that the map labelled y is an isomorphism since C o

i is connected). This follows
from noting that there is an injection

H0(C o
i ,M

gp
i ) ↪→ H0(Spec(k[Ngp

i ]),O∗) = k∗ ⊕Ngp
i . (4.2.4.4)
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Lemma 4.2.5 The natural map

k∗ ⊕ (P �HS)gp → H0(C o
k ,M

gp
C o

k
) (4.2.5.1)

is an isomorphism.

Proof. This is the same as in 3.2.4. Let W denote the set of top–dimensional
simplices of S, and choose an ordering ofW . For an ordered subset i1 < i2 < · · ·
< ir of W let

ji1···ir
: Ci1···ir

↪→ Ck (4.2.5.2)

denote the intersection Ci1 ∩ · · · ∩ Cir
. There is then a commutative diagram

0 0 0⏐⏐�
⏐⏐�

⏐⏐�
O∗

C o
k

−−−−→
∏

i ji∗O
∗
C o

i
−−−−→

∏
i<j jij∗O

∗
C o

ij
−−−−→ · · ·⏐⏐�

⏐⏐�
⏐⏐�

Mgp
C o

k
−−−−→

∏
i ji∗M

gp
Pk

|C o
i

−−−−→
∏

i<j jij∗M
gp
Pk

|C o
ij

−−−−→ · · ·⏐⏐�
⏐⏐�

⏐⏐�
M

gp

C o
k

−−−−→
∏

i ji∗M
gp

Pk
|C o

i
−−−−→

∏
i<j jij∗M

gp

Pk
|C o

ij
−−−−→ · · ·⏐⏐�

⏐⏐�
⏐⏐�

0 0 0.
(4.2.5.3)

By cohomological descent for proper morphisms the bottom row is exact [8,
VIII.9.4], and by [4, proof of 4.3] the top row is also exact in degrees ≤ 1. It
follows that the middle row is also exact in degrees ≤ 1 so

H0(C o
k ,M

gp
C o

k
) = Ker(

∏
i

H0(C o
i ,M

gp
Pk

|C o
i
) →

∏
i<j

H0(C o
ij ,M

gp
Pk

|C o
ij

)),

(4.2.5.4)
which by 4.2.4 shows that

H0(C o
k ,M

gp
C o

k
) = H0(XR, k

∗ ⊕ (P �HS)gp) = k∗ ⊕ (P �HS)gp, (4.2.5.5)

where XR is viewed as a topological space with the topology induced by that
on R. 	


4.2.6. It follows that for every simplex ωi ∈ S with corresponding closed
subscheme Ci ⊂ Ck

H0(C o
k ,M

gp
Ck

) → H0(C o
i ,MCk

|C o
i
) (4.2.6.1)

is an isomorphism. Since σ0 necessarily acts trivially on the sublog structure
MCi

⊂ MCk
|C o

i
it follows that the automorphism of (P � HS)gp induced
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by σ0 by taking global sections acts trivially on the submonoid Ni ⊂ P for
every ωi ∈ S. Therefore for any p ∈ P we have σ0(p, 0) = (p, 0). Since HS is
generated by elements of the form p ∗ q it follows that σ0 defines the identity
automorphism of P �HS . Therefore σ0 is the identity, and hence σ̄ is also the
identity.

It follows that for every m ∈ P �HS there exists a unique element νm ∈
Γ (C o

k ,O
∗
C o

k
) such that σ(β(m)) = λ(νm) +β(m), where β : P �HS →MC o

k
is

the chart. Furthermore, νm is Gm–equivariant and hence lies in

Γ (C o
k ,O

∗
C o

k
)Gm = Γ (P̃,O∗

P̃
) = k∗. (4.2.6.2)

It follows that σ is induced by a homomorphism ν : P � HS → k∗. Since σ
induces the identity on Mi ⊂ MP0 we also have ν(p, 0) = 1 for all p ∈ P .
From the formula

ν(p, 0)ν(q, 0) = ν(p+ q, 0)ν(0, p ∗ q) (4.2.6.3)

we conclude that ν also restricts to the identity on HS . From this it follows
that σ is the identity. This completes the proof of 4.2.2.
	


Proposition 4.2.7. The statement of 4.2.2 remains true if we replace

(P,MP , LP , G–action) → (Spec(k),Mk) (4.2.7.1)

by the saturation

(P,M sat
P , LP , G–action) → (Spec(k),M sat

k ) (4.2.7.2)

in the statement of the proposition.

Proof. By the universal property of the saturation of a log structure, the pair
(αb, β) extends uniquely to compatible isomorphisms α∗M sat

P → M sat
P and

M sat
k →M sat

k extending α to an automorphism of the data

(M sat
k ,P,M sat

P , LP , G–action). (4.2.7.3)

Thus the only issue is the uniqueness. In other words, let ιsat : M sat
k →

M sat
k and σsat : M sat

P → M sat
P denote compatible automorphisms of the log

structures compatible with the G–action. We claim that ιsat and σsat are the
identity automorphisms. This follows from the same argument used in the
proof of 4.2.2. 	


4.3 Deformation Theory

4.3.1. Let k be an infinite field, and B′ → B a surjection of artinian local
rings with residue field k such that the kernel J := Ker(B′ → B) is a finite
dimensional k–vector space.
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Let X be a free abelian group of rank r, and S a regular paving of XR.
Fix a homomorphism ρ : HS → B′ sending all nonzero elements of HS to
the nilradical of B, and let MB′ (resp. MB , Mk) be the induced log structure
on Spec(B′) (resp. Spec(B), Spec(k)). Let A/B be an abelian scheme over
B with a rigidified line bundle M defining a principal polarization, and let
c : X → At be a homomorphism defining a semiabelian scheme G/B. Also fix
a trivialization ψ : 1X → c∗M−1 as in 4.1.10, and let

(P,MP , LP , G–action) → (Spec(B),MB) (4.3.1.1)

be the resulting standard family.
Let A′/B′ be a lifting of A to an abelian scheme over B′, and let c′ : X →

(A′)t be a morphism lifting c defining a semiabelian scheme G′/B′.

Definition 4.3.2. A log smooth deformation (P ′,MP′ , LP′ , G′–action) of
(P,MP , LP , G–action) to (Spec(B′),MB′) consists of the following data:

(i) A log smooth deformation (P ′,MP′) → (Spec(B′),MB′) of (P,MP)
in the sense of [23, 8.1].

(ii) A lifting LP′ of the invertible sheaf LP to P ′.
(iii) An action of G′ on (P ′,MP′) over (Spec(B′),MB′) reducing to the given

action of G on (P,MP) over B.

Proposition 4.3.3. Let

(P ′,MP′ , LP′ , G′–action)/(B′,MB′) (4.3.3.1)

be a log smooth deformation of (P,MP , LP , G–action) to (Spec(B′),MB′).
Then there exists a unique lifting M ′ of the polarization M to A′, and a
unique lifting ψ′ : 1X → c′∗M ′−1 of ψ such that (P ′,MP′ , LP′ , G′–action)
is isomorphic as a log smooth deformation to the standard family constructed
using (A′,M ′) and ψ′.

Proof. Let T denote the torus corresponding to X. The deformation 4.3.3
defines a deformation (P ′,MP′ , LP′ , T–action) of (P,MP , LP , T–action)
simply by restricting the action to the torus. By [3, 4.3] giving this de-
formation (P ′,MP′ , LP′ , T–action) is equivalent to giving a deformation
(P̃ ′,M

P̃′ , LP̃′ , T and X action) of (P̃,M
P̃
, L

P̃
, T and X action) to the log

scheme (Spec(B′),MB′), where now T also acts on the line bundle L
P̃′ such

that for u ∈ T and x ∈ X the actions satisfy the “Heisenberg relation”

T ∗
uS

∗
x = u(x)S∗

xT
∗
u . (4.3.3.2)

In fact the action of G′ on (P ′,MP′) lifts canonically to an action on
(P̃ ′,M

P̃′). This is because the morphism (P̃ ′,M
P̃′) → (P ′,MP′) is étale.

For then by the invariance of the étale site under infinitessimal thickenings to
lift the action it suffices to do so after base change to B. But by the construc-
tion of the standard model there is a lifting of the G–action on (P,MP) to
(P̃,M

P̃
).
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Lemma 4.3.4 Let f : P̃ → A denote the projection. Then the natural map
OA → Rf∗OP̃

is an isomorphism in the derived category D(OA).

Proof. Since A is flat over B, and f is a flat morphism, a standard induction
on the length of B reduces the proof to the case of B = k.

If U ⊂ A is an open set over which M is trivial and there exists compatible
trivializations of the Lx, then

P̃ ×A U � Proj(k ⊗Z[HS ] Z[P �HS ]) ×Spec(B) U. (4.3.4.1)

In this case the cohomology can be computed as follows. For a top–dimensional
simplex ωi ∈ S let ji : Pi ⊂ P̃ be the irreducible component corresponding to
ωi. Choose an ordering of the top–dimensional simplices, and for i1 < · · · < ir
let Pi1i2···ir

denote the intersection Pi1 ∩ · · · ∩ Pir
. Then, as shown in [4,

proof of 4.3], the natural map of complexes

O
P̃

→ (
∏

i

ji∗OPi
→

∏
i,j

jij∗OPij
→ · · · ) (4.3.4.2)

is a quasi–isomorphism. Since each Pi1···ir
is a projective toric variety over

U the sheaves Rkf∗OPi1···ir
are zero for k > 0. This implies that Rf∗OP̃

is
computed by the complex

(
∏

i

ji∗f∗OPi
→

∏
i,j

jij∗f∗OPij
→ · · · ) = (

∏
i

OA →
∏
i,j

OA → · · · ).

(4.3.4.3)

This computation shows that Rif∗OP̃ is locally on A isomorphic to the sin-
gular cohomology with coefficients in Γ (A,OA)) Hi(XR, Γ (A,OA)). Since XR

is contractible this proves the lemma. 	


In fact the proof shows the following:

Corollary 4.3.5 For any i ≥ 0, the formation of Rif∗OP̃
commutes with

arbitrary base change on A, and these sheaves are zero for i > 0.

Using the method of the lemma we also obtain:

Corollary 4.3.6 There is a canonical isomorphism M → f∗OP̃
(1)T (invari-

ants under the torus action).

Proof. There is a natural map of sheaves M → ⊕(d,x)∈P M d ⊗ Lx obtained
from the isomorphism M � M ⊗ L0 and this map induces a morphism ε :
M → f∗OP̃

(1)T . To check that this morphism is an isomorphism we may
work locally on A where we choose a trivialization of M and compatible
trivializations of the Lx. For a simplex ωi ∈ S, let N (1)

i denote the elements
of degree 1 in the monoid of integral elements in Cone(1, ωi). Then as in the
proof of 4.3.4 one sees that Rf∗OP̃

(1) can be represented by the complex
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(
∏

i

(⊕
n∈N

(1)
i

OA · n) →
∏
i,j

(⊕
n∈N

(1)
ij

OA · n) → · · · ). (4.3.6.1)

An element χ ∈ T acts on
∏

i(⊕n∈N
(1)
i

OA · n) by n �→ χ(n) · n. From
this it follows that the only nonzero components of an invariant section of∏

i(⊕n∈N
(1)
i

OA · n) are the components with n = (1, 0). From this the corol-
lary follows. 	


Corollary 4.3.7 For any i > 0 the sheaf Rif∗OP̃
(1) is zero.

Proof. We have to show that 4.3.6.1 has no higher cohomology. For this
note that the entire complex decomposes into eigenspaces according to the
T -action. Let (1, x) ∈ P be an element and let σ0 be the minimal cell
containing x. Then the complex obtain from the x-eigenspaces in 4.3.6.1 com-
putes the cellular cohomology of the set

σ̂0 := ∪σ0⊂ω∈Sω ⊂ XR. (4.3.7.1)

The corollary then follows from [4, 1.5 (v)] which implies that the topological
space σ̂0 is contractible (in fact σ̂0 is the so-called dual Voronoi cell). 	


4.3.8. The vanishing of R1f∗OP̃
implies that the sequence

0 → J ⊗B f∗OP̃
→ f∗OP̃′ → f∗OP̃

→ 0 (4.3.8.1)

is exact. Therefore Z ′ := (|A|, f∗OP̃′) is a flat deformation of A to B′, where
|A| denotes the underlying topological space and O

P̃′ is viewed as a sheaf
of rings on |P̃|. There is also a natural action of G′ on Z ′ reducing to the
translation action on A. For a section g ∈ G′(B′) we have a commutative
diagram

|P̃ ′| tg−−−−→ |P̃ ′|

f

⏐⏐�
⏐⏐�f

|A| tg−−−−→ |A|,

(4.3.8.2)

and an isomorphism t−1
g O

P̃′ → O
P̃′ . This defines the action of g on Z ′.

Furthermore, the same analysis applies after making any flat extension of B′.
Since G′ is smooth over B′ and Z ′ is flat over B′, a morphism G′×Z ′ → Z ′ is
determined by its scheme valued points on flat B′–schemes (Yoneda’s lemma
applied to the category of flat B′–schemes). Hence the above construction
defines an action of G′ on Z ′.

Lemma 4.3.9 The action of G′ on Z ′ factors through A′.

Proof. It suffices to show that T acts trivially on f∗OP̃′ . This follows from
observing that the action of T on J ⊗B f∗OP̃

and f∗OP̃
is trivial, and hence

since T is reductive the torus T must also act trivially on the middle term of
4.3.8.1. 	
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Since Z ′ with its A′–action is a flat deformation of the trivial A–torsor, the
action of A′ on Z ′ must also be torsorial. Chosing a lifting of the origin in A
to Z ′ we can therefore identity Z ′ with A′. We therefore obtain a deformation
f ′ : P̃ ′ → A′ of f compatible with the G′–actions.

For x ∈ X, let L′
x denote the rigidified invertible sheaf on A′ corresponding

to c′(x). The same formula used in 4.1.10.2 defines an algebra structure on
⊕(d,x)L

′
x, and we let P̃ ′′ denote ProjA′(⊕(d,x)L

′
x). The arguments of 4.1.16–

4.1.20 define a G′–action on P̃ ′′. Note that for any invertible sheaf M ′ on
A′ we have P̃ ′′ � ProjA′(⊕(d,x)M

′d ⊗Lx) (though the tautological invertible
sheaves are different).

Let P̃ ′
0 and P̃ ′′

0 denote the fibers over 0 ∈ A′.

Lemma 4.3.10 There exists an isomorphism of log smooth deformations of
(P̃0,MP̃0

)

σ : (P̃ ′
0,MP̃′

0
) → (P̃ ′′

0 ,MP̃′′
0
) (4.3.10.1)

compatible with the torus actions.

Proof. First note that the log tangent sheaf T
(P̃,M

P̃
)/(B,MB)

is isomorphic
to O

P̃
⊗Z Hom(X,Z). This can be seen as follows. Let CB = Spec(B ⊗Z[HS ]

Z[P �HS ]) be the cone so that P̃ = [C o
B/Gm], where C o

B is the complement
of the vertex. By [24, 1.8], the chart P �HS →MCB

induces an isomorphism

d log : OC o
B
⊗Z P

gp � Ω1
(C o

B ,MCo
B

)/(B,MB). (4.3.10.2)

Furthermore, the action of Gm on Ω1
(C o

B ,MCo
B

)/(B,MB) is induced from the

standard action on OC o
B

and the trivial action on P gp. The differentials Ω1
C o

B/P̃

admit a similar description. For any scheme W and Gm–torsor Q→W , there
is a canonical generator d log(u) of Ω1

Q/W . This can be seen as follows. Write
Gm as Spec(Z[u±]). Then the section d log(u) = du/u ∈ Ω1

Gm/Z
is invariant

under the translation action. Hence it induces a generator of Ω1
Q/W by locally

on W choosing a trivialization of Q and pulling back d log(u). The translation
invariance then implies that this is independent of the choice of trivialization
and hence defined globally.

It follows from the construction of the isomorphism 4.3.10.2 that the map

Ω1
(C o

B ,MCo
B

)/(B,MB) → Ω1
C o

B/P̃
(4.3.10.3)

sends d log(1⊗p) to deg(p)·d log(u). In other words, the morphism 4.3.10.3 can
be identified with the morphism obtained by tensoring the map deg : P gp → Z
with OC o

B
. Since the kernel of this degree map is isomorphic to X, this yields

an isomorphism between Ω1
(P̃,M

P̃
)/(B,MB)

|C o
B

and OC o
B
⊗Z X. Furthermore,

the Gm–action is simply that induced by the action on OC o
B
. By descent theory

we therefore obtain an isomorphism Ω1
(P̃,M

P̃
)/(B,MB)

� O
P̃

⊗Z X.
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Combining this with 4.3.5 we see that

H1(P̃0, T(P̃0,M
P̃0

)/(B,MB)
) = 0. (4.3.10.4)

By [24, 3.14] it therefore follows that there exists an isomorphism 4.3.10.1 of
log smooth deformations of (P̃0,MP̃0

) which may or may not respect the
torus actions. Furthermore, standard deformation theory [5, p. 69] shows that
the deformations of the line bundle O

P̃
(1) to P̃ ′

0 are naturally a torsor under
H1(P̃0, k ⊗B O

P̃0
) which is zero by 4.3.5. Thus the isomorphism σ extends

to an isomorphism of polarized log schemes.
The only issue that remains is the torus action. In what follows we therefore

assume that (P̃ ′′
0 ,MP̃′′

0
,O

P̃′′
0
(1)) and (P̃ ′

0,MP̃′
0
, L

P̃′
0
) have been identified.

Let CB′ denote the cone over P̃ ′
0 which comes equipped with an action of the

torus D(X), and let j : C o
B′ ↪→ CB′ denote the complement of the vertex.

Sub-Lemma 4.3.11 The natural map H0(CB′ ,OCB′ ) → H0(C o
B′ ,OC o

B′ ) is
an isomorphism.

Proof. Let Ck denote the reduction to k of CB′ . The short exact sequence of
sheaves

0 → J ⊗ OCk
→ OCB′ → OCB

→ 0 (4.3.11.1)

induces a commutative diagram

0 �� J ⊗H0(Ck,OCk
) ��

��

H0(CB′ ,OCB′ ) ��

��

H0(CB ,OCB
) ��

��

0

0 �� J ⊗H0(C o
k ,OC o

k
) �� H0(C o

B′ ,OC o
B′ ) �� H0(C o

B ,OC o
B
)

(4.3.11.2)

where the top row is exact since Ck is affine. It follows that it suffices to prove
the result for Ck and CB . By induction on the integer n such that rad(B)n = 0
we are thus reduced to the case when B′ = k.

For simplicity write simply C for Ck etc. For each top–dimensional simplex
ωi ∈ S write Ci for Spec(k[Ni]) ⊂ C , where Ni denotes the integral points
of Cone(1, ωi). For two simplices ωi, ωj ∈ S let Cij denote the intersection
Ci ∩ Cj , and write ji : Ci ↪→ C and jij : Cij ↪→ C for the inclusions. Choose
any ordering of the top–dimensional simplices of S. Then the same argument
used in the proof of [3, 2.5.5] shows that

OC � Ker(
∏

i

ji∗OCi
→

∏
i<j

jij∗OCij
), (4.3.11.3)

where the map is obtained by taking the difference of the restriction maps.
From this we obtain a commutative diagram
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H0(C ,OC ) −−−−→
∏

iH
0(Ci,OCi

) −−−−→
∏

i<j H
0(Cij ,OCij

)

a

⏐⏐�
⏐⏐�b

⏐⏐�c

H0(C o,OC o) −−−−→
∏

iH
0(C o

i ,OC o
i
) −−−−→

∏
i<j H

0(C o
ij ,OC o

ij
).

(4.3.11.4)

Since each Ci is a normal scheme of dimension ≥ 2 the morphisms b and c are
isomorphisms. This implies that a is also an isomorphism. 	


Returning to the proof of 4.3.10, we assume given an action τ of D(X) on
the log scheme (C o

B′ ,MC o
B′ ) reducing to the standard action over B and with

Gm ⊂ D(X) acting in the usual way. We have to show that there exists an
infinitesimal automorphism of (C o

B′ ,MC o
B′ ) compatible with the Gm–action

taking τ to the standard action.
This is essentially the same as in 3.3. Let u ∈ D(X)(B′) be a section, and

let τu be the automorphism of (C o
B′ ,MC o

B′ ) defined by τ . Since τu reduces to
the standard action modulo J , the automorphism τu is compatible with the
map P �HS → MC o

B′ defined by the chart β : P �HS → MC o
B′ . Therefore,

there exists a homomorphism

ν : P gp → H0(C o
B′ ,O∗

C o
B′ ) = (B′ ⊗Z[HS ] Z[P �HS ])∗, (4.3.11.5)

where for the right equality we use 4.3.11, such that

τu(β(p, h)) = λ(νp) + β(p, h) (4.3.11.6)

for all (p, h) ∈ P �HS . Viewing B′ ⊗Z[HS ] Z[P �HS ] as a free B′–module on
P as in 3.1.33, write

νp = u(p)(1 +
∑
χ∈P

gu
χ(p)) (4.3.11.7)

with gu
χ(p) ∈ J · χ.

Sub-Lemma 4.3.12 (i) For any χ ∈ P with u(χ) �= 1, the element

hχ(p) := gu
χ(p)(u(χ) − 1)−1 ∈ J · χ̃ (4.3.12.1)

is independent of the choice of u, and the map p �→ 1 +
∑

χ∈P hχ(p) ∈
Γ (CB′ ,O∗

CB′ ) is a homomorphism.
(ii) For any section u ∈ D(P gp)(B′) we have

(u(χ) − 1)hχ(p) = gu
χ(p), (4.3.12.2)

where hχ(p) is defined as in (i) using any other section of D(P pg)(B′) not
mapping to 1 in D(P gp)(k).

Proof. The proof is the same as the proof of 3.3.8. 	
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This sub-lemma completes the proof of 4.3.10 because the infinitesimal auto-
morphism of (CB′ ,MCB′ ) defined by

P �HS → Γ (CB′ ,O∗
CB′ ) ⊕ (P �HS), (p, h) �→ (1 +

∑
χ

hχ(p), (p, h)),

(4.3.12.3)
transforms the action τ into the standard action of D(X). 	


Lemma 4.3.13 There exists an isomorphism of log smooth deformations of
(P̃,M

P̃
)

σ : (P̃ ′,M
P̃′) → (P̃ ′′,M

P̃′′) (4.3.13.1)

compatible with the G–actions.

Proof. It suffices to construct for every scheme–valued point a : W → A an
isomorphism

σa : (P̃ ′,M
P̃′) ×A,a W → (P̃ ′′,M

P̃′′) ×A,a W. (4.3.13.2)

For this choose (after possibly replacing W by an étale cover) a lifting ã ∈
G(W ) of a, and let

σ0 : (P̃ ′,M
P̃′) ×A,0 W → (P̃ ′′,M

P̃′′) ×A,0 W (4.3.13.3)

be an isomorphism as in 4.3.10 (in particular σ0 is compatible with the torus
action). Define σa to be the unique isomorphism making the following diagram
commute:

(P̃ ′,M
P̃′) ×A,0 W

σ0−−−−→ (P̃ ′′,M
P̃′′) ×A,0 W

t′ã

⏐⏐�
⏐⏐�t′′ã

(P̃ ′,M
P̃′) ×A,a W

σa−−−−→ (P̃ ′′,M
P̃′′) ×A,a W,

(4.3.13.4)

where t′ã and t′′ã denote the actions of G. Note that since σ0 is compatible
with the T–actions this does not depend on the choice of ã. We thus obtain
the isomorphism σ. 	


Fix such an isomorphism σ.

Lemma 4.3.14 The sequence

0 → J ⊗ (f∗LP̃k
)T → (f ′∗LP̃′)T → (f∗LP̃

)T → 0 (4.3.14.1)

is exact. In particular, by 4.3.6 the sheaf M ′ := (f ′∗LP̃′)T is a deformation
of M to A′.
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Proof. By 4.3.7 we have an exact sequence

0 → J ⊗ (f∗LP̃k
) → (f ′∗LP̃′) → (f∗LP̃

) → 0 (4.3.14.2)

of sheaves with T–action on A. Let D denote this category of sheaves of OA–
modules on Aet with action of T . The category D is an abelian category with
enough injectives and there is a left exact functor

I : D → (OA-modules), F �→ FT (4.3.14.3)

which takes the T–invariants. To prove the lemma it suffices to show that
R1I(f∗LP̃k

) = 0. Since T is a diagonalizable group, it is well-known that the
restriction of I to the full subcategory Dqcoh of quasi-coherent OA-modules is
an exact functor, and that in fact the category Dqcoh is semisimple. For a finite
subset ∆ ⊂ S let P̃∆ ⊂ P̃k denote the closed subscheme whose components
correspond to the simplices ω ∈ ∆. Then each P̃∆ is of finite type and
T–invariant. We then have an isomorphism of sheaves with T–action

f∗LP̃k
= lim←−

∆⊂S

f∗LP̃∆
, (4.3.14.4)

and each f∗LP̃∆
∈ Dqcoh. The character decompositions of the f∗LP̃∆

then
give a decomposition f∗LP̃k

=
∏

χ Fχ where Fχ is of rank 1. To prove the
lemma it then suffices to show that R1I(Fχ) = 0 for all χ which is immediate.
	


4.3.15. It follows that L
P̃′′ ⊗ M ′ and L†

P̃′′ := σ∗LP̃′ are two deformations
of O

P̃
(1).

By 4.3.4, for an integer i the natural map

Hi(Ak,OAk
) → Hi(P̃k,OP̃k

) (4.3.15.1)

is an isomorphism. Furthermore, the set of liftings of M form a torsor under
H1(Ak,OAk

) ⊗ J . Let o ∈ H1(P̃k,OP̃k
) ⊗ J denote the class corresponding

to [L
P̃′′ ⊗M ′]− [L†

P̃′′ ]. Viewing this class as an element of H1(Ak,OAk
)⊗ J

we see that after replacing M ′ by another lifting we can force o = 0 (and
the choice of lifting M ′ is unique with this property). It follows that then
(P̃ ′,M

P̃′ , LP̃′) is isomorphic to the standard construction using (A′,M ′).
It remains to show that the X–action on (P̃ ′,M

P̃′ , LP̃′) is obtained from
a deformation of ψ. Let y ∈ X be an element, and let Sy : (P̃ ′,M

P̃′ , LP̃′) →
(P̃ ′,M

P̃′ , LP̃′) be the action. Let c′t : X → A′ denote the composite

X
c′−−−−→ A′t λ−1

M′−−−−→ A′.
(4.3.15.2)
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Lemma 4.3.16 The diagram

P̃ ′ Sy−−−−→ P̃ ′

f ′
⏐⏐�

⏐⏐�f ′

A′ tc′t(y)−−−−→ A′

(4.3.16.1)

commutes.

Proof. First note that there exists a morphism ρy : A′ → A′ such that the
diagram

P̃ ′ Sy−−−−→ P̃ ′

f ′
⏐⏐�

⏐⏐�f ′

A′ ρy−−−−→ A′

(4.3.16.2)

commutes. Indeed f ′ ◦ Sy is given by a map (of sheaves on the topological
space underlying A)

OA′ → f ′∗ ◦ Sy∗OP̃′ = tct(y)∗ ◦ f ′∗OP̃′ = tct(y)∗OA′ , (4.3.16.3)

so this defines ρy. By [34, 6.4] we can write ρy uniquely as h + tα(y), where
h : A′ → A′ is a homomorphism and α(y) ∈ A′(B′). Since h reduces to the
identity over B this implies that h is the identity [34, 6.1]. Therefore ρy = tα(y)

for some α(y) ∈ A′(B′). We thus obtain a homomorphism

α : X → A′(B′) (4.3.16.4)

by sending α to α(y). We claim that α = (ct)′. Unwinding the definitions this
amounts to saying that Lc′(y) is isomorphic to (ρ∗yM ′)⊗M ′−1, or equivalently
ρ∗yM ′ � Lc′(y) ⊗ M ′. This follows from noting that the relation (see 4.1.21)

u(y)T ∗
uS

∗
y = S∗

yT
∗
u (4.3.16.5)

for a section u ∈ T implies that

ρ∗yM ′ = ρ−1
y (f ′∗LP̃′)0 � (f ′∗LP̃′)y � Lc′(y) ⊗ M ′, (4.3.16.6)

where for χ : T → Gm we write (f ′∗LP̃′)χ for the χ-eigenspace for the T–
action. 	


4.3.17. It follows that the X–action on the log scheme (P̃ ′,M
P̃′) is induced

by isomorphisms

ι(d,x)
y : t∗ct(y)(M

′d ⊗ Lc′(x)) → M ′d ⊗ Lc′(x+dy). (4.3.17.1)

As explained in 2.2.12 giving such isomorphisms is equivalent to giving for
every d ≥ 1 and x, y ∈ X a trivialization of M ′(y)d ⊗ B′

(c′(y),c′(x)), where B′
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denotes the Poincare bundle over A′×A′t. Define ψ′ to be the trivialization of
c∗M−1 obtained by taking d = 1 and x = 0 (note that for any a′ ∈ A the line
B′

(a′,0) is canonically trivialized). The fact that the isomorphisms ι(d,x)
y are

compatible with the monoid law on the log structure then amounts precisely
to the commutativity of the diagram (2.2.13 (iii)’), and the fact that it is an
action is equivalent to (2.2.13 (ii)’). Therefore the trivialization of (c× c)∗B
defined by ψ′ is compatible with the symmetric biextension structure. This
completes the proof of 4.3.3.
	


Remark 4.3.18. The above computations can also be used to compute the
cohomology groups Hi(P, Ld

P) (see [4, 4.4]). The conclusion is that for any
integer d ≥ 1 the groups Hi(P,L d

P) are zero for i > 0 and H0(P, Ld
P) has

rank dg (where g is the dimension of G).

4.3.19. From the data

(G,P, LP , G− action) (4.3.19.1)

we can recover the paving S, the map c : X → At, as well as the map
λM : A→ At.

Indeed by the equivalence of categories in [3, 4.3.1] (see also the discussion
in 5.3) we obtain the X-torsor π : P̃ → P and the line bundle O

P̃
(1) =

π∗LP together with the lifting of the TX -action to (P̃,O
P̃

(1)). In fact we
can also recover the G-action on P̃. Indeed a lifting of the G-action on P to
an action on P̃ is unique. Indeed if ρ̃1, ρ̃2 are two liftings of the G-action on
ρ then for any g ∈ G the two maps

ρ1(g), ρ2(g) : P̃ → P̃ (4.3.19.2)

define an automorphism of P̃ over P which commutes with the X-action. In
this way we obtain a morphism of schemes

G→ X (4.3.19.3)

which must be constant since G is connected. Therefore ρ1 = ρ2.
In this way we recover (P̃,O

P̃
(1), G− action) from 4.3.19.1. The projec-

tion
f : P̃ → A (4.3.19.4)

can also be recovered from this, up to translation by a point of A. Indeed
suppose

f1, f2 : P̃ → A (4.3.19.5)

are two surjections which commute with the G-actions (where G acts on A by
translation through the projection G → A). By the construction, for ω ∈ S
let Pω denote the integral points of Cone(1, ω) and let



4.3 Deformation Theory 109

P̃ω = ProjA(OA ⊗Z[HS ] Z[Pω �HS ]) ⊂ P̃. (4.3.19.6)

Let X1 ⊂ X denote the integral points of the subgroup of XR generated by
ω. Then the TX -action on P̃ω factors through TX1 , and there exists a dense
open subset Uω ⊂ P̃ω where the action is free. Furthermore the G-action on
P̃ω gives the quotient U /TX1 the structure of an A-torsor. It follows that
the two restrictions

f1, f2 : P̃ω → A (4.3.19.7)

differ by an element aω ∈ A(B) as they are determined by the two maps of
A-torsors

f1, f2 : U /TX1 → A. (4.3.19.8)

In this way we obtain a mapping

S → A(B), ω �→ aω (4.3.19.9)

with the property that if ω′ ⊂ ω then aω = aω′ . Since XR is connected it
follows that all the aω’s are equal and hence f1 and f2 differ globally by
translation by an element of a ∈ A.

Fix one map f : P̃ → A commuting with the G-action. Let M ′ denote
the subsheaf of TX -invariants in f∗OP̃

(1). If f happens to agree with the map
used in the standard construction then M ′ is equal to the sheaf M by 4.3.6.
In general M ′ = M ⊗ La for some element a ∈ A. In particular, we recover
the map

λM : A→ At. (4.3.19.10)

We also obtain the map ct : X → A (and hence also the map c : X → At) by
defining ct(x) to be the unique element such that the diagram

P̃
tx−−−−→ P̃⏐⏐�

⏐⏐�
A

tct(x)−−−−→ A.

(4.3.19.11)

For (d, x) ∈ P let L(d,x) denote the x-eigenspace of the sheaf

f∗OP̃
(d) (4.3.19.12)

We then obtain the paving S by declaring that two rational points x/d and
y/s line in the same ω if and only if the map of invertible sheaves

L(d,x) ⊗ L(s,y) → L(d+s,x+s) (4.3.19.13)

is an isomorphism.
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4.4 Isomorphisms over Artinian Local Rings

4.4.1. Let B be an artinian local ring with residue field k, X a group iso-
morphic to Zr, and (A,M )/B an abelian scheme with a line bundle defining
a principal polarization. Let S be an integral regular paving of XR and let
c : X → At be a homomorphism defining a semi–abelian scheme G/B. Let
ψ,ψ′ : 1X → c∗M−1 be two trivializations inducing trivializations τ and τ ′

of (c× c)∗B which are compatible with the symmetric biextension structure.
Also fix two maps ρ, ρ′ : HS → B and let

(MB ,P,MP , LP , G–action) and (M ′
B ,P

′,MP′ , LP′ , G–action) (4.4.1.1)

be the resulting two collections of data obtained from the standard
construction.

Let Isom denote the set of pairs (ι, σ), where ι : M ′
B →MB is an isomor-

phism of log structure on Spec(B) and σ : (P,MP , LP) → (P ′,MP′ , LP′)
is an isomorphism of polarized log schemes over the morphism

(id, ι) : (Spec(B),MB) → (Spec(B),M ′
B) (4.4.1.2)

compatible with the G–actions. Define Isom′ to be the set of isomorphisms
γ : (P, LP) → (P ′, LP′) of polarized schemes over B compatible with the
G–actions.

Proposition 4.4.2. The forgetful map Isom → Isom′ is bijective.

Proof. Let

(MB , P̃, L
P̃
, G and X action) and (M ′

B , P̃
′,M

P̃′ , LP̃′ , G and X action)
(4.4.2.1)

be the polarized log schemes obtained from the standard construction before
taking the quotient by the X–action. By [3, 4.3.1], it suffices to show that any
isomorphism

γ : (P̃, L
P̃

) → (P̃ ′, L
P̃′) (4.4.2.2)

compatible with the G and X actions extends uniquely to an isomorphism

(MB , P̃, L
P̃
, G and X action)⏐⏐�(ι,σ)

(M ′
B , P̃

′,M
P̃′ , LP̃′ , G and X action).

(4.4.2.3)

Let f : P̃ → A and f ′ : P̃ ′ → A be the projections.

Lemma 4.4.3 There exists a unique automorphism of schemes γ̄ : A → A
such that the diagram
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P̃
γ−−−−→ P̃ ′

f

⏐⏐�
⏐⏐�f ′

A
γ̄−−−−→ A

(4.4.3.1)

commutes.

Proof. The morphisms f and f ′ can be constructed more intrinsically as fol-
lows. Let us explain how to get the morphism f in a canonical manner. Con-
sider first the case when B is equal to a field k (this case was essentially done
in the proof of 4.2.3), and for a simplex ωi ∈ S let Pi ⊂ P̃ denote the closed
subscheme ProjA(⊕(d,x)∈Cone(1,ωi)M

d ⊗ Lx). Let Ui ⊂ Pi denote the max-
imal open subscheme where the torus T acts faithfully. Then the projection
identifies A with [Ui/T ], and the projection Ui → [Ui/T ] extends uniquely to
a morphism Pi → [Ui/T ]. It follows in particular that if γ sends Pi to P ′

i,
then there exists a unique morphism γ̄i : A→ A such that the diagram

Pi
γ−−−−→ P ′

i⏐⏐�
⏐⏐�

A
γ̄i−−−−→ A

(4.4.3.2)

commutes. Furthermore, if Pi and Pj have non–empty intersection, then the
map Pi ∩ Pj → A is also surjective which implies that γ̄i and γ̄j are equal.
Since XR is connected it follows that all the morphisms γ̄i are equal. This
proves the case when B is a field.

For the general case, note that the case of a field gives a commutative
diagram of topological spaces

|P̃| γ−−−−→ |P̃ ′|

f

⏐⏐�
⏐⏐�f ′

|A| γ̄−−−−→ |A|,

(4.4.3.3)

and hence it suffices to define the map OA → γ̄∗OA. For this note that by
4.3.4 we have f∗OP̃′ = OA and f∗OP̃′ = OA, so we can take the map

OA = f ′∗OP̃′
γ−−−−→ f ′∗γ∗OP̃

= γ̄∗OA. (4.4.3.4)

	


Lemma 4.4.4 The morphism γ̄ : A → A is translation by an element α ∈
A(B).

Proof. The morphism γ̄ is compatible with the translation action of A. Since
any morphism of A–torsors is given by translation this implies the lemma. 	




112 4 Moduli of Principally Polarized Abelian Varieties

After replacing γ by the composite of γ with the action of −α, we may there-
fore assume that γ̄ is the identity.

Since the morphism γ is compatible with the torus action, we get that in
this case γ is induced by a morphism of sheaves of algebras

γ̄∗ : ⊕(d,x)∈P M d ⊗ Lx → ⊕(d,x)∈P M d ⊗ Lx. (4.4.4.1)

obtained as the direct sum of isomorphisms ρ(d, x) : M d ⊗ Lx → M d ⊗ Lx.
These isomorphisms define a set map ρ : P → B∗ such that for every ωi ∈ S
the restriction of ρ to the integral points Ni of Cone(1, ω) is linear. In other
words, the map ρ is given by a morphism (denoted by the same letter)

ρ : lim−→
ωi∈S

Ngp
i → B∗. (4.4.4.2)

Furthermore, the compatibility with theX–actions implies that the restriction
of ρ to H̃S descends to a morphism ε : HS → B∗ (see for example the proof
of 4.2.2). It then follows that the map

HS → B∗ ⊕HS , h �→ (ε(h), h) (4.4.4.3)

induces an isomorphism ι : M ′
B → MB . Furthermore, as discussed in 4.1.12

the maps ρ(d, x) induce a natural extension of γ to an isomorphism σ of log
schemes. This proves the surjectivity part of 4.4.2.

For the injectivity, let σ : M
P̃

→ M
P̃

and ι : MB → MB be compatible
automorphisms of the log structures. By the case of a field (section 4.2), the
induced automorphism σ̄ :M

P̃
→M

P̃
is the identity.

Let C → A denote the cone, and let C o denote the complement of the
vertex so that P̃ � [C o/Gm]. Let a ∈ A be a point and U the spectrum of
the completion ÔA,a, and let CU be the base change of C . Fix a global chart
β : P �HS →MC o

U
(the pullback of M

P̃
). Then the restriction of σ to C o

U is
induced by a homomorphism

τ : P �HS → Γ (C o
U ,O

∗
C o

U
). (4.4.4.4)

Since σ is compatible with the T–action, the image of τ in fact lies in the
invariants under D(X) of the right side of 4.4.4.4. Looking at the reductions
modulo the power of the maximal ideal of OU and using 4.3.11, it follows
that τ in fact takes values in O∗

U . This implies that σ induces the identity
on MC o

U
because for any (p, 0) ∈ P � HS with image ζ(p,0) in OC o

U
the map

O∗
U → Γ (C o

U ,C
o
U ) sending v to v · ζ(p,0) is injective. We conclude that σ is

the identity automorphism. Since the map MB |
P̃

→M
P̃

is injective this also
implies that ι is the identity. This completes the proof of 4.4.2. 	


4.4.5. There is also a weaker version of 4.4.2 for the saturations of standard
families. With notation as in 4.4.1, assume that the maps ρ, ρ′ : HS → B
factor through morphisms ρsat, ρ′sat : Hsat

S → B (warning: these extensions
are not unique), where Hsat

S denotes the saturation of HS , and let
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(M sat
B ,P,M sat

P , LP , G–action) and (M ′sat
B ,P ′,M sat

P′ , LP′ , G–action)
(4.4.5.1)

be the resulting saturations of the standard families. Let Isom′′ denote the set
of pairs (ι, σ) where ι : M ′sat

B → M sat
B is an isomorphism of log structures on

Spec(B), and

σ : (P,M sat
P , LP , G–action) → (P ′,M sat

P′ , LP′ , G–action) (4.4.5.2)

is an isomorphism of polarized log schemes with G–action over

(id, ι) : (Spec(B),M sat
B ) → (Spec(B),M ′sat

B ). (4.4.5.3)

Also define J ⊂ Isom (where Isom is defined as in 4.4.1) to be the subset
of pairs (ι, σ) such that ι extends (necessarily uniquely) to an isomorphism
ιsat :M ′sat

B →M sat
B . Since there are isomorphisms (this is easily seen from the

definition of P �HS)

M sat
P =MP ⊕MB

M sat
B , M sat

P′ =MP′ ⊕M ′
B
M ′sat

B , (4.4.5.4)

pushout defines a canonical set map J → Isom′′.

Proposition 4.4.6. This map F : J → Isom′′ is a bijection.

Proof. Note first that the natural maps MB → M sat
B , M ′

B → M ′sat
B , MP →

M sat
P , and MP′ → M sat

P′ are inclusions. Therefore it suffices to show that
for any element (ι, σ) ∈ Isom′′ the isomorphism ι : M ′sat

B → M sat
B restricts

to an isomorphism M ′
B → MB , and that σb : σ∗M sat

P′ → M sat
P induces an

isomorphism σ∗MP′ → MP . For this in turn it suffices to show that the
isomorphism ῑ : M

′sat
B → M

sat

B restricts to an isomorphism M
′
B → MB , and

that σb : σ−1M
sat

P′ → M
sat

P induces an isomorphism σ−1MP′ → MP . Since
these are morphisms of constructible sheaves it therefore suffices to consider
the case when B is a field. In this case the result follows from 4.2.7. 	


4.5 Versal Families

In this section we construct what will turn out to be versal families for the
stack K g.

Lemma 4.5.1 Let f : P → B be a proper flat morphism of schemes which
is cohomologically flat in dimension 0 (so that the relative Picard functor
PicP/B exists by [5, 7.3]). Let λ : B → PicP/B be a morphism such that for
every flat covering B′ → B and every line bundle L on PB′ representing
λ|B′ the sheaf f∗L is locally free of rank 1 on B′ and for any point b′ ∈ B′

the map H0(PB′ ,L ) → H0(Pb′ ,L |Pb′ ) is injective. Then there exists a pair
(L , θ ∈ f∗L ), unique up to unique isomorphism, where
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(i) L is a line bundle on P representing λ.
(ii) θ ∈ f∗L is a section nonzero in every fiber.

Proof. The uniqueness is immediate, so it suffices to prove existence fppf lo-
cally on B where the pair exists by assumption.

Remark 4.5.2. To verify the assumptions of the lemma, it suffices to base
change to the completions of B at points. In particular, if f : P → B and λ has
the property that for over the completion of B at any point it is isomorphic to
the standard family with its polarization, then the assumptions of the lemma
hold for P/B.

4.5.3. Fix g ≥ 1 and an integer r ≤ g, X = Zr, and let S be an integral
regular paving of XR.

Let Ag−r denote the moduli stack of principally polarized abelian varieties
of dimension g − r, and let At → Ag−r denote the universal abelian scheme.
Let

W0 := HomAg−r
(X,At) (4.5.3.1)

be the stack over Ag−r classifying homomorphisms c : X → At. OverW0 there
is a tautological semiabelian scheme G → W0 defined by c. Define W1 to be
the stack over W0 associating to any scheme-valued point (A, λ, c) ∈ W0 the
set of isomorphism classes of representative line bundles M for λ together with
a rigidification of M at the origin of A (note that such representatives admit
no nontrivial automorphisms). Define W2 to be the stack over W1 classifying
data (A, λ, c,M ) ∈ W1 together with a trivialization ψ : 1X → c∗M−1 such
that the induced trivialization of (c× c)∗B is compatible with the symmetric
biextension structure. Finally define

W3 :=W2 ×Spec(Z) Spec(Z[HS ]). (4.5.3.2)

Over W3 we can then perform the standard construction to obtain

(P̃,M
P̃
, L

P̃
, G and X actions) → (W3,MW3), (4.5.3.3)

whereMW3 denote the log structure obtained by pulling back the canononical
log structure on Spec(Z[HS ]).

4.5.4. Define Γ to be the pushout

Γ := HS ⊕
H̃S

(P � H̃S)gp � Hgp
S ⊕

H̃gp
S

(P � H̃S)gp, (4.5.4.1)

and let D(Γ ) denote the corresponding diagonalizable group scheme. For a
ring R the groupD(Γ )(R) can be identified with the group of homomorphisms
ρ : lim−→ωi∈S

Ngp
i → R∗, where Ni denotes the integral points of Cone(1, ωi),

such that the induced map H̃S → R∗ descends to HS .
There is a canonical surjection Γ → P gp which induces an inclusion

D(X) × Gm ↪→ D(Γ ). Over W0 we can then form the contracted product
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G := D(Γ )×D(X) G, where G→W0 is the extension of the universal abelian
variety by D(X) defined by the tautological homomorphism c : X → At.

There is also a natural map w : D(Γ ) → Gm induced by the homomor-
phism Z → Γ sending 1 to the image of (1, 0) ∈ P in Γ .

Lemma 4.5.5 The relative dimension of W3 over Z is equal to (1/2)g(g +
1) + g + 1 + rk(Hgp

S ).

Proof. One computes from the definitions

dim(W0) = dim(Ag−r) + r(g − r)
dim(W1) = dim(W0) + g − r + 1
dim(W2) = dim(W1) + (1/2)r(r + 1) + r
dim(W3) = dim(W2) + rk(Hgp

S ).

Using this and the fact that the relative dimension of Ag−r over Z is equal to
(1/2)(g − r)(g − r + 1) one obtains the result. 	


Lemma 4.5.6 The map

X ×X → Hgp
S , (x, y) �→ (1, x+ y) ∗ (1, 0) − (1, x) ∗ (1, y) (4.5.6.1)

is bilinear and hence induces a homomorphism S2X → Hgp
S , where S2X

denotes the second symmetric power of X.

Proof. The map is clearly symmetric, so it suffices to show that it is linear in
the second variable. For this we compute

(1, x + y) ∗ (1, 0) − (1, x) ∗ (1, y) + (1, x + z) ∗ (1, 0) − (1, x) ∗ (1, z)

= (1, x + y + z) ∗ (1, z) − (1, x + z) ∗ (1, y + z) + (1, x + z) ∗ (1, 0) − (1, x) ∗ (1, z)

= (1, x + y + z) + (1, z) − (2, x + y + 2z) − (1, x + z) − (1, y + z) + (2, x + y + 2z)

+(1, x + z) + (1, 0) − (2, x + z) − (1, x) − (1, z) + (2, x + z)

= (1, x + y + z) + (1, 0) − (2, x + y + z) − (1, x) − (1, y + z) + (2, x + y + z)

= (1, x + y + z) ∗ (1, 0) − (1, x) ∗ (1, y + z).

(4.5.6.2)
	


4.5.7. There is an action of D(Γ ) on W2 over W0 defined as follows. Let R
be a ring and s := (A, λ,M , ψ) an R–valued point of W2. For an R-valued
point of D(Γ ) corresponding to a homomorphism ρ : lim−→Ngp

i → R∗, define
a second point sρ ∈ W2(R) as follows. The point sρ will have the same
principally polarized abelian variety and map c : X → At (since the action
will be over W0), and the representative line bundle is also the same but with
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rigidification multiplied by w(ρ) ∈ Gm(R∗) (where w is as in 4.5.4). Finally
the trivialization ψ′ of c∗M−1 is given by the formula

ψ′ : 1X → c∗M−1, ψ′(y) := ρ(1, 0)−1ρ(1, y)ψ(y) ∈ M−1(c(y)). (4.5.7.1)

To see that this defines a second point of W2 note that

ψ′(x)ψ′(y)ψ′(x+ y)−1 = ρ(1, 0)−1ρ(1, x)ρ(1, y)ρ(1, x+ y)−1τ(x, y)
= ρ((1, x) ∗ (1, y))ρ((1, 0) ∗ (1, x+ y))−1τ(x, y).

(4.5.7.2)
Since

(x, y) �→ ρ((1, x) ∗ (1, y))ρ((1, 0) ∗ (1, x+ y))−1 (4.5.7.3)

is a symmetric bilinear form on X × X by 4.5.6 this shows that the trivi-
alization of the Poincare bundle defined by ψ′ is again compatible with the
symmetric biextension structure 2.2.8. We therefore obtain an action of D(Γ )
on W2 over W0.

The group D(Γ ) also acts on Spec(Z[HS ]) via the projection D(Γ ) →
D(Hgp

S ) induced by the inclusion Hgp
S ↪→ Γ , so we also obtain an action of

D(Γ ) on W3 = W2 ×Spec(Z) Spec(Z[HS ]) from the diagonal action. Note that
in fact this action extends naturally to an action on the log stack (W3,MW3)
[42, paragraph preceding 5.14].

4.5.8. This action of D(Γ ) extends naturally to an action on

(P̃,M
P̃
, L

P̃
, G and X actions) (4.5.8.1)

over the above constructed action on (W3,MW3) as follows. Let s : Spec(R) →
W3 be a morphism defining

(P̃R,MP̃R
, L

P̃R
, G and X actions) → (Spec(R),MR), (4.5.8.2)

let ρ : lim−→Ngp
i → R∗ be a homomorphism defining an element of D(Γ )(R),

and let

(P̃ ′
R,MP̃′

R
, L

P̃′
R
, G and X actions) → (Spec(R),M ′

R) (4.5.8.3)

be the data obtained from sρ : Spec(R) → W3. Let ι : HS → R∗ denote
the homomorphism defined by ρ, and let β : HS → MR and β′ : HS → M ′

R

be the natural charts. The map ι defines an isomorphism of log structures
δ : MR → M ′

R which sends β(h) to λ(ι(h)) + β′(h). Furthermore, for every
(d, x) ∈ P we obtain an isomorphism

ρ(d, x) : M d ⊗ Lx → M d ⊗ Lx. (4.5.8.4)

These isomorphisms induce an isomorphism of graded algebras which in turn
gives an isomorphism
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σ : (P̃ ′
R,MP̃′

R
, L

P̃′
R
, G and X actions) → (P̃R,MP̃R

, L
P̃R

) (4.5.8.5)

over the isomorphism

(Spec(R),M ′
R) → (Spec(R),MR) (4.5.8.6)

defined by the identity map on Spec(R) and δ.
It follows immediately from the construction that σ is compatible with the

G-action. The map σ is also compatible with the X-action. This follows from
the commutativity of the diagrams

t∗y(M d ⊗ Lx)
ψ′(y)dτ ′(y,x)��

ρ(d,x)

��

M d ⊗ Lx+dy

ρ(d,x+dy)

��
t∗y(M d ⊗ Lx)

ψ(y)dτ(y,x)�� M d ⊗ Lx+dy,

(4.5.8.7)

where ψ′ is defined as in 4.5.7 and τ ′ is the associated trivialization of the
Poincare biextension. The commutativity of 4.5.8.7 in turns follows from the
following lemma:

Lemma 4.5.9 Let χ : S2X → R∗ denote the homomorphism obtained from
ρ (and 4.5.6). Then

ρ(1, 0)dρ(1, y)−dχ(y ⊗ x)ρ(d, x+ dy)ρ(d, x)−1 = 1. (4.5.9.1)

Proof. We prove this by induction on d ≥ 1.
The case d = 1 is immediate from the definition of χ.
For the inductive step, assume the result holds for d − 1. This gives the

formula

ρ(1, 0)d−1ρ(1, y)−(d−1)χ(y, x) = ρ(d− 1, x+ (d− 1)y)−1ρ(d− 1, x) (4.5.9.2)

which enables us to rewrite the left side of 4.5.9.1 as

ρ(1, 0)ρ(1, y)−1ρ(d−1, x+(d−1)y)−1ρ(d−1, x)ρ(d, x+dy)ρ(d, x)−1 (4.5.9.3)

which in turn is equal to

ρ((1, y) ∗ (d− 1, x+ (d− 1)y))−1ρ((1, 0) ∗ (d− 1, x)). (4.5.9.4)

Since the map H̃gp
S → R∗ defined by ρ descends to Hgp

S by assumption, this
expression is equal to 1 as desired. 	


4.5.10. There is also an action of the tautological semiabelian group scheme
G→W0 on W2 over W0 (and hence also an action on W3).

Let T be a scheme, and consider a point ofW2(T ) defined by (A, λ,M , ψ),
and let g ∈ G(T ) be a point corresponding to data (a ∈ A, ιx : t∗aLx → Lx). We
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define a new point ofW2(T ) as follows. Note first that giving the isomorphisms
ιx is equivalent to giving sections of

Lx(a) = M (a+ x) ⊗ M (a)−1 ⊗ M (x)−1 = La(x), (4.5.10.1)

where La denotes the rigidified line bundle Lλ(a). Let M ′ denote M ⊗ La,
and define

ψ′(x) ∈ M ′−1(x) = M−1(x) ⊗ L−1
a (x) (4.5.10.2)

to be the element ψ(x) ⊗ (ιx)−1. The following lemma implies that
(A, λ,M ′, ψ′) defines a point of W2.

Lemma 4.5.11 The trivialization Λ(ψ′) : 1X×X → (c × c)∗B is equal to
the trivialization Λ(ψ), and in particular is compatible with the symmetric
biextension structure.

Proof. This amounts to the statement that the section

ψ(x+ y)−1ψ(x)ψ(y)ι−1
x+yιxιy (4.5.11.1)

of

M (x+ y) ⊗ M (x)−1 ⊗ M (y)−1 ⊗ L−1
a (x+ y) ⊗ La(x) ⊗ La(y) (4.5.11.2)

maps to

ψ(x+ y)−1ψ(x)ψ(y) ∈ M (x+ y) ⊗ M (x)−1 ⊗ M (y)−1 (4.5.11.3)

under the canonical isomorphism

M (x+ y) ⊗ M (x)−1 ⊗ M (y)−1 ⊗ L−1
a (x+ y) ⊗ La(x) ⊗ La(y)

��
M (x+ y) ⊗ M (x)−1 ⊗ M (y)−1.

(4.5.11.4)

This follows from the commutativity of the diagram 2.1.8.6. 	


4.5.12. The action of G on W2 also defines an action on W3 = W2 ×
Spec(Z[HS ]) by having G act on the first factor of this product, and even
on the log scheme (W3,MW3). This action of G lifts to an action on the log
scheme (P̃,M

P̃
) over (W3,MW3). Namely, given g = (a, {ιx}) ∈ G(T ) for

some scheme T , and (A, λ,M , ψ) ∈ W2(T ) and a lifting T → Spec(Z[HS ])
defining a log structure MT on T , we get for any choice of isomorphism
σ : t∗aM � M ⊗ La an isomorphism of sheaves of algebras on A

t∗a(⊕(d,x)M
d ⊗ Lx) → ⊕(d,x)M

′d ⊗ Lx (4.5.12.1)

from the isomorphisms
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σ⊗d ⊗ ιx : t∗a(M d ⊗ Lx) → M ′d ⊗ Lx. (4.5.12.2)

This isomorphism depends on the choice of σ. However, the induced morphism
of log schemes

(P̃,M
P̃

) → (P̃,M
P̃

) ×A,ta
A (4.5.12.3)

is independent of this choice. Since an isomorphism σ exists fppf locally on
any base scheme T it follows that the isomorphism can be defined globally.
We leave to the reader the verification that this action is compatible with the
X-actions.

4.5.13. It follows from the construction that the restriction of the G–action
on W2 to D(X) is equal to the restriction of the D(Γ )–action to D(X). We
therefore obtain an action of G := D(Γ ) ×T G on the log scheme (W3,MW3)
over W0. This action even lifts to an action on (P̃,M

P̃
).

4.5.14. It follows that over the quotient stack W3 := [W3/G ] with its log
structure MW3 defined by MW3 , there is a family

(P̃,M
P̃
, G and X actions) → (W3,MW3). (4.5.14.1)

Let I ⊂ OW3 denote the ideal defined by the images of the non-zero ele-
ments of HS , and let W3,n ⊂ W3 denote the closed substack defined by In.
The action of G on W3 preserves the substacks W3,n, and hence by taking the
quotient we obtain closed substacks W3,n ⊂ W3. Over each W3,n the action of
X on (P̃,M

P̃
, L

P̃
) is properly discontinuous, and hence as in 4.1.22 we can

take the quotient by the X–action to obtain morphisms

fn : (Pn,MPn
, G–action) → (W3,n,MW3,n

). (4.5.14.2)

Because the action of G does not lift globally to an action on the line bundle
over P̃, but does lift locally to the line bundle, we obtain furthermore a
section W3,n → PicPn/W3,n

which is locally defined by the line bundle arising
in the standard construction. By 4.5.1 it follows that there exists a unique
pair (Ln, θn ∈ fn∗Ln) consisting of a line bundle on Pn and a section θn ∈
fn∗Ln which is nonvanishing in each fiber such that Ln defines the map
W3,n → PicPn/W3,n

.

Remark 4.5.15. An examination of section 4.4 shows that if we consider two
points of W3,n(T ) as in 4.4.1, where T is the spectrum of an artinian local
ring, then any isomorphism between the two collections of data is obtained
from a point of the group scheme G .

4.5.16. Let A Alex
g denote Alexeev’s stack (with d = 1) defined in 2.4.9

Let Q ⊂ A Alex
g denote the closure (with the reduced substack) of the open

substack classifying objects of A Alex
g with G an abelian variety, and let Q̃

denote its normalization. Let Qn denote the n–th infinitesimal neighborhood
of the reduced closed substack of Q classifying objects where G has non–trivial
toric part.
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Lemma 4.5.17 For every n, the forgetful map W3,n → A Alex
g factors through

a morphism jn : W3,n → Qn.

Proof. Let Vn denote W3,n. Since Vn → Ag−r is representable the stack Vn

is a Deligne-Mumford stack. Let g0 : Spec(A0) → V0 be an étale surjection,
and for every n let gn : Spec(An) → Vn be the unique étale morphism lifting
g0. Define A := lim←−An. The maps Vn → A Alex

g then induce a morphism
Spec(A) → A Alex

g . It suffices to show that this morphism factors through Q.
This is clear because Spec(A) is reduced, and every generic point of Spec(A)
maps to Q. 	


Lemma 4.5.18 The map jn : W3,n → Qn is fully faithful. In particular, W3,n

has finite diagonal.

Proof. Consider two morphisms f, g : T → W3,n from a scheme T , and the
induced morphism

γ : T ×f,W3,n,g T → T ×jn◦f,Qn,jn◦g T. (4.5.18.1)

This is a morphism of algebraic spaces of finite presentation over T , and hence
to prove that it is an isomorphism it suffices to show that the map induces
a bijection on scheme–valued points with values in spectra of artinian local
algebras. This follows from 4.5.15. 	


Lemma 4.5.19 The map jn : W3,n → Qn is an immersion.

Proof. The follows from the fact that it is a finite type fully faithful morphism
of algebraic stacks. 	


Lemma 4.5.20 The morphism on normalizations jn : (W̃3)n → (Q̃)n is an
open immersion.

Proof. Let V → Q be a smooth surjection with V a scheme, and let v ∈ V be
a point mapping to the image of (W3)0 in Q0. Let V̂ denote the spectrum of
the completion of the normalization of ÔV,v. For each n, let Zn ⊂ V̂ denote the
inverse image of (W3)n. The system {Zn} defines a closed subscheme Ẑ ⊂ V̂ .
Furthermore, since each Zn is smooth over (W̃3)n, the subscheme Ẑ is integral.
Thus Ẑ ⊂ V̂ is a closed immersion of normal schemes. Hence to prove that
it is an isomorphism it suffices to show that the two schemes have the same
dimension. We already know that V̂ has dimension (1/2)g(g + 1) + h + 1,
where h is the relative dimension of V over Q. This is because Ag has relative
dimension (1/2)g(g + 1) over Z.

On the other hand, by 4.5.5 and the fact that

dim(G ) = rk(Hgp
S ) + g + 1 (4.5.20.1)

we find that the stack W3 has relative dimension (1/2)g(g + 1) over Z. This
implies that Ẑ has dimension (1/2)g(g + 1) + h+ 1 also. 	
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4.6 Definition of the Moduli Problem

4.6.1. Define Kg to be the fibered category over Z which to any scheme B
associates the groupoid of data as follows

(G,MB , f : (X,MX) → (B,MB), L, θ, ρ) (4.6.1.1)
where

(i) MB is a fine log structure on B.
(ii) f : (X,MX) → (B,MB) is a log smooth morphism whose underlying

morphism of schemes X → B is proper,
(iii) L is a relatively ample invertible sheaf on X/B,
(iv) G is a semiabelian scheme over B of relative dimension g, and ρ is an

action of G on (X,MX) over (B,MB),
(v) θ ∈ f∗L is a global section,

such that for every geometric point s̄→ B the following hold:

(vi) the zero–local of the section θs ∈ Γ (Xs̄, Ls̄) does not contain any G–
orbits.

(vii) the data (Gs̄,MB |s̄, Xs̄,MXs̄
, Ls̄, Gs̄–action) is isomorphic to the satura-

tion of a standard family over Spec(k(s̄)).

There is a natural log structure MKg
on Kg (see [46, Appendix B] for the

notion of a log structure on a stack).
The main theorem of this chapter, which will be proven in the following

sections, is the following:
Theorem 4.6.2 (i) The fibered category Kg is a proper algebraic stack over
Z with finite diagonal and containing Ag as a dense open substack (in fact
Ag is isomorphic to the open substack of Kg where the log structure MKg

is
trivial).
(ii) The log stack (Kg,MKg

) is log smooth over Spec(Z). In particular, the
stack Kg has toroidal singularities.
(iii) The stack Kg is isomorphic to the normalization of the main component
(the closure of Ag) of Alexeev’s stack A Alex

g .

4.7 The Valuative Criterion for Properness

4.7.1. Let R be a complete discrete valuation ring with field of fractions K.
Fix a uniformizer π ∈ R, let m denote the maximal ideal of R, set S :=
Spec(R), and let η (resp. s) denote the generic (resp. closed) point of S. Let
AK be an abelian scheme over K and (PK , LK , ΘK) a principally polarized
AK–torsor with a non–zero section ΘK ∈ Γ (PK , LK).

Proposition 4.7.2. After possibly replacing R by a finite extension, there
exists a compatible family of objects {Fn} ∈ Kg(Rn) such that the morphism
Spec(R) → Q defined by forgetting the log structures restricts on the generic
fiber to the map Spec(K) → Q defined by (PK , LK , θK)
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Remark 4.7.3. It follows from 4.8.1 in the next section that the compat-
ible family {Fn} is induced by a unique object F ∈ Kg(R) restricting to
(AK , PK , LK , θK) on the generic fiber.

Proof. This essentially follows from the proof of [3, 5.7] (see also [4, §3]).
First of all, after performing an extension of R we may assume that PK

is trivial and hence (PK , LK , ΘK) is given simply by a principally polarized
abelian variety (AK , LK) with a global nonvanishing section Θ ∈ Γ (AK , LK).
Note that the dimension of Γ (AK , LK) is 1 by [35, combine Theorem on p.
150 with Corollary on p. 159], so Θ is unique up to multiplication by K∗.
Thus any other nonvanishing section Θ′ can be obtained from Θ by applying
an automorphism of (PK , LK). We can therefore ignore the section.

By the semi–stable reduction [19, IX.3.6], there exists after possibly mak-
ing another finite base change a semiabelian group scheme with an invertible
sheaf (G,LG)/S restricting to (AK , LK) over η. After making another finite
extension we may assume that the closed fiber Gs is split. In this case, by
[13, II.6.2] the semiabelian group scheme (G,LG)/S) is obtained from data as
follows:

(i) An abelian scheme A/S with a rigidified line bundle M defining a princi-
pal polarization, and a split torus T = D(X) (where X � Zr for some r).

(ii) A homomorphism c : X → At defining a semi–abelian group scheme
over S

1 → T → G̃→ A→ 0. (4.7.3.1)

(iii) A trivialization a : 1X → c∗M−1
η inducing a trivialization τ̃ : 1X×X →

(c × c)∗B−1
η of the Poincare sheaf which is compatible with the sym-

metric biextension structure. The trivialization τ̃ is required to satisfy
the following positivity condition: for every nonzero x ∈ X, the section
τ̃(x, x) ∈ B−1

(x,x) ⊗R K extends to a section of B−1
(x,x) which is congruent

to zero modulo m.

For any x ∈ X, the module M−1(c(x)) is free of rank 1 over R. We can
therefore speak of the valuation of any element s ∈ M−1(c(x)) ⊗R K. In
particular, we obtain a function

A : X → Z, x �→ valuation of a(x) ∈ M−1(c(x)) ⊗R K. (4.7.3.2)

By the same method we can define a function

B : S2X → Z, x⊗ y �→ valuation of τ̃(x, y) ∈ B(x, y) ⊗R K. (4.7.3.3)

The compatibility with the symmetric biextension property implies that B
is a quadratic form, and the positivity assumption implies that B is positive
definite. Finally it follows from the definitions that the function

x �→ A(x) − (1/2)B(x, x) (4.7.3.4)

is a linear function.
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Define ψ : 1X → M−1 to be the trivialization characterized by the formula

a(x) = ψ(x)πA(x). (4.7.3.5)

Then the associated trivialization τ : 1X×X → (c× c)∗B−1 satisfies

τ̃(x, y) = τ(x, y)πB(x,y). (4.7.3.6)

In particular, τ is compatible with the symmetric biextension structure.
Let g : XR → R be the piecewise linear function whose graph is the lower

envelope of the convex hull of the set

{(x,A(x)), |x ∈ X}. (4.7.3.7)

The function g may not be integer valued on X. However, if R→ R′ is a finite
extension of discrete valuation rings with ramification e, and if g′ denotes the
function obtained by doing the preceding construction after first base changing
to R′, then g′ = eg. It follows that after making a suitable finite extension of
R we may assume that g is integer valued on X.

Let S be the paving of XR defined by g (the domains of linearity), so that
we have P and HS as in the standard construction. By the definition of S,
the function g induces a morphism

lim−→
ωi∈S

Ngp
i → Z, (4.7.3.8)

which restricts to a map H̃S → N. Furthermore, for any y ∈ X the function
x �→ A(x+ y) differs from A(x) by a linear function. From this it follows that
the map H̃S → N descends to a morphism β : HS → N. Define ρ : HS → R to
be the map h �→ πβ(h). Note that since N is saturated this extends uniquely to
a morphism Hsat

S → R. Applying the standard construction we then obtain a
compatible family of objects {Fn} ∈ lim←−Kg(Rn). We claim that this collection
is the family sought for in the proposition.

For this note first that after forgetting the log structures, the Fn is obtained
by reduction from the graded algebra with X and G action (defined as in
section 4.1)

R := ⊕(d,x)∈P M d ⊗ Lx. (4.7.3.9)

We claim that this algebra is canonically isomorphic to the algebra also de-
noted R in [4, 3.2]. By [loc. cit., 3.24] this will complete the proof of the
proposition.

To establish this identification, let S2 denote the graded algebra over Aη

⊕(d,x)M
d
η ⊗ Lx,η (4.7.3.10)

with algebra structure given by the canonical isomorphisms

can : (M d
η ⊗ Lx,η) ⊗ (M e

η ⊗ Ly,η) → M d+e
η ⊗ Lx+y,η. (4.7.3.11)
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By the same reasoning as in section 4.1 there is a canonical action of Gη on
S2 over the translation action on Aη, and the trivialization a : 1X → M−1

η

also defines an action of X on S2.
There is a natural map from the algebra R ⊗K 4.7.3.9 to S2 defined as

follows. This map is induced by the morphisms

πg(x) · id : M d ⊗ Lx → M d
η ⊗ Lx,η. (4.7.3.12)

Then it follows from the construction that the induced map R ⊗ K → S2

is compatible with the algebra structures as well as the G and X actions.
Finally, from [3, 3.7] it follows that our R agrees with the one constructed
there. This completes the proof of 4.7.2. 	


4.7.4. Let Q̃ denote the normalization of the main component of Alexeev’s
compactification, and let PQ̃ → Q̃ be the base change of the universal scheme
with semi–abelian group action over Q. Let GQ̃ → Q̃ denote the semiabelian
group scheme which acts on PQ̃. Let j : Q̃o ⊂ Q̃ denote the maximal open
dense substack where P is smooth, and let j̃ : Po ↪→ P denote the inverse
image in P. Define NP (resp. NQ̃) to be the log structure j̃log

∗ O∗
Po (resp.

jlog
∗ O∗

Q̃o
) so that there is a natural morphism of log stacks

(P, NP) → (Q̃, NQ̃). (4.7.4.1)

Proposition 4.7.5. (i) The log structures NP and NQ̃ are fs and the mor-
phism 4.7.4.1 is log smooth.
(ii) For every geometric point s̄→ Q̃, the data

(Gs̄, NQ̃|s̄,Ps̄,MP |Ps̄
, LPs̄

, θ) (4.7.5.1)

defines an object of Kg, and hence we obtain a morphism of stacks Q̃ → Kg.
(iii) For any artinian local ring B, the functor Q̃(B) → Kg(B) is an equiva-
lence of categories.

Proof. By 4.7.2, for any field valued point s : Spec(k) → Q̃ the pullback
Pk → Spec(k) is isomorphic to the scheme obtained by applying the standard
construction for some choice of data S, ψ etc. By the deformation theory
4.3.3 it then follows that locally in the smooth topology Q̃ is smooth over
Spec(Z[Hsat

S ]) and that Q̃o is equal to the inverse image of Spec(Z[Hsat, gp
S ]) ⊂

Spec(Z[Hsat
S ]). From this and [25, 11.6] it follows thatNQ̃ is fine. Furthermore,

the deformation theory also shows that étale locally on Q̃ and P there exists
a commutative diagram

P
g−−−−→ Spec(Z[Q])⏐⏐�

⏐⏐�d∗

Q̃ f−−−−→ Spec(Z[Hsat
S ]),

(4.7.5.2)
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where f is smooth as above, g induces a smooth map

P → Q̃ ×Spec(Z[Hsat
S ]) Spec(Z[Q]), (4.7.5.3)

and d∗ is induced by an integral morphism of monoids d : Hsat
S → Q with

Coker(Hgp
S → Qgp) torsion free, such that the map

Hgp
S ⊕Hsat

S
Q→ Qgp (4.7.5.4)

is an isomorphism [24, 3.5]. From this and [25, 11.6] it follows that NP is also
fine and that 4.7.4.1 is log smooth. This also proves (ii).

Statement (iii) follows from 4.5.20. 	


4.8 Algebraization

Let B be a complete noetherian local ring, m ⊂ B the maximal ideal, and set
Bn := B/mn.

Proposition 4.8.1. The natural functor

Kg(B) → lim←−Kg(Bn) (4.8.1.1)

is an equivalence of categories.

The proof of 4.8.1 will be in several steps 4.8.2–4.8.11.

4.8.2. Let I ⊂ B be a square-zero ideal. Set B := B/I and define

Bn := Bn ⊗B B, In := Ker(Bn → Bn). (4.8.2.1)

Fix a free abelian group X, an integral regular paving S of XR, and a map
HS → B sending all non–zero elements to m. This map defines log structures
MB ,MB , etc. Fix also a principally polarized semiabelian scheme G/B whose
reduction G⊗B B0 is split. Choose a splitting, and let

0 → T → G̃→ A→ 0 (4.8.2.2)

be the extension over B obtained as in [13, II §1]. Here T is the torus corre-
sponding to X, and the extension is given by a map c : X → At. Fix descent
data for the polarization on G to A giving a line bundle M on A defining a
principal polarization. We also choose a rigidification of M on A, and a trivi-
alization ψ : 1X → c∗M−1 such that the induced trivialization of (c×c)∗B−1

is compatible with the symmetric biextension structure. We can then apply
the standard construction and saturation to obtain compatible systems

{(Pn,MPn
, LPn

)/(B,MB)} and {(Pn,MPn
, LPn

)/(B,MB)}

(4.8.2.3)

of saturated standard families.
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Lemma 4.8.3 Let F be a coherent sheaf on P flat over B, and let Fn denote
the pullback to P ⊗Bn. Then for every integer i the natural map

lim←−H
i(P, I ⊗ Fn) → lim←−H

i(P, In ⊗B Fn) (4.8.3.1)

is a topological isomorphism.

Proof. Consider the exact sequences

0 → I ∩ mn/mnI → I ⊗B Bn → In → 0. (4.8.3.2)

By the Artin-Rees lemma there exists an integer k such that

I ∩ mn = mn−k(mk ∩ I) (4.8.3.3)

and hence I ∩ mn/mnI is annihilated by mk. Since F is flat over B, 4.8.3.2
induces short exact sequences

0 → (I ∩ mn/mnI) ⊗ F → I ⊗ Fn → In ⊗ Fn → 0. (4.8.3.4)

Looking at the associated long exact sequences it follows that the kernel and
cokernel of

Hi(P, I ⊗ Fn) → Hi(P, In ⊗B Fn) (4.8.3.5)

is annihilated by mk, and that 4.8.3.1 is an isomorphism. 	

Lemma 4.8.4 There exists a sequence of integers ν(n) with lim−→n

ν(n) = ∞
such that for every n the image of the map

Hi(P, I ⊗ F ) → Hi(P, Iν(n) ⊗ Fν(n)) (4.8.4.1)

is equal to the image of the map

Hi(P, In ⊗ Fn) → Hi(P, Iν(n) ⊗ Fν(n)). (4.8.4.2)

Proof. This follows from the preceding lemma and [17, III.4.1.7] which implies
that the natural map

Hi(P, I ⊗ F ) → lim←−H
i(P, I ⊗ Fn) (4.8.4.3)

is a topological isomorphism. 	

Lemma 4.8.5 Let (P,MP) → (Spec(B),MB) be a log smooth proper mor-
phism and LP a polarization on P. Assume given an isomorphism of projec-
tive systems

γ̄ : {(P,MP , LP) ⊗Bn} → {(Pn,MPn
, LPn

)}. (4.8.5.1)

Then there exists a unique log smooth lifting (P,MP) → (Spec(B),MB) of
(P,MP) together with a lifting LP of the polarization and an isomorphism
of projective systems

γ : {(P,MP , LP) ⊗Bn} → {(Pn,MPn
, LPn

)} (4.8.5.2)

lifting γ̄.
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Proof. Applying 4.8.4 with i = 0 to F = T(P,MP)/(B,MB) and using [24,
3.14], it follows that to construct (P,MP) it suffices to find a log smooth
deformation (P,MP) such that for all n the reduction (P,MP) ⊗ Bn is
isomorphic to (Pn,MPn

). For then in fact we can choose the isomorphisms to
be compatible. To see this last statement, assume we have chosen a collection
of compatible isomorphisms up to n−1. Then the lemma implies that we can
choose an isomorphism (P,MP) ⊗Bn → (Pn,MPn

) which agrees with the
previously chosen isomorphisms for m ≤ ν(n − 1). Since ν(n) → ∞ we can
inductively choose the isomorphisms to be compatible.

The obstruction to finding a log smooth deformation (P,MP) of
(P,MP) is by [24, 3.14] a class in H2(P, I⊗T(P,MP)/(B,MB)). Furthermore
this class is functorial. Since

H2(P, I ⊗ T(P,MP)/(B,MB)) → lim←−H
2(Pn, In ⊗ T(Pn,MPn

)/(Bn,MBn
))

(4.8.5.3)

is an isomorphism and the obstruction maps to zero in each H2(Pn, In ⊗
T(Pn,MPn

)/(Bn,MBn
)) this implies that there exists a log smooth deformation

(P ′,M ′
P).

The isomorphism classes of log smooth deformations are by [24, 3.14] a
torsor under the group H1(P, I ⊗ T(P,MP)/(B,MB)). Since

H1(P, I ⊗ T(P,MP)/(B,MB)) → lim←−H
1(Pn, In ⊗ T(Pn,MPn

)/(Bn,MBn
))

(4.8.5.4)

is an isomorphism we obtain a unique class τ ∈ H1(P, I ⊗ T(P,MP)/(B,MB))
from the collection

([(P ′,MP′) ⊗Bn]−[(Pn,MPn
)])∈ lim←−H

1(Pn, In⊗T(Pn,MPn
)/(Bn,MBn

)).

(4.8.5.5)

Changing our choice of (P ′,MP′) we then obtain the desired lifting (P,MP).
Finally the lifting of the polarization is obtained from the Grothendieck exis-
tence theorem [17, III.5.1.4] and the sheaves LPn

. This completes the proof
of 4.8.5. 	


4.8.6. Next we make some observations about formal log schemes. Let R be a
regular ring, and Q a fine saturated monoid with Q∗ = {0}. Let θ : Q→ P be
an integral morphism of fine monoids such that Coker(Qgp → P gp) is torsion
free. Note that this implies that P gp is torsion free as there is a short exact
sequence

0 �� Qgp s �� P gp t �� Coker(Qgp → P gp) �� 0, (4.8.6.1)

where s is injective since Q→ P is integral, and Qgp is torsion free since Q is
saturated with Q∗ = {0}.
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We then obtain a log smooth morphism of fine log schemes

Spec(P → R[P ]) → Spec(Q→ R[Q]). (4.8.6.2)

Let J ⊂ R[Q] be an ideal, and let

f : (X ,MX ) → (Y ,MY ) (4.8.6.3)

be the morphism of fine formal log schemes obtained by completing 4.8.6.2
along J .

Let x̄ → X be a geometric point, OX ,x̄ the local ring at x̄, and Nx̄ the
log structure on Spec(OX ,x̄) associated to the mapMX ,x̄ → OX ,x̄. Let ÔX ,x̄

denote the completion along the maximal ideal of the local ring OX ,x̄.

Lemma 4.8.7 The log scheme (Spec(OX ,x̄), Nx̄) is log regular in the sense
of [25, 2.1].

Proof. By [25, 3.1] and the openness of the log regular locus [25, 7.1], it suffices
to show that the log scheme

(Spec(ÔX ,x̄), Nx̄|Spec(ÔX ,x̄)) (4.8.7.1)

is log regular. But this log scheme is isomorphic to the scheme

Spec(ÔSpec(R[P ]),x̄) (4.8.7.2)

with log structure induced by the given map P → ÔSpec(R[P ]),x̄. The lemma
therefore follows from the fact that Spec(P → R[P ]) is log regular being log
smooth over a regular ring [25, 8.2]. 	

Lemma 4.8.8 Let Ux̄ ⊂ Spec(OX ,x̄) be the open set where Nx̄ is trivial.
Then

MX ,x̄ = {f ∈ OX ,x̄| f maps to a unit in Γ (Ux̄,OUx̄
)}. (4.8.8.1)

Proof. This follows from the preceding lemma and [25, 11.6]. 	

Corollary 4.8.9 Assume further that the natural map Qgp ⊕Q P → P gp is
an isomorphism. Then

MX ,x̄ = {f ∈ OX ,x̄| f maps to a unit in OX ,x̄ ⊗Z[Q] Z[Qgp]}. (4.8.9.1)

Lemma 4.8.10 With notation as in 4.8.2, let ω ∈ S be a simplex, (P �HS)ω

the monoid obtained by inverting elements which lie in Cone(1, ω), and let
(P � HS)ω,0 denote the degree 0 elements of (P � HS)ω. Then the natural
map

Hgp
S ⊕HS

(P �HS)ω,0 → (P �HS)gp
ω,0 (4.8.10.1)

is an isomorphism.

Proof. Since everything is invariant under the translation byX–action assume
that (1, 0) ∈ Cone(1, ω) ⊂ X, in which case for any (d, x) ∈ P we have

((d, x), 0) + ((d,−x), 0) = (2d(1, 0), 0) + h (4.8.10.2)

for some h ∈ HS . 	
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4.8.11. We can now complete the proof of 4.8.1.
That every object of the right side of 4.8.1.1 is in the essential image

follows immediately from 4.5.20 and the fact that the map

Q̃(B) → lim←−Q̃(Bn) (4.8.11.1)

is an equivalence of categories since Q̃ is algebraic (see for example [7, remark
on p. 182]). Also, since the stack A Alex

g,1 is algebraic, for any compatible family
of objects

(Gn,MBn
,Pn,MPn

, LPn
, Gn–action) ∈ lim←−Kg(Bn) (4.8.11.2)

the underlying compatible family (Gn,Pn, LPn
, Gn–action) of polarized

schemes with semi–abelian group action is obtained from a unique polarized
scheme with group action

(G,P, LP , G–action). (4.8.11.3)
Furthermore, since the stack Log(Spec(Z),O∗

Spec(Z))
defined in [42, 1.1] is alge-

braic, the functor

(fine log structures on Spec(B)) → lim←−(fine log structures on Spec(Bn))
(4.8.11.4)

is an equivalence of categories. Therefore the log structures MBn
are obtained

from a unique log structure MB on Spec(B). Let HS → B be a chart. Then
to prove 4.8.1 it suffices to show that if MP and M ′

P are log structures on
P under MB |P with an extension of the action of G defining an object of
Kg(B), then any compatible family of isomorphisms εn : MP |Pn

→M ′
P |Pn

under MBn
and respecting the G action is induced by a unique isomorphism

ε : MP → M ′
P . The uniqueness is immediate since P is proper so that ε is

determined by the maps on stalks at geometric points in the closed fiber.
For the existence of ε, note that by the deformation theory 4.3.3, there

exists a regular local ring R and a surjection δ : R[[HS ]] → B such that
(G,P, LP , G–action) is obtained by base change from a family

(G†,P†, LP† , G†–action) (4.8.11.5)

over R[[HS ]]. Let J ⊂ R[[HS ]] denote the kernel of δ, let a ⊂ R[[HS ]] denote
the inverse image of m ⊂ B, and let P†

n denote the reduction of P† modulo an.
Denote by P̂† the formal scheme obtained by taking the J–adic completion
of P†. Then by 4.8.5 there exist log structures M

P̂† and M ′
P̂† on P̂† lifting

MP and M ′
P and isomorphisms

ε†n :MP†
n
→M ′

P†
n

(4.8.11.6)

reducing to the isomorphisms εn. Combining 4.8.9 and 4.8.10 we then ob-
tain an isomorphism ε† : M

P̂† → M ′
P̂† inducing the isomorphisms ε†n. The

reduction modulo J of ε† then gives the desired isomorphism MP →M ′
P† .

Remark 4.8.12. In section 5.7 we will prove more general results about al-
gebraization of log structures.
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4.9 Completion of Proof of 4.6.2

Since both Kg and Q̃ are stacks with respect to the étale topology, the fol-
lowing proposition completes the proof of 4.6.2.

Proposition 4.9.1. (i) For any scheme T and object F ∈ Kg(T ), there exists
an étale cover U → T such that F |U ∈ Kg(U) is in the essential image of
Q̃(U) → Kg(U).
(ii) The functor Q̃ → Kg is fully faithful.

Proof. By a standard reduction we may assume that T is noetherian.
First we prove (i). Let

(G,MT ,P,MP , LP , G–action) (4.9.1.1)

denote the data corresponding to F . Forgetting the log structures we obtain
a morphism T → A Alex

g,1 . By the description of the deformation rings of Kg

provided by 4.3.3 (see also the proof of 4.5.17) this morphism in fact factors
through a morphism s : T → Q̃. Let M ′

T and M ′
P denote the log structures

on T and P respectively obtained by pulling back the log structures on Q̃
and the universal scheme over this stack. We then obtain a second object of
Kg(T )

(G,M ′
T ,P,M ′

P , LP , G–action) (4.9.1.2)

with the same underlying polarized scheme with semi–abelian action as F .
We claim that there exists a unique pair of isomorphisms of log structures

ι :MT →M ′
T , σ :MP →M ′

P , (4.9.1.3)

where σ is compatible with the G–action. Note that by 4.4.2 and 4.4.6 we
have already shown this when T is the spectrum of an Artinian local ring.
This implies in particular that the pair (ι, σ) is unique if it exists.

To construct (ι, σ) in general we proceed by noetherian induction. So we
assume that for any proper closed subscheme Z ⊂ T there exists a pair (ιZ , σZ)
over Z. Then we must show that the pair (ι, σ) also exists over T .

To construct (ι, σ), we first construct the isomorphisms ῑ :MT →M
′
T and

σ̄ :MP →M
′
P .

For this recall [32, II.3.10] that if j : U ↪→ T is an open set with complement
i : Z ↪→ T , then the category of sheaves in Tet is equivalent to the category
of triples (F1, F2, φ), where F1 is a sheaf on Zet, F2 is a sheaf on Uet, and
φ : F1 → i∗j∗F2 is a morphism of sheaves on Z. This equivalence is induced
by the functor sending a sheaf F on T to the triple with F1 = i∗F , F2 = j∗F ,
and φ the map i∗F → i∗j∗j

∗F induced by adjunction.
By the case of an Artinian local ring, we can find (ι, σ) over the generic

points of T , and hence by a standard limit argument there exists a dense open
set j : U ⊂ T and a pair (ιU , σU ) over U . Let i : Z ⊂ T be the complement of
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U . By the noetherian induction hypothesis we also have isomorphisms (ιZ , σZ)
over Z (with the reduced structure). To construct ῑ and σ̄ it therefore suffices
to show that the following diagrams commute

i∗MT −−−−→ i∗j∗j
∗MT

ιZ

⏐⏐�
⏐⏐�ιU

i∗M
′
T −−−−→ i∗j∗j

∗M
′
T ,

(4.9.1.4)

i∗PMP −−−−→ i∗PjP∗j
∗
PMP

σZ

⏐⏐�
⏐⏐�σU

i∗PM
′
P −−−−→ i∗PjP∗j

∗
PM

′
P .

(4.9.1.5)

Here the horizontal arrows are the adjunction maps, and jP : PU ⊂ P and
iP : PZ ⊂ P are the inclusions. To verify this we may work étale locally
on T , and hence may assume that T is the spectrum of a strictly henselian
local ring. Let T̂ denote the spectrum of the completion of Γ (T,OT ) at the
maximal ideal. We then have a commutative diagram with cartesian squares

Û
ĵ−−−−→ T̂

î←−−−− Ẑ

αU

⏐⏐�
⏐⏐�αT

⏐⏐�αZ

U
j−−−−→ T

i←−−−− Z.

(4.9.1.6)

Let MT̂ and M ′
T̂

denote the pullbacks of MT and M ′
T respectively to T̂ . We

then obtain a commutative diagram

î∗M T̂ = α∗
Zi

∗MT −−−−→ α∗
Zi

∗j∗j
∗MT = î∗α∗

T j∗j
∗MT

γ−−−−→ î∗ĵ∗ĵ
∗M T̂

iZ

⏐⏐� ιU

⏐⏐�
⏐⏐�ι

Û

î∗M
′
T̂ = α∗

Zi
∗M

′
T −−−−→ α∗

Zi
∗j∗j

∗M
′
T = î∗α∗

T j∗j
∗M

′
T

γ′
−−−−→ î∗ĵ∗ĵ

∗M
′
T̂ ,

(4.9.1.7)
where ιÛ is the pullback of ιU . Since the morphism αT is surjective, the maps
γ and γ′ are injective. It follows that to prove that 4.9.1.4 commutes it suffices
to consider T̂ . A similar argument shows that to prove that 4.9.1.5 commutes
we may replace T by T̂ . This reduces the construction of ῑ and σ̄ to the case
when T is the spectrum of a complete noetherian local ring. In this case the
result follows from 4.8.1.

So now we fix (ῑ, σ̄) and construct (ι, σ). Let Q be the functor over P–
schemes which to any f : S → P associates the set of isomorphisms of log
structures λ : f∗MP → f∗M ′

P inducing f∗σ̄ : f∗MP → f∗M
′
P .

Lemma 4.9.2 The functor Q is an algebraic space separated over P.
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Proof. The assertion is étale local on P. We may therefore assume that there
exists a fine monoid P and charts β1 : P →MP and β2 : P →M ′

P such that
the diagram

P P

β̄1

⏐⏐�
⏐⏐�β̄2

MP
σ̄−−−−→ M

′
P

(4.9.2.1)

commutes. Let α1 : P → OP and α2 : P → OP be the morphisms induced
by β1 and β2. Then as in 3.4.4 Q is represented by the scheme

SpecP(OP [P gp]/(α1(p)up = α2(p))p∈P , (4.9.2.2)

where for p ∈ P we write up ∈ OP [P gp] for the corresponding element of the
monoid algebra. 	


Let Sec(Q/P) denote the functor over T which to any S → T associates
the set of sections of the mapQS → PS obtained by base change. As explained
in [45, 1.5], the functor Sec(Q/P) is an algebraic space. Also, the group
scheme G acts naturally on Sec(Q/P). This is because by the construction
the isomorphism σ̄ is compatible with the G–action, and hence there is a
natural action of G on Q over P. Precisely, if f : S → P is a morphism,
λ ∈ Q(S) an isomorphism lifting σ, and g ∈ G(T ), then λg ∈ Q(S) is the
isomorphism (tg ◦ f)∗MP → (tg ◦ f)∗M ′

P making the diagram

(tg ◦ f)∗MP
�−−−−→ f∗MP

λg

⏐⏐�
⏐⏐�λ

(tg ◦ f)∗M ′
P

�−−−−→ f∗M ′
P

(4.9.2.3)

commute. It follows that the group scheme G also acts on Sec(Q/P). Define
I to be the fiber product of the diagram

Sec(Q/P)

∆

⏐⏐�
G× Sec(Q/P)

pr2×ρ−−−−→ Sec(Q/P) ×T Sec(Q/P),

(4.9.2.4)

where ρ denotes the action. Then we wish to show that the map I → T is an
isomorphism. Since I is an algebraic space, this follows from the fact that for
any artinian local ring B the map I(B) → S(B) is an isomorphism. We thus
obtain the morphism σ.

To obtain the morphism ι, choose (after replacing T by an étale cover)
charts β : H →MT and β′ : H →M ′

T such that the diagram

H H

β̄

⏐⏐�
⏐⏐�β̄′

MT
ῑ−−−−→ M

′
T

(4.9.2.5)
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commutes. Then for any h ∈ H there exists a unique unit u(h) ∈ Γ (P,O∗
P)

such that the image of h in MP maps under σ to λ(u(h)) plus the image of h
in M ′

P under the composite H → M ′
T → M ′

P . Since Γ (P,O∗
P) = Γ (T,O∗

T )
this defines the isomorphism ι. This completes the proof of (i).

To prove (ii), let o1, o2 ∈ Q̃(T ) be two objects over some scheme T . We
then obtain inclusions of sheaves on the big étale site of T

IsomQ̃(o1, o2) ⊂ IsomKg
(o1, o2) ⊂ IsomA Alex

g,1
(o1, o2), (4.9.2.6)

where we abusively also write oi for the image of oi in Kg and A Alex
g,1 (to verify

that the second map is inclusion note that it suffices to do so for scheme-
valued points over artinian local rings where it follows from the results of
section 4.4). We then wish to show that the first inclusion is an isomorphism.
For this it suffices to show that if ι ∈ IsomA Alex

g,1
(o1, o2)(T ) is a section in the

image of IsomKg
(o1, o2)(T ) then in fact ι lies in IsomQ̃(o1, o2)(T ). Since both

IsomQ̃(o1, o2) and IsomA Alex
g,1

(o1, o2) are representable by schemes over T , to
verify this it suffices to consider the case when T is an artinian local ring.

Let W3,n be as in 4.5.14, and let (W sat
3,n ,M

sat
W3,n

) denote the saturation of the
log scheme (W3,n,MW3,n

).= (so by 4.5.20 we have a locally closed immersion
W3,n ↪→ Q̃).

We then obtain a commutative diagram

W sat
3,n

��
T

o1

��o2
��

ι �� W3,n.

(4.9.2.7)

The following lemma therefore completes the proof of 4.9.1 as it shows that
to give an isomorphism between o1 and o2 in Kg is precisely equivalent to
giving an isomorphism in Q̃. 	


Lemma 4.9.3 There exists an isomorphism h : o∗1MW sat
3,n

→ o∗2MW sat
3,n

filling
in the diagram

o∗1MW sat
3,n

h

���
�
�
�
�
�
�

ι∗MW3,n

������������

����
���

���
��

o∗2MW sat
3,n

(4.9.3.1)

if and only if ι is induced by an isomorphism in W sat
3,n , in which case h is

unique.
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Proof. The uniqueness of h is clear as the maps ι∗MW3,n
→ o∗iMW sat

3,n
identify

the sheaves o∗iMW sat
3,n

with the saturation of ι∗MW3,n
. It is also clear that if

ι is induced by an isomorphism in W3,n then there is a map h filling in the
diagram.

Conversely, assume that h exists and let (T sat,Msat) denote the saturation
of the log scheme (T, ι∗MW3,n

). Then the diagram

T sat ��

��

W sat
3,n

��
T �� W3,n

(4.9.3.2)

is cartesian, so the maps oi are obtained from a unique set of sections si :
T → T sat. The existence of h then implies that we can extend these sections
to obtain a commutative diagram of log schemes

(T sat,MT sat)

��
(T, o∗1MW sat

3,n
)

s2

��s1
��

�� (T, ι∗MW3,n
).

(4.9.3.3)

By the universal property of the saturation of a log scheme it follows that
s1 = s2. 	




5

Moduli of Abelian Varieties with Higher
Degree Polarizations

Fix integers g, d ≥ 1 and let Ag,d denote the moduli stack associating to a
scheme T the groupoid of pairs (A, λ), where A is an abelian scheme over T
and λ : A→ At is a polarization of degree d. Recall that this means that the
kernel of λ is a finite flat group scheme over T of rank d2, and that fppf locally
on T there exists an ample line bundle L on A such that the map

λL : A→ At, a �→ [t∗aL⊗ L−1]

is equal to λ. In this case if f : A → T is the structural morphism then f∗L
is locally free of rank d on T and its formation commutes with arbitrary base
change on T (see for example [36, I, §1] for a summary of basic properties of
ample line bundles on abelian varieties).

The stack Ag,d is a Deligne–Mumford stack over Z. Our aim in this section
is to modify the techniques of the previous section to give a compactification
Ag,d ↪→ A g,d. For d = 1 this compactification agrees with the one constructed
in the previous chapter (though as mentioned in the introduction the moduli
interpretation is different, as reflected in the notation).

5.1 Rethinking Ag,d

5.1.1. Let Tg,d denote the stack over Z associating to any scheme T the
groupoid of triples (A,P,L), where A is an abelian scheme of dimension g
over T , f : P → T is an A–torsor, and L is an ample invertible sheaf on P
such that f∗L is locally free of rank d on T .

Note that for such a triple (A,P,L)/T we obtain by 3.1.1 a morphism

λL : A→ At. (5.1.1.1)

The kernel of this morphism is a finite flat group scheme over T of rank d2.
Indeed this can be verified fppf locally on T when P is trivial where it follows

M.C. Olsson, Compactifying Moduli Spaces for Abelian Varieties. Lecture Notes 135
in Mathematics 1958.
c© Springer-Verlag Berlin Heidelberg 2008
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from the theory of abelian varieties. We will denote this group scheme by
H(P,L), or just H(L) if no confusion seems likely to arise.

Let G(A,P,L) denote the functor which to any T–scheme T ′ → T associates
the group of automorphisms of the base change (PT ′ , LT ′) which commute
with the action of AT ′ . We refer to G(A,P,L) as the theta group of (A,P,L).

Lemma 5.1.2 For any section α ∈ G(A,P,L)(T ) there exists a unique section
x ∈ H(L)(T ) such that the automorphism αP : P → P is given by translation
by x.

Proof. By the uniqueness part of the lemma and descent theory, we may
work fppf–locally on T and may therefore assume that P is trivial. In this
case αP is given by an automorphism of A (not necessarily respecting the
group structure) which commutes with translation. By [34, 6.4] there exists
a section x ∈ A such that αP = tx ◦ h, where h is a homomorphism and tx
denotes translation by x ∈ A(B) (note that x is uniquely defined by αP as
x = αP (e)). Since αP commutes with the A-action, we have for any sections
y, z ∈ A(T ) an equality

z+x+h(y) = z+αP (y) = αP (y+z) = x+h(y+z) = x+h(y)+h(z). (5.1.2.1)

This implies that h(z) = z and hence h is the identity. It follows that αP = tx
for a unique section x ∈ A(B). And since t∗xL is isomorphic to L this section x
must be an element of H(L). 	


5.1.3. By the lemma there is a canonical homomorphism G(A,P,L) → H(L).
This morphism is surjective. Indeed by the definition of H(L), for any x ∈
H(L) there exists fppf locally on T an isomorphism t∗xL � L. The choice of
such an isomorphism defines a lifting of x to G(A,P,L). It follows that the group
scheme G(A,P,L) sits in a short exact sequence

1 → Gm → G(A,P,L) → H(L) → 1. (5.1.3.1)

Let AutTg,d
(A,P,L) denote the functor of automorphisms of the triple

(A,P,L), and let Aut(A, λ) denote the group scheme of automorphisms σ :
A→ A of the abelian scheme A such that the diagram

A
σ−−−−→ A

λL

⏐⏐�
⏐⏐�λL

At σ∗
←−−−− At

(5.1.3.2)

commutes. There is a natural short exact sequence

1 → G(A,P,L) → AutTg,d
(A,P,L) → Aut(A, λ). (5.1.3.3)
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Proposition 5.1.4. The natural functor

F : Tg,d → Ag,d, (A,P,L) �→ (A, λL) (5.1.4.1)

induces an isomorphism between Ag,d and the rigidification of Tg,d with re-
spect to the normal subgroups G(A,P,L) ⊂ AutTg,d

(A,P,L).

Proof. For any scheme T and point x ∈ Ag,d(T ), there exists evidently an fppf
cover of T such that x is in the essential image of F . It therefore suffices to
show that F induces a fully faithful functor from the rigidication of Tg,d. For
this in turn it suffices to show that for any two objects (Ai, Pi, Li) ∈ Tg,d(T )
(i = 1, 2) the natural map

G(A1,P1,L1)\IsomTg,d
((A1, P1, L1), (A2, P2, L2))⏐⏐�

IsomAg,d
((A1, λL1), (A2, λL2))

(5.1.4.2)

is an isomorphism of sheaves for the fppf topology. This map is injective by the
definition of G(A1,P1,L1). Thus what remains to show is that any isomorphism
h : A1 → A2 such that the diagram

A1
h−−−−→ A2

λL1

⏐⏐�
⏐⏐�λL2

At
1

h∗
←−−−− At

2

(5.1.4.3)

commutes extends fppf locally on T to an isomorphism (A1, P1, L1) →
(A2, P2, L2). To prove this we may as well assume that P1 and P2 are triv-
ial and can assume that T is the spectrum of a strictly henselian local ring.
The commutativity of 5.1.4.3 then implies that for every scheme–valued point
x ∈ A1

t∗xh
∗L2 ⊗ h∗L−1

2 � h∗(t∗h(x)L2 ⊗ L−1
2 ) � t∗xL1 ⊗ L−1

1 . (5.1.4.4)

Rearranging the equation we find that

t∗x(h∗L2 ⊗ L−1
1 ) � h∗L2 ⊗ L−1

1 . (5.1.4.5)

This implies that h∗L2 ⊗ L−1
1 is isomorphic to t∗aL1 ⊗ L−1

1 for some section
a ∈ A1 (see for example [35, Chapter II, §8]). Therefore h∗L2 � t∗aL1 or
equivalently t∗−ah

∗L2 � L1 for some a ∈ A1. Fixing one such isomorphism ι
we obtain an isomorphism in Tg,d

h : A1 → A2, h ◦ t−a : P1 → P2, ι : t∗−ah
∗L2 � L1. (5.1.4.6)
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The proof also shows the following:

Corollary 5.1.5 The exact sequence 5.1.3.3 of fppf sheaves is also exact on
the right.

5.1.6. Proposition 5.1.4 is the starting point for our construction of a com-
pactification of Ag,d. Let us briefly outline the construction. We will first
construct an open dense embedding Tg,d ⊂ T g,d, where T g,d classifies cer-
tain log schemes together with a line bundle and action of a semiabelian group
scheme. The tautological theta group G over Tg,d extends canonically to T g,d

and we construct A g,d as the rigidification of T g,d with respect to this exten-
sion of the theta group. We then show that A g,d is proper over Z with finite
diagonal, and describe its local structure.

5.2 The Standard Construction

In this section we give a construction which will describe the geometric points
of T g,d as well as the local rings of the boundary.

5.2.1. Let B be a base scheme and X a lattice of rank r dual to a torus TX .
We fix the following data:

(i) An inclusion φ : Y → X of a sublattice with X/Y a finite group of
order d1.

(ii) An abelian scheme A of relative dimension g−r over B together with an
ample rigidified line bundle M defining a polarization of degree d2 on A
such that d1d2 = d.

(iii) A homomorphism c : X → At corresponding as in 2.1.8 to an extension

0 → TX → G→ A→ 0. (5.2.1.1)

For x ∈ X we write Lx for the rigidified line bundle on A corresponding
to c(x).

(iv) A homomorphism ct : Y → A such that the diagram

Y
φ−−−−→ X

ct

⏐⏐�
⏐⏐�c

A
λM−−−−→ At

(5.2.1.2)

commutes.
(v) An integral regular X-periodic paving S of XR.
(vi) A trivialization τ of the biextension (ct × c)∗B−1 such that the induced

trivialization of (ct × c ◦ φ)∗B−1 over Y × Y is compatible with the
symmetric structure.

(vii) A trivialization ψ of (ct)∗M−1 over Y inducing (as in 2.2.10) τ |Y ×Y .
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Define H̃S and HS as in 4.1. Recall that by 4.1.6 the monoid HS is finitely
generated.

Lemma 5.2.2 For any y ∈ Y and x ∈ X the sheaf t∗ct(y)(M
d ⊗ Lx) is étale

locally on B (non–canonically) isomorphic to M d ⊗ Lx+dφ(y).

Proof. By the theorem of the square, for a, b ∈ A we have

t∗aM ⊗ t∗bM � t∗a+bM ⊗ M ,

after possibly replacing B by an étale covering. Using this and induction we
have

t∗ct(y)(M
d) � (t∗dct(y)M ) ⊗ M d−1.

Since 5.2.1.2 commutes, we have

Lx+dφ(y) = Lx ⊗ Ldφ(y) = Lx ⊗ t∗dct(y)M ⊗ M−1

so
M d ⊗ Lx+dφ(y) � M d−1 ⊗ Lx ⊗ t∗dct(y)M . (5.2.2.1)

Also

t∗ct(y)(M
d ⊗ Lx) � t∗ct(y)(M

d) ⊗ t∗ct(y)Lx

� t∗dct(y)(M ) ⊗ M d−1 ⊗ t∗ct(y)Lx.

Since t∗ct(y)Lx is isomorphic to Lx this gives the lemma. 	


5.2.3. To give an isomorphism

t∗ct(y)(M
d ⊗ Lx) → M d ⊗ Lx+dφ(y)

is therefore equivalent to giving a section of

(M d ⊗ Lx)(ct(y)).

Therefore the section ψ(y)dτ(y, x) defines a morphism, which we denote by
the same letter,

ψ(y)dτ(y, x) : t∗ct(y)(M ⊗ Lx) → M d ⊗ Lx+dφ(y). (5.2.3.1)

5.2.4. Let β : HS → OB be a morphism sending the nonzero elements of HS

to the nilradical of OB . Define P to be the integral points of Cone(1, XR) ⊂
R ⊕XR, and define

R = ⊕(d,x)∈P M d ⊗ Lx

to be the quasi–coherent sheaf of algebras with algebra structure defined as
in 4.1.10.2. We let P̃ denote the scheme Proj

A
(R). As in 4.1.10 there is a

natural log structure M
P̃

so that we have a log smooth integral morphism
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(P̃,M
P̃

) → (B,MB), (5.2.4.1)

where MB denotes the log structure associated to β. As in 4.1.14, there is a
natural action of G on (P̃,M

P̃
) over (B,MB) and the maps 5.2.3.1 define

an action of Y on P̃ commuting with the G–action, together with a natural
lifting of the Y -action to the line bundle O

P̃
(1). Taking the quotient by the

Y –action we obtain a log smooth integral morphism

(P,MP) → (B,MB),

a G–action on (P,MP) over (B,MB), and a relatively ample invertible sheaf
LP on P. We refer to this collection of data as the standard family.

Remark 5.2.5. As in 4.1.21, the actions of Y and TX on the line bundle
O

P̃
(1) do not commute but rather satisfy the “Heisenberg relation”: For

sections y ∈ X and u ∈ T (B) with resulting automorphisms Ty and Su of
(P̃,M

P̃
,O

P̃
(1)), we have

u(y) ◦ Su ◦ Ty = Ty ◦ Su, (5.2.5.1)

where Gm acts on (P̃,M
P̃
,O

P̃
(1)) via multiplication on O

P̃
(1).

Proposition 5.2.6. Let f : P → B denote the structural morphism. Then
f∗LP is locally free of rank d on B and the formation of f∗LP commutes
with arbitrary base change.

Proof. We can without loss of generality assume that B is affine and look at
global cohomology.

It follows from the construction that

H0(P, LP) � H0(P̃,O
P̃

(1))Y . (5.2.6.1)

If π : P̃ → A is the projection, then by the same argument used in the proof
of 4.3.6 the sheaf π∗OP̃

(1) is isomorphic to
∏

x∈X M ⊗ Lx. It follows that

H0(P̃,O
P̃

(1))Y = (
∏
x∈X

H0(A,M ⊗ Lx))Y . (5.2.6.2)

Thus choosing liftings xi ∈ X of the elements of X/Y we see that H0(P, LP)
is noncanonically isomorphic to

∏
xi

H0(A,M ⊗ Lxi
). (5.2.6.3)

From this and standard base change properties of ample sheaves on abelian
varieties the proposition follows. 	
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Remark 5.2.7. The isomorphism

H0(P, LP) � (
∏
x∈X

H0(A,M ⊗ Lx))Y (5.2.7.1)

shows that in the case when B is a field, there is a Zariski dense open subset of
H0(P, LP) consisting of sections whose zero loci do not contain any G-orbits
(see [3, 5.2.7]). Furthermore if M is very ample on A then it also shows that
the adjunction map f∗f∗LP → LP is surjective.

5.2.8. Fix positive integers g and d. Let T g,d be the stack over Z which to
any scheme B associates the groupoid of data

(G,MB , f : (P,MP) → (B,MB), LP)

such that:

(i) G is a semi-abelian scheme of relative dimension g over B.
(ii) MB is a fine log structure on B.
(iii) f is log smooth and G acts on (P,MP) over (B,MB).
(iv) For every geometric point b̄ → B, the fiber (Gb̄,Pb̄,MPb̄

, LPb̄
) is iso-

morphic to the collection of data obtained from the saturation of the
standard construction. Note in particular that this implies that f∗LP is
a locally free sheaf whose formation commutes with arbitrary base change
on B.

(v) The locally free sheaf f∗LP has rank d.

In what follows we will show that a certain rigidification of T g,d provides a
compactification of Ag,d.

5.2.9. Already we can see that once we show that T g,d is algebraic then the
substack Tg,d ⊂ T g,d will be dense.

For this let R be a complete local ring and fix data as in 5.2.1 for
B = Spec(R). Also fix a map β : Hsat

S → R sending all nonzero elements
to the maximal ideal. The map β defines a surjection V [[Hsat

S ]] → R where
V [[Hsat

S ]] is the completion of the monoid algebra V [Hsat
S ] along the ideal

defined by the map to R/mR. We can then lift the data (i)-(vii) in 5.2.1 to
V [[Hsat

S ]] simply by pulling back along the retraction V → V [[Hsat
S ]]. Apply-

ing the standard construction over V [[Hsat
S ]] we obtain a compatible family

of polarized projective schemes (Pn, Ln) with action of a semi-abelian group
scheme Gn over the reductions of V [[Hsat

S ]]. By Grothendieck’s existence the-
orem this family is uniquely algebraizable to a proper polarized scheme (P,L)
over V [[Hsat

S ]]. Furthermore, by [13, Chapter III, section 4] the group schemes
Gn are uniquely algebraizable to a semiabelian group scheme G over V [[Hsat

S ]]
which acts on P . The generic fiber of this polarized scheme with G-action then
gives a point of Tg,d specializing to our given point of T g,d.
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5.3 Another Interpretation of P̃ → P

5.3.1. Let B be a scheme, and fix data as in 5.2.1 defining the standard
family

(P,MP , LP) → (B,MB). (5.3.1.1)

Let f : P → B denote the projection. The morphism f is flat since it is
the underlying morphism of an integral log smooth morphism 2.3.19. Also by
the same argument proving 4.3.4 one sees that the map OB → f∗OP is an
isomorphism (and the same holds after arbitrary base change B′ → B). Let
Pic(P) be the fibered category over B which to any B′ → B associates the
groupoid of line bundles on PB′ . By [7, Appendix], the stack Pic(P) is an
algebraic stack over B and in fact a Gm–gerbe over the relative Picard functor
PicP/B . The stack Pic(P) is in fact a Picard stack (see [8, XVIII] for the
notion of a Picard stack).

We also consider the stack TORSP(X) which to any scheme B′ → B
associates the groupoid of X–torsors over PB′ . The stack TORSP(X) is also
a Picard stack over B.

For any X–torsor P̃ → P, we obtain a functor

F
P̃

: T → Pic(P), (5.3.1.2)

by associating to any u ∈ T = Hom(X,Gm) the Gm-torsor

P̃ ×X,u Gm. (5.3.1.3)

In fact F
P̃

is naturally a morphism of Picard stacks (where T is viewed as
a discrete Picard stack with no nontrivial automorphisms). In this way we
obtain a morphism of Picard stacks

F : TORSP(X) → HOM(T,Pic(P)), (5.3.1.4)

where the right side of 5.3.1.4 denotes the Picard stack of morphisms of Picard
stacks T → Pic(P) (see [8, XVIII.1.4.7] for the definition of a morphism of
Picard stacks).

Theorem 5.3.2 The morphism 5.3.1.4 is an equivalence of Picard stacks.

Proof. The map 5.3.1.4 induces a morphism of fppf sheaves on B

R1f∗X → H om(T,PicP/B). (5.3.2.1)

By [3, 4.2.4] this map is an isomorphism. From this it follows in particular
that any homomorphism T → PicP/B lifts fppf locally on B to a morphism of
Picard stacks T → Pic(P). Therefore HOM(T,Pic(P)) is a Hom(T,Gm) =
X–gerbe over H om(T,PicP/B).

Similarly, TORSP(X) is aX–gerbe over R1f∗X, and the morphism 5.3.1.4
is a morphism of X-gerbes over the isomorphism 5.3.2.1. From this it follows
that 5.3.1.4 is an isomorphism. 	
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Proposition 5.3.3. Let π : P̃ ×Y X → P be the X–torsor obtained by
pushing forward along Y ⊂ X the Y –torsor P̃ → P defined in the standard
construction. Then P̃ ×Y X maps under F to the morphism of Picard stacks
T → Pic(P) sending u ∈ T to u∗LP ⊗ L−1

P .

Proof. By construction the action of T on P̃ lifts to an action on π∗LP . This
lifting of the action defines for any u ∈ T a trivialization of π∗(u∗LP ⊗L−1

P ).
This defines an isomorphism of Gm–torsors

P̃ × Gm → P̃ ×P (u∗LP ⊗ L−1
P ). (5.3.3.1)

If we let Y act on the left side by

y ∗ (p̃, w) = (Ty(p̃), u(y) · w), (5.3.3.2)

then this isomorphism is even compatible with the Y -actions because of the
Heisenberg relation 5.2.5. Taking the quotient by the Y -action we obtain an
isomorphism

P̃ ×Y,u Gm � u∗LP ⊗ L−1
P . (5.3.3.3)

	


5.3.4. As in 4.3.19, we can recover from

(P, LP , G− action) (5.3.4.1)

the paving S, the subgroup Y ⊂ X, and the maps c : X → A and ct : Y → At.
From 5.3.2 and 5.3.3 we recover the X-torsor

Q̃ := P̃ ×Y X. (5.3.4.2)

Let Q̃o denote a connected component of Q̃. We then recover Y ⊂ X as the
subgroup of elements fixing Q̃◦. We also obtain the G-action on Q̃o as in
4.3.19, as well as a lifting of the TX -action to Lo

Q̃
. Now observe that the Y -

torsor P̃ is isomorphic to Q̃o, and that any isomorphism is well-defined up to
composition with translation by an element of Y . Because of the “Heisenberg
relation” (which also holds by the construction in this context) there in fact
exists a unique isomorphism of Y -torsors with line bundles

(P̃, L
P̃

) � (Q̃o, L
Q̃o) (5.3.4.3)

compatible with the torus actions on the line bundles. In this way we recover
(P̃, L

P̃
) up to unique isomorphism.

As in 4.3.19, we then also obtain a map

f : P̃ → A (5.3.4.4)
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well-defined up to translation by an element of A. Define ct : Y → A by
sending y ∈ Y to the unique element ct(y) ∈ A(B) such that the diagram

P̃
ty−−−−→ P̃

f

⏐⏐�
⏐⏐�f

A
tct(y)−−−−→ A

(5.3.4.5)

commutes. As in 4.3.19 we also obtain line bundles L(d,x) on A as the x-
eigenspaces in f∗Ld

P̃
and the resulting maps

L(d,x) ⊗ L(s,y) → L(d+s,x+y) (5.3.4.6)

determine the paving S. Finally we recover c : X → At by sending x ∈ X to
the class of the line bundle

L(1,x) ⊗ (L(1,0))−1. (5.3.4.7)

5.4 The Theta Group

5.4.1. Let (P,MP) → (B,MB) be a log smooth morphism with polarization
LP and G–action obtained from the standard construction as in the preced-
ing section. Let G(P,MP ,LP) denote the functor associating to any B–scheme
T the group of automorphisms of the base change (PT ,MPT

, LPT
) over

(T,MB |T ) commuting with the GT –action. Note that there is a natural inclu-
sion Gm ↪→ G(P,MP ,LP) induced by the action of Gm on LP . The subgroup
Gm ⊂ G(P,MP ,LP) is central. We define

H(P,MP , LP) := G(P,MP ,LP)/Gm.

The main result of this section is the following:

Theorem 5.4.2 (i) The functor G(P,MP ,LP) is a group scheme.
(ii) There is a natural exact sequence

1 → G(A,M )
a−−−−→ G(P,MP ,LP) −−−−→ D(X/Y ) ×X/Y → 1, (5.4.2.1)

where the map a sends Gm to Gm via the identity map.
(iii) The group scheme H(P,MP , LP) is a finite flat abelian group scheme
of rank d2 = d21d

2
2 over B (note that by 5.2.6 d2 is also equal to the square of

the rank of the vector bundle f∗LP on B).
(iv) The pairing

e : H(P,MP , LP) ×H(P,MP , LP) → Gm

sending x, y ∈ H(P,MP , LP) to the commutator x̃ỹx̃−1ỹ−1 is a perfect pair-
ing. Here x̃, ỹ ∈ G(P,MP ,LP) are liftings of x and y. Note that since Gm is
central the expression x̃ỹx̃−1ỹ−1 is independent of the choices.
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The proof will be in several steps. In what follows we write just H for the
functor H(A,M ) and G for G(A,M ). Let j : H ↪→ A be the inclusion.

Lemma 5.4.3 ([11, 4.3 (ii)]) Let E′ → H × Y denote the pullback of the
Poincare biextension over A×At by the morphism

j × λM ◦ ct : H × Y → A×At.

Then there is a canonical trivialization σ : H × Y → E′ whose formation is
compatible with arbitrary base change on B.

Proof. Consider the commutative diagram

A×At A×At

A×A

1×λM

��

A×A

1×λM

��

flip
��

Y ×H

ct×0

��

ct×j

��

H × Y.
flip

��

j×ct

�� j×λM◦ct

�� (5.4.3.1)

We then have isomorphisms of biextensions

E′ � (j × λM ◦ ct)∗B
� (j × ct)∗(1 × λM )∗B
� (j × ct)∗flip∗(1 × λM )∗B (symmetric structure on B)
� flip∗(ct × j)∗(1 × λM )∗B
� flip∗(ct × 0)∗B,

and (ct × 0)∗B is canonically trivialized by 2.2.4. 	

Remark 5.4.4. The trivialization of E′ can be described more explicitly as
follows.

By descent theory it suffices to construct σ fppf locally on B.
Let z ∈ H be a point and y ∈ Y an element. Then the fiber of E′ over

(z, y) is equal to the fiber over z of the rigidified line bundle t∗yM ⊗ M−1 ⊗
M (y)−1 ⊗ M (0). Equivalently E′

(z,y) is isomorphic to the fiber over 0 of the
line bundle

t∗yt
∗
zM ⊗ t∗zM−1 ⊗ M (y)−1 ⊗ M (0).

Since z ∈ H there exists after replacing B by an fppf cover an isomorphism
t∗zM → M . Choose one such isomorphism ρ : t∗zM → M . The resulting
isomorphism

ρ⊗ ρt : t∗yt
∗
zM ⊗ t∗zM−1 → t∗yM ⊗ M−1

is then independent of the choice of ρ (any other choice of ρ differs by multi-
plication by a unit u and (uρ)t = u−1ρt). This isomorphism therefore defines
a canonical section of E′

(z,y). We leave to the reader the verification that this
trivialization agrees with the one defined in 5.4.3.
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5.4.5. Let E′′ → Y ×X denote the pullback of the Poincare biextension via
the map ct × c : Y × X → A × At, and let E′′′ denote the pullback of the
Poincare biextension to {0} × Y via the map c ◦ φ : Y → At. We then have a
commutative diagram

E′ ←−−−− E′′′ −−−−→ E′′
⏐⏐�

⏐⏐�
⏐⏐�

H × Y ←−−−− {0} × Y −−−−→ Y ×X,

and hence we get by restriction two maps σ|Y , τ |Y : {0} × Y → E′′′.

Lemma 5.4.6 These two morphisms {0} × Y → E′′′ are equal.

Proof. The fiber of E′′′ over (0, y) is equal to Lφ(y)(0). Since Lφ(y) is rigidified
there is a given section. It follows from the construction of σ that σ|Y (y) in
fact is equal to this section. The same is true of τ |Y . This can be seen by noting
that the restriction of τ to Y × Y is given by the section ψ : Y → φ∗c∗M−1

which shows that the section

τ |Y (y) ∈ M (y) ⊗ M (0) ⊗ M (y)−1 ⊗ M (0)−1

is equal to the section ψ(y) ⊗ 1 ⊗ ψ(y)−1 ⊗ 1, where 1 ∈ M (0) denotes any
rigidification. 	


5.4.7. Let E → (H × Y ) × X denote the biextension obtained by pulling
back the Poincare biextension via the map

(j × ct) × c : (H × Y ) ×X → A×At, (h, y, x) �→ (j(h) + ct(y), c(x)).

There is then a commutative diagram

E′ −−−−→ E ←−−−− E′′
⏐⏐�

⏐⏐�
⏐⏐�

H × Y s−−−−→ (H × Y ) ×X t←−−−− Y ×X,

where s is the map (h, y) �→ (h, 0, φ(y)) and t is the map (y, x) �→ (0, y, x).

Lemma 5.4.8 There exists a unique trivialization γ : (H × Y ) ×X → E of
the biextension E such that s∗γ is equal to σ and t∗γ is equal to τ .

Proof. The square
Y

v−−−−→ Y ×X

w

⏐⏐�
⏐⏐�t

H × Y s−−−−→ (H × Y ) ×X
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is both cartesian and cocartesian, where v is the map y �→ (0, φ(y)) and w
is the map y �→ (0, y). It follows from this and 5.4.6 that there is a unique
morphism of sheaves of sets

γ : (H × Y ) ×X → E

with s∗γ = σ and t∗γ = τ . We have to check that γ is compatible with
the symmetric biextension structure. This is equivalent to showing that the
following diagrams commute

(H × Y ) × (H × Y ) ×X +×id−−−−→ (H × Y ) ×X

p∗
13(γ)∧p∗

23(γ)

⏐⏐�
⏐⏐�γ

p∗13E ∧ p∗23E
ϕ−−−−→ E,

(5.4.8.1)

where p13 and p23 are the two projections

(H × Y ) × (H × Y ) ×X → (H × Y ) ×X, (5.4.8.2)

and
(H × Y ) ×X ×X id×+−−−−→ (H × Y ) ×X

q∗
12(γ)×q∗

13(γ)

⏐⏐�
⏐⏐�γ

q∗12E ∧ p∗13E
ψ−−−−→ E,

(5.4.8.3)

where q12 and q13 are the two projections

(H × Y ) ×X ×X → (H × Y ) ×X. (5.4.8.4)

This follows from the observation that the diagrams

Y
0×0×φ−−−−→ Y × Y ×X

0×0×id

⏐⏐�
⏐⏐�

(H ×H) × Y −−−−→ (H × Y ) × (H × Y ) ×X

and
Y × Y 0×φ×φ−−−−−→ Y ×X ×X⏐⏐�

⏐⏐�
H × Y × Y −−−−→ (H × Y ) ×X ×X

are cocartesian and the fact that s∗γ = σ and t∗γ = τ . 	


5.4.9. Let Ẽ → (G × Y )×X denote the pullback of E and let γ̃ : (G × Y ×
X) → Ẽ be the pullback of γ. This trivialization γ̃ defines an action of G×Y on
(P̃,M

P̃
,O

P̃
(1)) whose restriction to {1}×Y is the previously defined action.
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This action of G × Y is defined as follows. Let g = (a, ι : t∗aM → M ) ∈ G ,
y ∈ Y be sections. We then define for every (d, x) ∈ P a morphism

σ(d,x)
g,y : t∗a+y(M d ⊗ Lx) → M d ⊗ Lx+dy. (5.4.9.1)

For this note first that since t∗aM is isomorphic to M , we have noncanonical
isomorphisms

t∗a+y(M d ⊗ Lx) � t∗y(M d ⊗ Lx) � M d ⊗ Lx+dy,

where the second isomorphism is by 5.2.2. Note also that ι induces an isomor-
phism

t∗a+y(M d ⊗ Lx) � t∗yM d ⊗ t∗a+yLx.

Therefore giving the map 5.4.9.1 is equivalent to giving a section of

M d(y) ⊗ Lx(a+ y).

We take the section ψ(y)dγ((a, ι), y, x).

Proposition 5.4.10. The maps σ(d,x)
g,y define an action of G × Y on the log

scheme with line bundle (P̃,M
P̃
, L

P̃
).

Remark 5.4.11. Passing to the quotient by the Y –action we obtain the in-
clusion

G ↪→ G(P,MP ,LP)

in 5.4.2.1.

Proof. It suffices to show that for every d, d′ ≥ 0, g = (a, ιa : t∗aM → M ),
g′ = (a′, ιa′ : t∗a′M → M ) ∈ G , y, y′ ∈ Y , and x, x′ ∈ X the following two
diagrams commute:

t∗a+y(M d ⊗ Lx) ⊗ t∗a+y(M d′ ⊗ Lx′)

can

��

σ(d,x)
g,y ⊗σ(d′,x′)

g,y�� M d ⊗ Lx+dy ⊗ Lx′+dy′

can

��
t∗a+y(M d+d′ ⊗ Lx+x′)

σ(d+d′,x+x′)
g,y �� M d+d′ ⊗ Lx+x′+(d+d′)y,

(5.4.11.1)

t∗a′+y′t∗a+y(M d ⊗ Lx)

can

��

t∗a′+y′σ(d,x)
g,y�� t∗a′+y′(M d ⊗ Lx+dy)

σ
(d,x+dy)
g′,y′

��
t∗a+a′+y+y′(M d ⊗ Lx)

σ
(d,x)
g+g′,y+y′

�� M d ⊗ Lx+d(y+y′).

(5.4.11.2)

For the commutativity of 5.4.11.1 note first that by the definition of the
maps σ(d,x)

g,y the result holds if x = 0 and d′ = 0, d = 0 and x′ = 0, or if
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x = x′ = 0. It follows that to prove the commutativity of 5.4.11.1 it suffices
to consider the following two cases:

Case 1: d = d’ = 0. In this case we are asking for the commutativity of
the diagram

(t∗a+yLx) ⊗ (t∗a+yLx′)
γ̃(g,y,x)⊗γ̃(g,y,x′)−−−−−−−−−−−−→ Lx ⊗ L′

x

can

⏐⏐�
⏐⏐�can

t∗a+yLx+x′
γ̃(g,y,x+x′)−−−−−−−→ Lx+x′ ,

(5.4.11.3)

which holds by the additivity of γ̃ in x.
Case 2: x = x′ = 0, and d = d′ = 1. In this case we are asking for the

commutativity of the following diagram:

t∗a+y(M ) ⊗ t∗a+y(M ) ιa⊗ιa ��

can

��

t∗yM ⊗ t∗yM

ψ(y)⊗ψ(y)

��
t∗a+yM 2

ι2a
��

M ⊗ Ly ⊗ M ⊗ Ly

can

��
t∗yM 2 ψ(y)2 �� M 2 ⊗ L2y,

(5.4.11.4)

which is immediate.
For the commutativity of 5.4.11.2, consideration of the diagram

t∗a′+y′t∗a+yM d ⊗ t∗a′+y′t∗a+yLx

can

��

σ(d,0)
g,y ⊗σ(0,x)

g,y��

can

��

t∗a′+y′(M d ⊗ Ldy) ⊗ t∗a′+y′Lx

can

��

σ
(d,dy)
g′,y′ ⊗σ

(0,x)
g′,y′

��

t∗a′+y′t∗a+y(M d ⊗ Lx)
t∗a′+y′σ(d,x)

g,y ��

can

��

t∗a′+y′(M d ⊗ Lx+dy)

σ
(d,x+dy)
g′,y′

��
t∗a+a′+y+y′(M d ⊗ Lx)

σ
(d,x)
g+g′,y+y′

�� M d ⊗ Lx+d(y+y′)

t∗a+a′+y+y′M d ⊗ t∗a+a′+y+y′Lx

can

��

σ
(d,0)
g+g′,y+y′⊗σ

(0,x)
g+g′,y+y′

�� (M d ⊗ Ld(y+y′)) ⊗ Lx,

can

��

(5.4.11.5)
shows that it suffices to consider the following two cases.
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Case 1: d = 0. In this case we need to show that the diagram

t∗a′+y′t∗a+yLx
γ̃(g,y,x) ��

can

��

t∗a′+y′Lx

γ̃(g′,y′,x)

��
t∗a+a′+y+y′Lx

γ̃(g+g′,y+y′,x) �� Lx

(5.4.11.6)

commutes, which follows from the additivity in the first variable of γ̃.
Case 2: d = 1 and x = 0. In this case we need to show that the diagram

t∗a′+y′t∗a+yM
t∗a′+y′ ιa ��

can

��

t∗a′+y′t∗yM

t∗a′+y′ψ(y)

��
t∗a+a′+y+y′M

ιa+a′

��

t∗a′+y′(M ⊗ Ly)

ιa′

��
t∗y+y′M

ψ(y+y′)



��
���

���
���

�
t∗y′M ⊗ t∗a′+y′Ly

ψ(y′)γ̃(g′,y′,y)�����
���

���
���

�

M ⊗ Ly′ ⊗ Ly

(5.4.11.7)

commutes.
The map

γ̃(g′, y′, y) : t∗a′+y′Ly → Ly (5.4.11.8)

can be described more explicitly as follows. By the definition of γ̃(g′, y′, y) this
map is the unique map of rigidified line bundles, where t∗a′+y′Ly is rigidified
by the section

τ(y′, y) ∈ Ly′(y) � Ly′(y) ⊗ La′(y) � Ly′+a′(y) � Ly(a′ + y′). (5.4.11.9)

It follows that 5.4.11.8 is equal to the composite

t∗a′+y′Ly � t∗y+y′t∗a′M ⊗ t∗y′t∗a′M−1 ⊗ M (y)−1

t∗y+y′ ιa′⊗t∗y′ ι−1
a′ ⊗1

��
t∗y+y′M ⊗ t∗y′M−1 ⊗ M (y)−1

τ(y′,y)

��
t∗yM ⊗ M−1 ⊗ M (y)−1 � Ly.

(5.4.11.10)

It follows that the diagram 5.4.11.7 can be identified with the outside octagon
in the following Figure 1:



5.4 The Theta Group 151

t∗ a
′ +

y
′t
∗ a
+

y
M

ι a
��

c
a
n

��

t∗ a
′ +

y
′t
∗ y
M

t∗ a
′ +

y
′ψ

(y
)

��

ι a
′

��
��
�
�
��
�
� 1

��
�
�
��
�
� 2

t∗ a
′ +

y
′(

M
⊗
t∗ y

M
⊗

M
−

1
⊗

M
(y

)−
1
)

ι a
′⊗

1
⊗

1
⊗

1

��
�

����
��
��
��
��
��
��
��
��
��

t∗ a
+

a
′ +

y
+

y
′M

ι a
+

a
′

��

t∗ y
′t
∗ y
M

��
�
�
��
�
� 31
⊗

ψ
(y

)



�������������

�
�� ��
��
��
��
��
�

t∗ a
′ +

y
′t
∗ y
M

⊗
M

(y
)−

1

��
�
�
��
�
� 4

ι a
′

��

t∗ y
′M

⊗
t∗ a

′ +
y
′(
t∗ y

M
⊗

M
−

1
⊗

M
(y

)−
1
)

1
⊗

ι a
′⊗

ι−
1

a
⊗

1

��
t∗ y

+
y
′M

ψ
(y

+
y
′ )

�����������������������������
t∗ y

′t
∗ y
M

⊗
M

(y
)−

1

ψ
(y

′ )
τ
(y

′ ,
y
)

��

t∗ y
′M

⊗
t∗ y

+
y
′M

⊗
t∗ y

′M
−

1
⊗

M
(y

)−
1

�
��

ψ
(y

′ )
⊗

ψ
(y

+
y
′ )
⊗

ψ
(y

′ )
−

1
⊗

1
����
��
��
��
��
��
��
��
��
��
�

��
�
�
��
�
� 5

M
⊗
L

y
+

y
′ .

F
ig

ur
e

1
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The inside diagrams labelled 1,2, 4, and 5 all clearly commute, so to prove
the commutativity of 5.4.11.7 it suffices to prove the commutativity of the
inside diagram 3. This follows from the definition of τ(y′, y). 	


5.4.12. Note that though the action of T on O
P̃

(1) does not commute with
the Y –action, the action of D(X/Y ) ⊂ T does commute with the Y –action.
Therefore there is a canonical action of D(X/Y ) on (P,MP , LP) defining an
inclusion D(X/Y ) ↪→ G(P,MP ,LP). It follows from the preceding discussion
that the elements of D(X/Y ) commute with the sections of G , and hence we
obtain an inclusion

G ×D(X/Y ) ↪→ G(P,MP ,LP).

Lemma 5.4.13 Any automorphism α : (P,MP , LP) → (P,MP , LP) such
that the automorphism αP : (P,MP) → (P,MP) commutes with the
G–action lifts fppf locally on B to an automorphism

α̃ : (P̃,M
P̃
, L

P̃
) → (P̃,M

P̃
, L

P̃
)

where α̃P : (P̃,M
P̃

) → (P̃,M
P̃

) commutes with the G–action.

Proof. Recall from 5.3.2 that there is an equivalence of Picard categories

TORSP(X) → HOM(T,Pic(P)), (5.4.13.1)

and that under this equivalence the X-torsor P̃ ×Y X → P corresponds to
the map

ρ : T → Pic(P), u �→ u∗LP ⊗ L−1
P . (5.4.13.2)

From the construction of the equivalence 5.4.13.1 the diagram

TORSP(X) 5.4.13.1−−−−−→ HOM(T,Pic(P))

α∗
⏐⏐�

⏐⏐�α∗

TORSP(X) 5.4.13.1−−−−−→ HOM(T,Pic(P))

(5.4.13.3)

is naturally 2–commutative. The lifting of α to LP induces an isomorphism
of functors

α∗ ◦ (5.4.13.1) � (5.4.13.1), (5.4.13.4)

and hence α also induces an isomorphism α∗(P̃ ×Y X) → P̃ ×Y X of X–
torsors over P. Let

α† : P̃ ×Y X → P̃ ×Y X

be the resulting lifting of α. For every scheme–valued section u ∈ G the
diagram
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P̃ ×Y X
α†

−−−−→ P̃ ×Y X

u

⏐⏐�
⏐⏐�u

P̃ ×Y X
α†

−−−−→ P̃ ×Y X

commutes up to translation by an element ρ(u) ∈ X. This defines a morphism
of schemes ρ : G → X which since G is has geometrically connected fibers is
necessarily constant. Since ρ(e) = 0 we have ρ(u) = 0 for all u and hence α†

commutes with the G–action.
Taking the quotient of P̃×Y X by the Y –action we obtain an isomorphism

P × (X/Y ) → P × (X/Y )

which modulo the X/Y –action is equal to αP . It follows that there exists an
element x ∈ X such that the composition tx ◦α† (where tx denotes the action
of x on P̃ ×Y X) sends P̃ to itself. Note that the element x ∈ X is unique
up to adding an element of Y . Let

α̃P : (P̃,M
P̃

) → (P̃,M
P̃

)

be the resulting lifting of αP . The lifting of αP to LP defines a lifting of α̃P

to an isomorphism β̃ : α̃∗
PO

P̃
(1) → O

P̃
(1). 	


5.4.14. The choice of the lifting α̃ is unique up to composition with transla-
tion by an element of Y . If L̃ denotes the scheme associated to the line bundle
O

P̃
(1), then for any local section u ∈ T the diagram

L̃
α̃−−−−→ L̃

u

⏐⏐�
⏐⏐�u

L̃
α̃−−−−→ L̃

commutes up to multiplication by a scalar ρ(u) ∈ Gm. This defines a homo-
morphism ρ : T → Gm, or equivalently a section ρ ∈ X. Changing α̃ by y ◦ α̃
for some y ∈ Y changes ρ to ρ+ φ(y). We therefore obtain a canonical map

q : G(P,MP ,LP) → X/Y.

We will show that this map is surjective with kernel G×D(X/Y ). Note already
that if α maps to x̄ ∈ X/Y and u ∈ D(X/Y ) is a section, then uαu−1 is equal
to u(x̄) · α. Hence if we prove that q is surjective with kernel G × D(X/Y ),
then all the statements in 5.4.2 follow.

Lemma 5.4.15 Let α ∈ G(P,MP ,LP) be an automorphism, and let α̃ be a
lifting to (P̃,M

P̃
). Then there exists a unique automorphism ᾱ : A → A

such that the diagram
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P̃
α̃−−−−→ P̃

π

⏐⏐�
⏐⏐�π

A
ᾱ−−−−→ A

commutes. In fact, ᾱ is equal to translation by an element mapping under λM

to c(ρ) ∈ At.

Proof. The existence of the map ᾱ follows from the same argument used
in 4.2.3. Since ᾱ commutes with the translation action it follows that ᾱ is
translation by some element g ∈ A. Looking at T–invariants of π∗OP̃

(1) one
obtains isomorphisms

t∗g(M ⊗ Lx) → M ⊗ Lx+ρ(α) (5.4.15.1)

for all x. From this it follows that λM (g) = c(ρ(α)). 	

5.4.16. The argument shows in particular that if α ∈ G(P,MP ,LP) is in the

kernel of q then ᾱ is given by translation by an element g ∈ H and the
isomorphism 5.4.15.1 for x = 0 lifts this element to G . This implies that
Ker(q) = G ×D(X/Y ). Indeed changing α by the automorphism defined by
this element of G , we are reduced to considering the case when g = e and
5.4.15.1 for x = 0 is the identity maps. In this case the maps 5.4.15.1 are
given by compatible maps Lx → Lx which commute with the Y –action. We
leave to the reader the task of verifying that such a map is given by an element
of D(X/Y ).

5.4.17. For the surjectivity of q proceed as follows. Let ρ ∈ X be an element.
After replacing B by a finite flat cover we can choose an element α ∈ A with
λM (α) = Lρ. Then t∗αM is isomorphic to M ⊗Lρ. Fix one such isomorphism
ι : t∗αM → M ⊗Lρ. Define λ(y) : t∗αLy → Ly to be the composite (recall that
M is rigidified at 0)

t∗αLy = t∗αt
∗
yM ⊗ t∗αM−1 ⊗ M (y)−1

t∗y(ι)⊗ιt

⏐⏐�
t∗y(M ⊗ Lρ) ⊗ (M−1 ⊗ L−1

ρ ) ⊗ M (y)−1

1⊗τ(y,ρ)⊗1⊗1

⏐⏐�
t∗yM ⊗ Lρ ⊗ M−1 ⊗ L−1

ρ ⊗ M (y)−1 = Ly.

Note that λ(y) does not depend on the choice of ι.

Lemma 5.4.18 The diagram

t∗yt
∗
αM

ι−−−−→ t∗y(M ⊗ Lρ)

ψ(y)

⏐⏐�
⏐⏐�ψ(y)τ(y,ρ)

t∗α(M ⊗ Ly)
ι⊗λ(y)−−−−→ M ⊗ Ly ⊗ Lρ

(5.4.18.1)

commutes.
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Proof. Locally on A we can choose bases for the line bundles involved as
follows:

line bundle basis
t∗αM u
Lρ l
M n

t∗yt
∗
αM u′

t∗yM n′

t∗yLρ l′.

We can furthermore make these choices so that

ι(u) = n⊗ l, τ(y, ρ)(l′) = l, t∗y(ι)(u′) = n′ ⊗ l′.

The commutativity of 5.4.18.1 is equivalent to the commutativity of the fol-
lowing diagram:

t∗yt∗α(M )
t∗yι−−−−−→ t∗yM ⊗ t∗yLρ

ψ(y)

⏐⏐� id⊗τ(y,ρ)⊗ψ(y)

⏐⏐�
t∗α(M ) ⊗ t∗αt∗y(M ) ⊗ t∗α(M−1) ⊗ M (y)−1 t∗yM ⊗ Lρ ⊗ M (y)−1

ι⊗t∗yι⊗ιt

⏐⏐�
∥∥∥

(M ⊗ Lρ) ⊗ t∗yM ⊗ t∗yLρ ⊗ M−1 ⊗ L−1
ρ ⊗ M (y)−1 σ−−−−−→ Lρ ⊗ t∗yM ⊗ M (y)−1.

(5.4.18.2)

Here σ sends m⊗ l⊗m′ ⊗ l′ ⊗ n⊗ t⊗ s to 〈l, t〉 · 〈m,n〉 · τ(y, ρ)(l′) ⊗m′ ⊗ s.
This diagram commutes for example by writing out what happens in terms
of our basis:

u′ −−−−→ n′ ⊗ l′⏐⏐�
⏐⏐�

u⊗ u′ ⊗ ut ⊗ ψ(y) n′ ⊗ l ⊗ ψ(y)⏐⏐�
∥∥∥

(n⊗ l) ⊗ (n′ ⊗ l′) ⊗ (n⊗ l)t ⊗ ψ(y) −−−−→ l ⊗ n′ ⊗ ψ(y).

	

Lemma 5.4.19 For any y, y′ ∈ Y the diagram

tα(Ly+y′)
λ(y+y′)−−−−−→ Ly+y′

t∗αcan

⏐⏐�
⏐⏐�can

t∗αLy ⊗ t∗αLy′
λ(y)⊗λ(y′)−−−−−−−→ Ly ⊗ Ly′

(5.4.19.1)

commutes.
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Proof. The morphism λ(y) : t∗αLy → Ly is determined by the induced isomor-
phism t∗αLy(0) � Ly(α) → Ly(0) � k(y), where the last isomorphism is given
by the rigidification on Ly. In other words, λ(y) is specified by a section of

Ly(α) = M (y + α) ⊗ M (y)−1 ⊗ M (α)−1 = λM (α)(y) = Lρ(y).

By construction, the section corresponding to λ(y) is the section τ(y, ρ) ∈
Lρ(y). With this description, the commutativity of 5.4.19.1 is equivalent to the
statement that under the isomorphism provided by the biextension structure

Lρ(y) ⊗ Lρ(y′) → Lρ(y + y′),

the element τ(y, ρ) ⊗ τ(y′, ρ) maps to τ(y + y′, ρ). This is true since τ is
compatible with the biextension structure. 	


5.4.20. Let PicA denote the Picard stack of line bundles on A. Viewing X
as a “discrete” Picard stack we have two morphisms of Picard stacks

F, t∗αF : X → PicA, F (x) = Lx, t
∗
αF (x) = t∗αLx.

Here the isomorphisms

F (x+ x′) � F (x) ⊗ F (x′), t∗αF (x+ x′) � t∗αF (x) ⊗ t∗αF (x′)

are given by the unique isomorphisms Lx+x′ � Lx ⊗ L′
x which are compati-

ble with the rigidication. The above elements λ(y) define an isomorphism of
functors Y → PicA

λ : t∗αF |Y → F |Y .

Lemma 5.4.21 After replacing B by an fppf cover, there exists an isomor-
phism λ̃ : t∗αF → F of morphisms of Picard stacks whose restriction to Y is
equal to λ.

Proof. Since X is a free group and t∗αLx is non–canonically isomorphic to Lx,
there exists by [8, XVIII.1.4.3] an isomorphism δ : t∗αF → F of morphisms of
Picard stacks. Moreover, one sees easily that δ is unique up to multiplication
by a homomorphism u : X → Gm (in other words, for such a homomorphism
we can define a new morphism δ′ by δ′(x) = u(x)δ(x)). The restriction of
δ to Y may not equal λ, but will differ by a homomorphism v : Y → Gm.
After replacing B by an fppf cover there exists a homomorphism u : X → Gm

extending v. Setting λ̃ equal to u · δ we obtain the desired extension. 	


5.4.22. Fix one such isomorphism λ̃ : t∗αF → F so we have for every x ∈ X
an isomorphism λ̃(x) : t∗αLx → Lx such that for x, x′ ∈ X the diagram

t∗αLx ⊗ t∗αLx′
λ̃(x)⊗λ̃(x′)−−−−−−−→ Lx ⊗ Lx′

�
⏐⏐�

⏐⏐��

t∗α(Lx+x′)
λ̃(x+x′)−−−−−→ Lx+x′
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commutes. Define

β(d, x) : t∗α(M d ⊗ Lx) → M d ⊗ Ld
ρ ⊗ Lx � M d ⊗ Lx+dρ

to be the map ι⊗d ⊗ λ̃(x).

Lemma 5.4.23 For any (d, x), (d′, x′) ∈ P the diagram

t∗α(M d⊗Lx)⊗t∗α(M d′⊗Lx′)
β(d,x)⊗β(d′,x′)−−−−−−−−−−→ M d⊗Ld

ρ⊗Lx⊗M d′⊗Ld′
ρ ⊗Lx′

�
⏐⏐�

⏐⏐��

t∗α(M d+d′ ⊗ Lx+x′)
β(d+d′,x+x′)−−−−−−−−−→ M d+d′ ⊗ Ld+d′

ρ ⊗ Lx+x′

is commutative.

Proof. This is clear from the construction. 	


5.4.24. The maps β(d, x) therefore define a morphism of graded algebras
t∗αR → R on A. We thus obtain an automorphism α̃ of the log scheme
(P̃,M

P̃
) together with a morphism β̃ : t∗α̃O

P̃
(1) → O

P̃
(1). Note that the

automorphism of (P̃,M
P̃

) is equal to the automorphism provided by the
action of G and the observation that the elements λ̃(x) define a point α̃ ∈ G
over α ∈ A. The following lemma now shows that (α̃, β̃) descends to a point
of G(P,MP ,LP) mapping to the class of ρ in X/Y .

Lemma 5.4.25 The map β : t∗αR → R commutes with the Y –action. Equiv-
alently, for any y ∈ Y and (d, x) ∈ P the diagram

t∗yt
∗
α(M d ⊗ Lx)

β(d,x)−−−−→ t∗y(M d ⊗ Ldρ ⊗ Lx)

ψ(y)dτ(y,x)

⏐⏐�
⏐⏐�ψ(y)dτ(y,x+dρ)

t∗α(M d ⊗ Ldy ⊗ Lx)
β(d,x+dρ)−−−−−−−→ M d ⊗ Ldρ ⊗ Ldy ⊗ Lx

(5.4.25.1)

commutes.

Proof. The diagram 5.4.25.1 is obtained by tensoring the diagram

t∗yt
∗
αLx

t∗αλ̃(x)−−−−→ t∗yLx

t∗ατ(y,x)

⏐⏐�
⏐⏐�τ(y,x)

t∗αLx
λ̃(x)−−−−→ Lx

(5.4.25.2)
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with
t∗yt

∗
α(M d) ιd

−−−−→ t∗y(M d ⊗ Ld
ρ)

ψ(y)d

⏐⏐�
⏐⏐�ψ(y)dτ(y,dρ)

t∗α(M d ⊗ Ldy)
ιd⊗λ(y)d

−−−−−−→ M d ⊗ Ldρ ⊗ Ldy.

(5.4.25.3)

That 5.4.25.2 commutes follows from the construction (the maps determined
by going around each way of the diagram are both determined by the section
τ(y, x) ⊗ τ(y, ρ) ∈ Lx(y) ⊗ Lx(α) � Lx(y + α)), and the commutativity of
5.4.25.3 follows from raising each vertex in 5.4.18.1 to the d–th power. 	


5.4.26. Note that if α is the element of G(P,MP ,LP) constructed above map-
ping to ρ ∈ X/Y then for u ∈ D(X/Y ) we have

u ◦ α = u(ρ)α ◦ u.

In fact it follows from the constructions that the image of α inH(P,MP , LP)
is in the center (since the automorphism of (P̃,M

P̃
) defined by α is given

by the action of α̃ ∈ G), and hence H(P,MP , LP) is abelian and the map e
in (5.4.2 (iv)) makes sense. It follows that if γ ∈ G(P,MP ,LP) is an element
with e(γ, τ) = 0 for all τ then γ is in H. But by [36, Part I, Theorem I] the
restriction of e to H is non–degenerate whence (iv). This completes the proof
of 5.4.2. 	


Proposition 5.4.27. If B is the spectrum of an algebraically closed field k,
then there is a unique irreducible representation ρ : G(P,MP ,LP) → GL(V )
over k such that ρ(λ)(v) = λv for λ ∈ Gm and v ∈ V (we say that ρ has
weight 1). The dimension of V is equal to d, and if W is any weight one
representation of G(P,MP ,LP) then W is isomorphic to a direct sum of copies
of ρ.

Proof. This is shown in [18, 8.32]. 	


5.5 Deformation Theory

5.5.1. Let
B′ → B → B0

be a diagram of surjective morphisms of noetherian rings with nilpotent ker-
nels. Assume that B0 is an integral domain and J = Ker(B′ → B) is a square
zero–ideal with J a B0–module. We fix the following data:

(i) A semiabelian scheme G′/B′ with reduction G (resp. G0) to B (resp.
B0). We assume that G′ is a split semiabelian scheme so that there is an
extension

0 → T → G′ → A′ → 0
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with T a split torus and A′ an abelian scheme over B′. If X denotes
Hom(T,Gm) then this extension is given by a homomorphism c′ : X →
(A′)t. Let c : X → At (resp. c0 : X → At

0) denote the reduction to B
(resp. B0).

(ii) Let φ : Y ↪→ X be a subgroup of finite index and ct : Y → A a homo-
morphism.

(iii) Let S be a regular paving of XR.
(iv) Let M be a rigidified ample line bundle on A such that the diagram

Y
φ−−−−→ X

ct

⏐⏐�
⏐⏐�c

A
λM−−−−→ At

commutes.
(v) Fix trivializations τ : Y ×X → (ct × c)∗B−1 and ψ : Y → (ct)∗M−1 as

in (5.2.1 (vi) and (vii)).
(vi) Let β : HS → B′ be a homomorphism sending all nonzero elements to

the radical of B′. This homomorphism defines a log structure MB′ . Let
MB (resp. MB0) denote the pullback to Spec(B) (resp. Spec(B0)).

Let
(P,MP , LP) → (Spec(B),MB)

be the polarized log scheme with G–action obtained from the standard con-
struction.

We define the notion of a log smooth deformation of

(P,MP , LP , G− action) (5.5.1.1)

as in 4.3.2.

Proposition 5.5.2. Let (P ′,MP′ , LP′ , G′ − action) be a log smooth defor-
mation of (P,MP , LP , G− action) to (Spec(B′),MB′). Then there exists a
lifting M ′ of M to A′ and maps

c′t : Y → A′, ψ′ : Y → c
′t∗M ′−1, τ ′ : Y ×X → (ct × c)∗B′−1

as in (5.2.1 (vi) and (vii)) lifting ct, c, and τ such that (P ′,MP′ , LP′ , G′ −
action) is isomorphic to the polarized family with G′–action obtained from the
standard construction using this data.

Proof. Since the argument is very similar to the one in 4.3.3 we sketch the
proof leaving some of the details to the reader.

By the same argument used in 4.3.3 the deformation (P ′,MP′ , LP′ , G′−
action) defines a deformation

(P̃ ′,M
P̃′ , LP̃′ , Y − action, G′ − action)
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of
(P̃,M

P̃
, L

P̃
, Y − action, G− action).

Let f : P̃ → A be the projection. Then as in 4.3.8 the scheme Z ′ =
(|A|, f∗OP̃′) is a deformation of A to B′, and the action of G′ on P̃ ′ in-
duces an action of A′ on Z ′. Choosing a point of Z ′ we obtain a morphism
f ′ : P̃ ′ → A′ lifting f .

By the same argument used in the proof of 4.3.3 there exists a lifting
M ′ of M to A′ such that (P̃ ′,M

P̃′ , LP̃′) is isomorphic to the log scheme
obtained from the standard construction using M ′. Thus the only issue is how
to describe the Y –action.

By the same argument used in 4.3.16 there exists a unique homomorphism
c′t : Y → A′ such that for every y ∈ Y the diagram

P̃ ′ sy−−−−→ P̃ ′

f ′
⏐⏐�

⏐⏐�f ′

A′ tc′t(y)−−−−→ A′

(5.5.2.1)

commutes, where sy denotes the action of y on P̃. By the same argument
used in (loc. cit.) we have the relation λM ′c′t = c′φ. Thus the Y –action is
given by isomorphisms

ι(d,x)
y : t∗c′t(y)(M

′d ⊗ Lc′(x)) → M ′d ⊗ Lc′(x+φ(dy)).

As in 4.3.17 giving such isomorphisms is equivalent to giving maps ψ′ and τ ′

as in the proposition. 	


5.6 Isomorphisms without Log Structures

5.6.1. Let B be a scheme and

(G,MB ,P, LP ,MP), (G′,M ′
B ,P

′, LP′ ,MP′) ∈ T g,d(B)

two objects of T g,d. Let I denote the functor on the category of B–schemes
classifying triples of isomorphisms

σ : G→ G′, γ : P → P ′, ι : γ∗LP′ → LP

such that the diagram
G× P

action−−−−→ P

σ×γ

⏐⏐�
⏐⏐�γ

G′ × P ′ action−−−−→ P ′

commutes. We will use write just (G,P, LP) → (G′,P ′, LP′) for such a
collection of isomorphisms.
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Proposition 5.6.2. The functor I is a quasi–projective scheme.

Proof. Let I(P,P ′) denote the functor classifying isomorphisms P → P ′.
Since P and P ′ are projective and flat over B, the functor I(P,P ′) is a
disjoint union of quasi–projective schemes (it is equal to an open subfunctor
of the Hilbert scheme of P × P ′). Let I((P, LP), (P ′, LP′)) denote the
functor of pairs γ : P → P ′ and ι : γ∗LP′ → LP . For any u ∈ Gm(B) we
can change the isomorphisms ι to u · ι, and therefore the is a natural action of
Gm on I((P, LP), (P ′, LP′)). Let F denote the quotient sheaf (with respect
to the fppf topology) I((P, LP), (P ′, LP′))/Gm. There is a natural forgetful
map π : F → I(P,P ′).

Lemma 5.6.3 The morphism π identifies F with a closed subscheme of
I(P,P ′). In particular, since I((P, LP), (P ′, LP′)) is a Gm–torsor over
F , the functor I((P, LP), (P ′, LP′)) is a disjoint union of quasi–projective
schemes.

Proof. For any point σ ∈ I(P,P ′) the fiber product F ×I(P,P′),σ B is rep-
resented by the fiber product of the diagram

PicP/B

∆

⏐⏐�
B

[LP ]×[σ∗LP′ ]−−−−−−−−−→ PicP/B × PicP/B .

Since PicP/B is a separated algebraic space by [5, 7.3] the result follows. 	


Next consider the forgetful map I → I((P, LP), (P ′, LP′)). We claim that
this map is representable by closed immersions. For this fix a pair of isomor-
phisms γ : P → P ′ and ι : γ∗LP′ → LP . The fiber product

F := I ×I((P,LP),(P′,LP′ )),(γ,ι) B

is then equal to the functor which to any B–scheme B′ associates the set of
isomorphisms β : G→ G′ such that the diagram

GB′ × PB′
action−−−−→ PB′

β×γ

⏐⏐�
⏐⏐�γ

G′
B′ × P ′

B′
action−−−−→ P ′

B′

(5.6.3.1)

commutes.

Lemma 5.6.4 The functor F is a subfunctor of B.

Proof. We have to show that for any B′ → B as above there exists at most
one isomorphism β : G→ G′ such that 5.6.3.1 commutes. For this it suffices to
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consider the case when B′ is an Artinian local ring. In this case P ′ and P are
given by the standard construction. It follows from the standard construction
that the maximal open subschemes P ′reg ⊂ P ′ and Preg ⊂ P where the
structure morphism is smooth have the property that if we fix points e′ ∈
P ′reg and e ∈ Preg then the maps

G′ → P ′reg, g �→ g(e′)

and
G→ Preg, g �→ g(e)

are open immersions. If we choose e′ = γ(e) then the diagram

G
g 
→g(e)−−−−−→ P

β

⏐⏐�
⏐⏐�γ

G′ g′ 
→g′(e′)−−−−−−→ P ′

commutes and hence β is determined by γ. 	

Lemma 5.6.5 The structural map F → B is represented by closed immer-
sion.

Proof. After replacing B by an étale cover, we can find a section θ ∈ f∗LP

such that (G,P, LP , θ) and (G′,P ′, LP′ , ι(θ)) define two points s, s′ of Alex-
eev’s space A Alex

g,d (B). Since A Alex
g,d has finite diagonal the projection

B ×s,A Alex
g,d ,s′ B → B

is a finite morphism, and by the above the map

B ×A Alex
g,d

B → I((P, LP), (P ′, LP′))

is a closed immersion. The desired closed subscheme of B is then the fiber
product

(B ×A Alex
g,d

B) ×I((P,LP),(P′,LP′ )),(γ,ι) B ⊂ B.
	


It follows that I is a disjoint union of quasi–projective schemes. To conclude
the proof of 5.6.2 it therefore suffices to show that I is quasi–compact. For
this let U (resp. U ′) denote the open subset of the total space of f∗LP (resp.
f ′∗LP′) classifying sections giving (G,P, LP) (resp. (G′,P ′, LP′)) the struc-
ture of a point in A Alex

g,d . If s, s′ ∈ A Alex
g,d (U ×B U ′) denote the tautological

objects then we have a commutative diagram

IsomA Alex
g,d

(s, s′) π−−−−→ I

q-compact

⏐⏐�
⏐⏐�

U ×B U ′ q-compact−−−−−−→ B,

where π is surjective. It follows that I is also quasi–compact. This completes
the proof of 5.6.2. 	
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5.7 Algebraization of Formal Log Structures

In this section we gather together some technical results about algebraization
of formal log structures needed in what follows.

Proposition 5.7.1. Let X be a noetherian scheme and F1 and F2 two con-
structible sheaves of sets on X. Suppose given for every point x ∈ X a mor-
phism fx̄ : F1,x̄ → F2,x̄ of sets with continuous Gal(x̄/x)–action such that for
every specialization η → x the diagram

F1,x̄
fx̄−−−−→ F2,x̄

sp

⏐⏐�
⏐⏐�sp

F1,η̄
fη̄−−−−→ F2,η̄

(5.7.1.1)

commutes, where the arrows labelled sp are the specialization morphisms. Then
there exists a unique morphism of sheaves f : F1 → F2 inducing the maps fx̄

on stalks.

Proof. We proceed by noetherian induction. If X is zero–dimensional the re-
sult is clear. For the induction step, note that by proper descent for étale
sheaves it suffices to consider the case when X is an integral normal scheme.
Let j : U ⊂ X be a dense open subset such that the restrictions Fi,U of the
sheaves Fi to U are locally constant, and let i : Z ↪→ X be the complement.
If η ∈ U is the generic point then the category of locally constant sheaves on
U is equivalent to a full subcategory of the category of sets with continuous
action of Gal(η̄/η). The map fη̄ : F1,η̄ → F2,η̄ therefore induces a morphism
fU : F1,U → F2,U . By the induction hypothesis we also have a morphism
fZ : F1,Z → F2,Z . Now recall that the category of sheaves on X is equivalent
to the category of triples (MU ,MZ , φ) where MU is a sheaf on U , MZ is a
sheaf on Z, and φ : MZ → i∗j∗MU is a morphism of sheaves on Z. To con-
struct the morphism f it therefore suffices to show that the following diagram
commutes

F1,Z −−−−→ i∗j∗F1,U

fZ

⏐⏐�
⏐⏐�fU

F2,Z −−−−→ i∗j∗F2,U ,

where the horizontal arrows are the natural maps i∗Fi → i∗j∗j
∗Fi. Looking

at a point x ∈ Z this amounts to the commutativity of the diagram

F1,x̄
fx̄−−−−→ F2,x̄

sp

⏐⏐�
⏐⏐�sp

F1,η̄
fη̄−−−−→ F2,η̄

which holds by assumption. 	
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Theorem 5.7.2 Let A be a complete noetherian local ring with maximal ideal
a and f : X → Spec(A) a proper morphism of schemes. For n ≥ 0 let Xn

denote X ⊗A (A/an+1). Then the natural functor between groupoids

(fine log structures on X)⏐⏐�
(compatible families of fine log structures on the Xn)

(5.7.2.1)

is fully faithful.

Proof. Let M1 and M2 be two fine log structures on X and let Mi,n denote
the pullback of Mi to Xn. Assume given a compatible family of isomorphisms
σn : M1,n → M2,n. We have to show that there exists a unique isomorphism
σ :M1 →M2 inducing the σn.

We first construct the map σ̄ : M1 → M2. Note that the map σ̄ is nec-
essarily unique. For if η ∈ X is any point then since X is proper over A the
closure of η contains a point x ∈ X0. The resulting diagram

M1,x̄
σ̄x̄−−−−→ M2,x̄

sp

⏐⏐�
⏐⏐�sp

M1,η̄
σ̄η̄−−−−→ M2,η̄

must then commute, where the vertical arrows are the surjective specialization
maps. Therefore σ̄x̄ determines σ̄η. On the other hand, the map σ̄x̄ is equal to
the map induced by the σn. By the uniqueness, we can therefore replace A by
a finite extension. We choose a finite extension as follows. Let {Zj ⊂ X} be
a stratification by irreducible locally closed subschemes such that the sheaves
M i are locally constant when restricted to Zj , and let Zj ⊂ X denote the
scheme–theoretic closure of Zj . After replacing A by a finite extension and
refining our stratification we can assume that the closed fiber of each Zj is
connected.

We first define for every point η ∈ X an isomorphism fη̄ : M1,η̄ → M2,η̄.
For this let Z denote the scheme–theoretic closure of η in X. Since X is proper
over Spec(A) there exists a point x ∈ Z ∩X0. We then have a diagram

M1,x̄
σ̄x̄−−−−→ M2,x̄

π1

⏐⏐�
⏐⏐�π2

M1,η̄ M2,η̄,

where the vertical arrows are surjections. We claim that the morphism σx̄

descends to a morphism fη̄ : M1,η̄ → M2,η̄. For this note that if Fi ⊂ M i,x̄

denotes the face of elements f ∈ M i,x̄ such that for any lifting f̃ ∈ Mi,x̄ the
image of α(f) in OZ,x̄ is non-zero, then M i,η̄ is the quotient of M i,x̄ by Fi.
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Lemma 5.7.3 The map σ̄x̄ :M1,x̄ →M2,x̄ maps F1 to F2.

Proof. Let ÔX,x̄ denote the completion with respect to mA ·OX,x̄ of the local
ring OX,x̄ and let M̂i denote the pullback of Mi to Spec(ÔX,x̄). The iso-
morphisms σn then induce an isomorphism of log structures σ̂x̄ : M̂1 → M̂2

inducing σ̄x̄. The lemma then follows by noting that Fi is equal to the image
in M i,x̄ of the submonoid

{m ∈ M̂i,x̄|α(m) �= 0 in ÔX,x̄}. (5.7.3.1)

	


We therefore obtain a morphism fx
η̄ :M1,η̄ →M2,η̄.

Lemma 5.7.4 The map fx
η̄ is independent of the choice of x ∈ Z.

Proof. Suppose η lies in a stratum Zj , and let η′ ∈ Zj be the generic point.
Then x is also in the closure of η′ and by the construction there is a commu-
tative diagram

M1,x̄
σ̄x̄−−−−→ M2,x̄

π1

⏐⏐�
⏐⏐�π2

M1,η̄

fx
η̄−−−−→ M2,η̄

π′
1

⏐⏐�
⏐⏐�π′

2

M1,η̄′
fx

η̄′
−−−−→ M2,η̄′ .

where the maps π′i are isomorphisms since both η and η′ lie in Zj . It therefore
suffices to consider the case when η is the generic point of Zj . In this case the
scheme Z has connected closed fiber and therefore it suffices to show that if
x′ ∈ Z ∩X0 is a second point with x′ specializing to x then the maps fx

η̄ and
fx′

η̄ are equal. But this is clear for we have a commutative diagram

M1,x̄
σ̄x̄−−−−→ M2,x̄

π1

⏐⏐�
⏐⏐�π2

M1,x̄′
σ̄x

x̄′−−−−→ M2,x̄′

π′
1

⏐⏐�
⏐⏐�π′

2

M1,η̄

fx
η̄−−−−→ M2,η̄.
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In what follows we write just fη̄ for fx
η̄ (for any choice of x).

To construct σ̄, it therefore suffices by 5.7.1 to show that for any two points
η, η′ ∈ X with η′ specializing to η the diagram

M1,η̄
fη̄−−−−→ M2,η̄

sp

⏐⏐�
⏐⏐�sp

M1,η̄′
fη̄′

−−−−→ M2,η̄′

commutes. Let x be a point in the closed fiber of the closure of η. Then by
the construction there is a commutative diagram

M1,x̄
σ̄x̄−−−−→ M2,x̄⏐⏐�

⏐⏐�
M1,η̄

fη̄−−−−→ M2,η̄⏐⏐�
⏐⏐�

M1,η̄′
fη̄′

−−−−→ M2,η̄′

where the vertical maps are surjections. This therefore completes the con-
struction of σ̄ :M1 →M2.

To lift the map (uniquely) to an isomorphism of log structures σ : M1 →
M2 proceed as follows. Let Q be the functor on X–schemes associating to any
f : T → X the set of isomorphisms of log structures f∗M1 → f∗M2 inducing
f−1(σ̄) : f−1M1 → f−1M2. Then as in 4.9.2 the functor Q is a separated
algebraic space over X. The maps σn are then given by a compatible family of
sections sn : Xn → Qn which since X is proper over A is induced by a unique
section s : X → Q (using the Grothendieck existence theorem for algebraic
spaces [43, 1.4]). This gives the desired isomorphism σ. This completes the
proof of 5.7.2. 	


5.8 Description of the Group Hgp
S

5.8.1. Fix a lattice X as in 4.1.1, and let S be a regular paving of X defined
by a quadratic form B0. Define HS as in 4.1.3.

Lemma 5.8.2 The map

s : X ×X → Hgp
S , (x, y) �→ (1, x+ y) ∗ (1, 0) − (1, x) ∗ (1, y)

is bilinear and symmetric.



5.8 Description of the Group Hgp
S 167

Proof. The map s is clearly symmetric. It therefore suffices to show that for
x, y1, y2 ∈ X we have

s(x, y1 + y2) = s(x, y1) + s(x, y2).

For any element (d, x) ∈ P write (d, x) ∈ lim−→ω
P gp

ω for the image under the
map 4.1.3.1. We compute

s(x, y1) + s(x, y2)
= (1, x+ y1) ∗ (1, 0) − (1, x) ∗ (1, y1) + (1, x+ y2) ∗ (1, 0) − (1, x) ∗ (1, y2)
= (1, x+ y1 + y2) ∗ (1, y2) − (1, x+ y2) ∗ (1, y1 + y2) + (1, x+ y2) ∗ (1, 0)

−(1, x) ∗ (1, y2)
= (1, x+ y1 + y2) + (1, y2) − (2, x+ y1 + 2y2) − (1, x+ y2) − (1, y1 + y2)

+(2, x+ y1 + 2y2) + (1, x+ y2) + (1, 0) − (2, x+ y2) − (1, x) − (1, y2)
+(2, x+ y2)

= (1, x+ y1 + y2) + (1, 0) − (2, x+ y1 + y2) − (1, x) − (1, y1 + y2)
+(2, x+ y1 + y2)

= (1, x+ y1 + y2) ∗ (1, 0) − (1, x) ∗ (1, y1 + y2)
= s(x, y1 + y2).

	


We write also s : S2X → Hgp
S for the induced map from the second

symmetric power.

5.8.3. The map s can also be described as follows. Let Z(X) = ⊕x∈XZ · x
denote the free abelian group generated by X, with X-action induced by
translation on X. For any abelian group N with X-action we then have a
canonical isomorphism of groups

HomX(Z(X), N) � N, (5.8.3.1)

where the left side denotes morphisms of X-representations. In particular,
Z(X) is a projective X-representation. From this it also follows that

H0(Z(X)) � Z. (5.8.3.2)

As before let P gp denote the X-representation with underlying abelian
group Z ⊕X and X-action given by

y ∗ (n, x) = (n, x+ ny). (5.8.3.3)

Let
π : Z(X) → P gp (5.8.3.4)

be the surjection given by
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(nx)x �→ (
∑

nx,
∑

nx · x), (5.8.3.5)

and let K denote the kernel of π.
Consider the exact sequence of X-representations

0 −−−−→ X
x
→(0,x)−−−−−→ P gp (n,x)
→n−−−−−−→ Z −−−−→ 0, (5.8.3.6)

where X acts trivially on X and Z. By direct calculation one sees that this
induces an isomorphism

H0(P gp) � H0(Z) � Z. (5.8.3.7)

We therefore obtain an exact sequence

H2(Z) → H1(X) → H1(P gp) → H1(Z) → X → 0. (5.8.3.8)

5.8.4. The homology of the trivial X-representation Z can be computed as
follows. Consider the surjection

p : Z(X) → Z (5.8.4.1)

sending (nx)x to
∑
nx. The kernel V consists of elements (nx)x such that∑

nx = 0. Every such element can be written uniquely as
∑

x

nx(1x − 10), (5.8.4.2)

where 1x denotes the generator of the x-component in Z(X). The kernel V
of p is therefore isomorphism to the free abelian group on the generators
ζx := 1x − 10 with X-action given by

y ∗ ζx = ζx+y − ζy. (5.8.4.3)

In particular
H1(Z) � H0(V ) � X, (5.8.4.4)

from which it follows that the map H1(Z) → X in 5.8.3.8 is an isomorphism.
We therefore have a short exact sequence

H2(Z) → H1(X) → H1(P gp) → 0. (5.8.4.5)

Lemma 5.8.5 The map

H1(X) � H1(Z) ⊗X � X ⊗X → H1(P gp) (5.8.5.1)

in 5.8.3.8 induces an isomorphism

Γ 2(X) = X ⊗X/Λ2X → H1(P gp). (5.8.5.2)

Proof. This is shown in [3, 5.1.4]. 	
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5.8.6. The map
X ⊗X → H1(P gp) (5.8.6.1)

can be described explicitly as follows. From the commutative diagram

0 �� V ⊗X

c

��

�� Z(X) ⊗X
q

��

p⊗1 �� X ��

��

0

0 �� K �� Z(X)
π �� P gp �� 0

, (5.8.6.2)

where q is the map sending 1x ⊗ y to 1y+x − 1x, we see that the map 5.8.6.1
sends x⊗ y to the class in H0(K) � H1(P gp) of

1y+x − 1x − 1y + 10 ∈ K ⊂ Z(X). (5.8.6.3)

Note that from this formula it is also clear that 5.8.6.1 descends to a map
Γ 2X → H1(P gp).

Lemma 5.8.7 The map c in 5.8.6.2 is surjective.

Proof. We can expand the diagram 5.8.6.2 into a diagram

0 �� V ⊗X
c

��

�� Z(X) ⊗X
e

��

p⊗1 �� X ��

id

��

0

0 �� K

id

��

�� V

��

�� X

��

�� 0

0 �� K �� Z(X)
π �� P gp �� 0

, (5.8.7.1)

Now observe that
ζx = e(10 ⊗ x) (5.8.7.2)

in V so the map e is surjective. From this it follows that c is also surjective.
	


5.8.8. Now observe that there is a commutative diagram

0 −−−−→ K −−−−→ Z(X) π−−−−→ P gp −−−−→ 0⏐⏐� b

⏐⏐�
⏐⏐��

0 −−−−→ H̃gp
S −−−−→ lim−→ω

P gp
ω −−−−→ P gp −−−−→ 0,

(5.8.8.1)

where b is the map sending 1x to (1, x), which upon taking homology induces
a morphism

Γ 2X � H0(K) → H0(H̃
gp
S ) = Hgp

S . (5.8.8.2)

From the explicit description in 5.8.6 it follows that this map is equal to the
map s.



170 5 Moduli of Abelian Varieties with Higher Degree Polarizations

Lemma 5.8.9 Let g : P �HS → Q be a morphism of monoids sending HS

to Q≥0, and let A : Z(X) → Q denote the composite

Z(X) b−−−−→ (P �HS)gp g−−−−→ Q. (5.8.9.1)

Let h : XQ → Q be the function obtained as the lower envelope of the convex
hull of the set

GA := {(x,A(1x))|x ∈ X} ⊂ XQ × Q. (5.8.9.2)

Then for every z ∈ XQ we have

h(z) =
1
N
g(N,Nz), (5.8.9.3)

where N is any integer such that Nz ∈ X.

Proof. By definition h(z) is equal to the infimum of the numbers
∑

i

aig(1, xi), (5.8.9.4)

taken over all possible ways of writing z =
∑

i aixi with ai ∈ Q≥0,
∑
ai = 1,

and xi ∈ X. Let ω ∈ S denote a simplex containing z and write z =
∑
aiyi

as above with yi ∈ ω. If N is an integer such that Nai ∈ Z for all i we then
obtain

∑
aig(1, yi) =

1
N

[
∑

(Nai)g(1, yi)]

=
1
N

(
∑

g(Nai, Naiyi))

=
1
N
g(

∑
Nai,

∑
(Nai)yu) (since g is linear on Pω)

=
1
N
g(N,Nz).

It therefore suffices to show that for any other expression z =
∑r

j=1 bjxj and
positive integer N such that Nai, Nbj ∈ Z for all i, j we have

1
N
g(N,Nz) ≤

r∑
j=1

bjg(1, xj), (5.8.9.5)

or equivalently
r∑

j=1

(Nbj)g(1, xj) ≥ g(N,Nz). (5.8.9.6)

For this note that
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r∑
j=1

(Nbj)g(1, xj) =
r∑

j=1

g(Nbj , Nbjxj)

=
∑

(N(
∑

bj), N
∑

bjxj)

+
r−1∑
j=1

g((Nbj+1, Nbj+1xj+1) ∗ (
j∑

i=1

Nbi,

j∑
i=1

Nbixi))

= g(N,Nz)

+
r−1∑
j=1

g((Nbj+1, Nbj+1xj+1) ∗ (
j∑

i=1

Nbi,

j∑
i=1

Nbixi))

and

r−1∑
j=1

g((Nbj+1, Nbj+1xj+1) ∗ (
j∑

i=1

Nbi,

j∑
i=1

Nbixi)) ≥ 0 (5.8.9.7)

by assumption. 	


Lemma 5.8.10 Let g : HS → Q≥0 and let B denote the quadratic form

S2X
s �� Hgp

S

g �� Q. (5.8.10.1)

Then B is positive semidefinite and the paving S′ associated to the quadratic
function a(x) := B(x, x)/2 on X as in 4.1.1 is coarser than S, and the map
g factors through HS′ .

Proof. That B is positive semidefinite is clear since s(x⊗ x) ∈ HS .
Let

A : Z(X) → Q (5.8.10.2)

denote the function sending 1x to a(x). Note first of all that the induced map

A : K → Q (5.8.10.3)

descends to a map H0(K) → Q. Indeed by 5.8.7 the map c : V ⊗X → K is
surjective and

A(c(ζx ⊗ y)) = A(1y+x) −A(1y) −A(1x) +A(10)

=
1
2
[B(x+ y, x+ y) −B(y, y) −B(x, x)]

= B(x, y).

On the other hand, for any z ∈ X we also have

A(z · c(ζx ⊗ y)) = A(1y+x+z) −A(1y+z) −A(1x+z) +A(1z) (5.8.10.4)

which an elementary calculation shows is also equal to B(x, y).
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Since B(x, y) = g(s(x ⊗ y)) the above in fact shows that there is a com-
mutative diagram

K ��

��

Z(X)

��

��
Hgp

S

g ��

�� (P �HS)gp

h

���
�

�
�

�

Q,

(5.8.10.5)

where the arrow h is obtained by noting that the left square in the commuta-
tive diagram

0 −−−−→ K −−−−→ Z(X) −−−−→ P gp −−−−→ 0⏐⏐�
⏐⏐�

⏐⏐�
0 −−−−→ Hgp

S −−−−→ (P �HS)gp −−−−→ P gp −−−−→ 0

(5.8.10.6)

is cocartesian. Now by 5.8.9 the paving S′ is equal to the domains of linearity
of the function on XQ given by

x �→ 1
N
h(N,Nx), (5.8.10.7)

where N is any integer such that Nx ∈ X. From this the proposition follows.
	


Corollary 5.8.11 Let g̃ : lim−→P gp
ω → Q be a piecewise linear function such

that the induced map H̃gp
S → Q descends to Hgp

S . Assume the quadratic form

S2X
s−−−−→ Hgp

S

g̃−−−−→ Q (5.8.11.1)

is trivial. Then g̃ is a linear map.

Proof. By 5.8.10 the map g̃ descends to a map P gp → Q. 	


Corollary 5.8.12 The map sQ : S2X ⊗ Q → Hgp
S ⊗ Q is surjective.

Proof. It suffices to show that the map

Hom(Hgp
S ,Q) → Hom(S2X,Q) (5.8.12.1)

is injective, which follows from 5.8.11. 	


Lemma 5.8.13 Let B0 be a positive semidefinite quadratic form S2X → Q,
and define U(B0) ⊂ Hom(S2X,Q) to be the set of positive semidefinite
quadratic forms B whose associated paving of XR is coarser than the paving
SB0 defined by B0. Then U(B0) is a cone in Hom(S2X,Q).
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Proof. This follows from the theory of the “second Voronoi decomposition”
[39, Part I, §2]. 	


In fact, as explained in [39, Part I, 2.5] the collection of the cones U(B0)
form a GL(X)-invariant cone decomposition of the monoid of positive semi-
definite real quadratic forms. In particular, any face of U(B0) is again of the
form U(B′) for some B′.

If B0 is a quadratic form defining the paving S, then by 5.8.10 the map
sQ induces a map

s̄Q : Hom(Hgp
S ,Q) → U(B0)gp,

which by 5.8.12 is injective.

Lemma 5.8.14 The map s̄Q is surjective.

Proof. It suffices to show that if B : S2X → Q is a positive semidefinite
quadratic form such that S is a refinement of the associated paving SB , then
the map B factors through Hgp

S .
Let us first recall how to associate to such a B : S2X → Z a paving SB of

XR. Set A(x) := B(x, x)/2, and consider the set

GA := {(x,A(x))|x ∈ X} ⊂ XQ × Q.

The convex hull of this set is the graph of a piecewise linear function gB :
XQ → Q. The X–invariant paving SB of XR is defined to be the domains of
linearity of gB . Define g̃B : PQ → Q to be the function

g̃B(x, d) := dgB(x/d).

If (d, x) and (l, y) are in the same cone, we have

g̃B(d+ l, x+ y) = (d+ l)gB(
x+ y
d+ l

)

= (d+ l)gB(
d

d+ l
(x/d) +

l

d+ l
(y/l))

= (d+ l)[
d

d+ l
gB(x/d) +

l

d+ l
gB(y/l)]

= dgB(x/d) + lgB(y/l)
= g̃B(d, x) + g̃B(l, y).

Therefore g̃B is piecewise linear on PQ and hence defines a map

h̃B : H̃gp
SB ,Q → Q (5.8.14.1)

by
(d, x) ∗ (l, y) �→ g̃B(d+ l, x+ y) − g̃B(d, x) − g̃B(l, y). (5.8.14.2)
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Next note that

h̃B((1, x+ y) ∗ (1, 0)) − h̃B((1, x) ∗ (1, y))

= g(x+ y) + g(0) − 2gB(
x+ y

2
) + 2g(

x+ y
2

) − g(x) − g(y)

= A(x+ y) −A(x) −A(y)
= B(x+ y, x+ y)/2 −B(x, x)/2 −B(y, y)/2
= B(x, y).

Fix z ∈ XQ. By the argument used in the proof of 4.1.2 there exists a
linear function L : XQ → Q such that for any x ∈ XQ we have

gB(x+ z) = gB(x) + L(x). (5.8.14.3)

From this one deduces by an elementary calculation that for any element
z ∈ XQ and elements (d, x), (l, y) ∈ PQ we have

h̃B((d, x) ∗ (l, y)) = h̃B((d, x+ dz) ∗ (l, y + lz)), (5.8.14.4)

and therefore h̃B descends to a map hB : HSB ,Q → Q. Furthermore the
composite

S2XQ

sQ−−−−→ Hgp
SB ,Q

hB−−−−→ Q

is equal to B.
Now since SB is coarser than S, there is a natural surjection π : HS → HSB

such that the diagram
Hgp

S,Q

π

��
S2XQ

�����������
�� Hgp

SB ,Q.

The composite

Hgp
S,Q

�� Hgp
SB ,Q

hB �� Q

therefore gives the desired factorization of B. 	


Summarizing:

Proposition 5.8.15. The map s induces an isomorphism

s̄Q : Hom(U(B0),Q) → Hgp
S,Q. (5.8.15.1)

Lemma 5.8.16 The isomorphism Hom(Hgp
S ,Q) � U(B0)gp identifies

Hom(HS ,Q≥0) with the cone U(B0) (where B0 is the quadratic form defining
S and U(B0) is defined in 5.8.13).
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Proof. If g ∈ Hom(HS ,Q≥0) is an element with associated quadratic form
Bg, then

Bg(x, x) = g((1, 2x) ∗ (1, 0)) ≥ 0. (5.8.16.1)

It follows that Bg is positive semidefinite. Furthermore the paving defined by
Bg is coarser than S by 5.8.10. This shows that Hom(HS ,Q≥0) is contained in
U(B0). Conversely, the proof of 5.8.14 shows that any B′ ∈ U(B0) is obtained
from an element in Hom(HS ,Q≥0). 	


Proposition 5.8.17. Let F ⊂ Hsat
S be a face. Then the quotient Hsat

S /F
is isomorphic to Hsat

S′ /(torsion) for some regular paving S′ such that S
refines S′.

Proof. Set

F ∗ = {g ∈ Hom(HS ,Q≥0)|g(F ) = 0} ⊂ Hom(HS ,Q≥0) = U(B0). (5.8.17.1)

The F ∗ is a face of U(B0) and therefore equal to U(B′) for some B′. Let S′

be the paving defined by B′ (which is coarser than S), and let π : HS → HS′

be the natural surjection. We claim that π induces an isomorphism πsat :
Hsat

S /F → Hsat
S′ /(torsion).

To check that π descends to Hsat
S /F and that the induced map is injective,

it suffices to show that the corresponding map on duals

Hom(HS′ ,Q≥0) → Hom(Hsat
S ,Q≥0) (5.8.17.2)

descends to a surjection

Hom(HS′ ,Q≥0) → Hom(Hsat
S /F,Q≥0). (5.8.17.3)

This we have already shown as both sides in fact are identified with U(B′).
Thus it remains to see that Hsat

S → Hsat
S′ /(torsion) is surjective. For this

note that the projection π : HS → HS′ induces a morphism π̄ : HS′ →
Hsat

S /F . Since Hsat
S /F is saturated (being the quotient of a saturated monoid

by a face), the map π̄ extends uniquely to a map Hsat
S′ → Hsat

S /F . This map
is surjective since the composite Hsat

S → Hsat
S′ → Hsat

S /F is surjective, and
induces an isomorphism on the associated groups tensored with Q. It follows
that the induced map

Hsat
S′ /(torsion) → Hsat

S /F (5.8.17.4)

is an isomorphism. 	


Lemma 5.8.18 Let B : S2X → Q be a positive semi-definite quadratic form
and let X1 ⊂ X be a subgroup such that B(x, y) = 0 for all x, y ∈ X1. Then
B factors through S2X, where X := X/X1.
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Proof. Assume there exists x ∈ X and y ∈ X1 such that B(x, y) �= 0. After
possibly replacing y by −y we may assume that B(x, y) > 0. Then for any
integer r we have

B(x− ry, x− ry) = B(x, x) − 2rB(x, y). (5.8.18.1)

Choosing r sufficiently big this will be negative which is a contradiction. 	


5.8.19. Let B : S2X → Q be a quadratic form defining S′ and let X1 ⊂ X
be the subspace of elements x ∈ X for which B(x,−) is the zero map.

Let X denote the quotient X/X1. Note that X is a torsion free abelian
group. Then B descends to a non-degenerate quadratic form B : S2X → Q

and S′ is equal to the inverse image in X of the paving S
′
defined by B on X.

Let P denote the integral points of Cone(1,XR) ⊂ R ×XR,

Lemma 5.8.20 The projection HS′ → HS
′ is an isomorphism.

Proof. For ω̄ ∈ S′
, let Pω̄ ⊂ P denote the submonoid corresponding to the

inverse image of ω̄ under the bijection S′ → S
′
, and let P ω̄ ⊂ P be the

submonoid defined by ω̄. For every ω̄ ∈ S′
, the kernel of the map

P gp
ω̄ → P

gp

ω̄ (5.8.20.1)

is canonically isomorphic to X1. Indeed there is a canonical inclusion

X1 ↪→ P gp
ω̄ , x �→ (d, y + x) − (d, y), (5.8.20.2)

where (d, y) ∈ Pω̄ is any element (we leave to the reader the verification
that this is independent of the choice of (d, y) and is a homomorphism). If
(d, y) ∈ P gp

ω̄ ⊂ P gp � Z ⊕X is an element mapping to zero in P
gp � Z ⊕X,

then we must have d = 0 and y ∈ X1.
Since the map HS′ → HS

′ is clearly surjective, it suffices to prove that the
induced map on groups

ξ : Hgp
S′ → Hgp

S
′ (5.8.20.3)

is injective. For this consider the commutative diagram

0

��

0

��
lim−→ω̄

X1

��

�� X1

��
0 �� H̃gp

S′

��

�� lim−→ω̄
P gp

ω̄

��

�� P gp

��

�� 0

0 �� H̃gp

S
′ �� lim−→ω̄

P
gp

ω̄
�� P

gp �� 0.

(5.8.20.4)
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Since XR is connected the map

lim−→̄
ω

X1 → X1 (5.8.20.5)

is an isomorphism. It follows that H̃gp
S′ → H̃gp

S
′ is injective and hence an

isomorphism. Applying H0(−) we deduce that ξ is an isomorphism. 	


Lemma 5.8.21 Let M be a sharp saturated monoid and ρ : (P � HS) ⊕HS

HS → M a morphism sending at least one positive degree element q of P to
zero. Then ρ factors through P �HS.

Proof. Consider the map ρgp : (P �HS) ⊕HS
HS → Mgp defined by ρ. The

kernel of the map

((P �HS) ⊕HS
HS)gp → (P �HS)gp (5.8.21.1)

is canonically isomorphic to X1, by consideration of the commutative diagram

0 −−−−→ Hgp
S −−−−→ (P �HS)gp −−−−→ P gp −−−−→ 0⏐⏐�

⏐⏐�
⏐⏐�

0 −−−−→ Hgp

S
−−−−→ (P �HS)gp −−−−→ P

gp −−−−→ 0

(5.8.21.2)

and noting that the kernel of P gp → P
gp

is isomorphic to X1. It follows that
the obstruction to ρ descending to a map from P�HS is a map o : X1 →Mgp.

This map o can be described as follows. Let q ∈ P be an element with
ρ(q) = 0 in M , and let ω ∈ S be a simplex such that q ∈ Pω. The restriction
of ρ to Pω then factors through a morphism

ρω : Pω,q →M. (5.8.21.3)

Now observe that the inclusion X1 ⊂ P gp
ω lifts to an inclusion X1 ⊂ Pω,q by

writing q = (d, y) and sending x ∈ X1 to

(d, y + x1) − (d, y) ∈ Pω,q. (5.8.21.4)

It follows that X1 ⊂ P ∗
ω,q and that the map o is equal to the map obtained

by restricting ρω to X1. Since M is sharp the map

P ∗
ω,q →M (5.8.21.5)

induced by ρω,q is zero, which implies that o is also zero. 	
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5.9 Specialization

Theorem 5.9.1 Let f : (P,MP) → (B,MB) be a log smooth proper mor-
phism of fine saturated log schemes, let L be a relatively ample line bundle on
P, and let G/B be semiabelian group scheme over B acting on (P,MP) over
(B,MB). Then the condition that the geometric fiber of (P,MP , L)/(B,MB)
is isomorphic to the standard construction is represented by an open subset
of B.

The proof will be in several steps.

5.9.2. We first consider the following special case. Let B = Spec(V ) be a
complete discrete valuation ring with generic point η ∈ B and closed point
s ∈ B. Assume that the torus of Gη is split so that we have an extension

0 → D(X) → Gη → G1,η → 0,

where X is a finitely generated free abelian group and G1,η is an abelian
variety. Since V is normal, the torusD(X) extends uniquely to a torusD(X) ⊂
G over V [13, I.2.9]. Let G1/V denote the quotient G/D(X). Then G1 is a
semi-abelian scheme over V . We further assume that the torus of the closed
fiber Gs is split. The reductions of G then define an extension over Spf(V )

0 → D(X) → G̃→ A→ 0,

and there is a natural inclusion D(X) ⊂ D(X) defining a surjection X → X.
Let X1 ⊂ X be the kernel. Assume that the closed fiber (Ps,MPs

, Ls)
is obtained from the standard construction. Then by 5.5.2 we know that
(P,MP , LP) is obtained by algebraizing the standard construction over the
reductions.

In particular, we obtain a paving S of XR, maps c, ct, ψ, and τ over V , and
a chart β : Hsat

S →MB such that (P,MP , L) is obtained from the standard
construction using this data.

5.9.3. Recall [3, 4.2.4] that there is an isomorphism of fppf sheaves on
Spec(V ).

R1f∗X → H omGp(TX ,Pic(P)),

and similarly
R1f∗X � H omGp(TX ,Pic(P)). (5.9.3.1)

Now we have a map

ρ : TX → Pic(P), u �→ u∗L⊗ L−1.

which therefore defines a global section of R1f∗X. After replacing V by a finite
flat covering we can assume this class is obtained from a class in H1(P,X).
Let Q̃1 → P denote the corresponding X–torsor.
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Lemma 5.9.4 The G-action on P lifts uniquely to a G-action on Q̃1.

Proof. The uniqueness of the lifting can be seen as follows. If ρ1 and ρ2 are
two liftings then we get a map G→ X sending g to ρ1(g)ρ2(g)−1 ∈ X (since
Q̃1 is an X–torsor over P and the two actions on P coincide). Such a map
must necessarily be constant since G is geometrically connected

Let f : TX → Pic(P) denote the morphism corresponding to Q̃1 under the
isomorphism 5.9.3.1 (so f(u) = [u∗L ⊗ L−1]). By the theorem of the square
[3, 4.1.6 and 4.1.7], for any section g ∈ G we have

g∗(u∗L⊗ L−1) � u∗L⊗ L−1. (5.9.4.1)

Therefore g∗Q̃1 is isomorphic to Q̃1.
For g ∈ G let Wg denote the X-torsor of isomorphisms

g̃ : Q̃1 → Q̃1 (5.9.4.2)

of X-torsors over g : P → P. For two sections g, g′ ∈ G the map

Wg ×Wg′ →Wgg′ (5.9.4.3)

sending (g̃, g̃′) to the composite

Q̃1
g̃′

−−−−→ Q̃1
g̃−−−−→ Q̃1

(5.9.4.4)

defines an isomorphism
Wg ∧Wg′ →Wgg′ . (5.9.4.5)

In this way we obtain a morphism of Picard stacks

W : G→ TORS(X). (5.9.4.6)

We want to show that this morphism is trivial. By [8, XVIII.1.4.5] the iso-
morphism class of W is classified by an element in the group

Ext0(G,X → 0) � Ext1(G,X), (5.9.4.7)

where the complex X → 0 has X in degree −1. The result therefore follows
from the fact that

Ext1(G,X) = 0 (5.9.4.8)

which follows from noting that if

0 → X → E → G→ 0 (5.9.4.9)

is an extension, then the connected component of E maps isomorphically to
G and hence the sequence is split. 	
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5.9.5. Let LQ̃1
denote the pullback of L to Q̃1. By the construction of the

functor F in 5.3.1.4, the action of D(X) lifts to an action on LQ̃1
. This lifting

is unique up to twisting by a character χ : D(X) → Gm.

5.9.6. Let Q̃1,n denote the reduction modulo mn+1
V . Then Q̃1,n can be de-

scribed as follows. The surjection X → X induces a commutative diagram

H1(Pn, X) −−−−→ Hom(D(X),Pic(Pn))⏐⏐�
⏐⏐�

H1(Pn,X) −−−−→ Hom(D(X),Pic(Pn)).

(5.9.6.1)

Let P̃n → Pn denote the space 5.2.4.1 used in the standard construction, and
let R̃n denote the X-torsor P̃n×Y X. Then it follows from the commutativity
of 5.9.6.1 that (Q̃1,n, LQ̃1,n

) is isomorphic to (R̃n/X1, LR̃n
/X1). Moreover,

by the uniqueness of the lifting of the D(X)–action we can choose such an
isomorphism compatibly with the D(X)–actions.

5.9.7. By the same argument used in 5.2.9 we can lift (G,P,MP , L) to
Spec(V [[Hsat

S ]]) with the log structure defined by the natural map Hsat
S →

V [[Hsat
S ]. Let G → Spec(V [[HS ]]) be the resulting semiabelian scheme. The

generic fiber of G is abelian and has a polarization λ. By the construction
in [13, Chapter II §2] we then have the dual semiabelian scheme G t over
V [[Hsat

S ]] and an isogeny G → G t inducing the polarization on the generic
fiber. Let Gt be the pullback to V (along the morphism V [[Hsat

S ]] → V ) of
G t and λ : G→ Gt the induced isogeny. Since the map G→ Gt is an isogeny
the toric part of Gt

η is a quotient of D(X) and in particular is split. Let
D(Y ) ⊂ Gt denote the closure of the toric part of the generic fiber, and let
Gt

1 denote the quotient Gt/D(Y ). The surjection D(X) → D(Y ) dualizes to
an inclusion Y ⊂ X. If D(Y ) denote the toric part of Gt

s then the inclusion
Y ⊂ X is the inclusion used in the standard construction, and by the same
reasoning as above we have Y → Y such that the diagram

Y −−−−→ X⏐⏐�
⏐⏐�

Y −−−−→ X

commutes. In particular, Y is just the image of Y in X. Let Y1 ⊂ Y denote
the kernel of Y → Y .

Lemma 5.9.8 The chart β : Hsat
S →MB induces an isomorphism

Hsat
S
/(torsion) →MB,η (5.9.8.1)

for some regular paving S of XR.
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Proof. Consider the deformation (G ,P†, L†) of (G,P, L) to V [[Hsat
S ]] pro-

vided by the argument used in 5.2.9. Choose a map

Spec(W ) → Spec(V [[Hsat
S ]]) (5.9.8.2)

withW a complete discrete valuation ring sending the closed point of Spec(W )
to η and the generic point to the generic point of Spec(V [[Hsat

S ]]). Let ν be a
valuation on W . We then obtain a quadratic form

B : S2X
s �� Hgp

S

β �� Frac(W )∗ ν �� Z. (5.9.8.3)

This quadratic form is positive semidefinite as the image of HS inW has non-
negative valuation. By [13, III.10.2 and the discussion preceding this theorem]
this quadratic form in fact descends to a positive definite quadratic form
(which we denote by the same letter)

B : S2X → Z. (5.9.8.4)

Let S denote the paving on XR defined by this quadratic form. By 5.8.10
and 5.8.20 the map HS → Q≥0 defined by ν factors through HS . On the
other hand, since B is positive definite the map Hsat

S
/(torsion) → Q sends all

nonzero elements to positive elements of Z by 4.1.8. 	


Lemma 5.9.9 There exists a unique Y –torsor P̃1 → P with an isomor-
phism P̃1 × YX � Q̃1.

Proof. From the short exact sequence

0 → Y → X → X/Y → 0

we obtain a short exact sequence

0 → H1(P, Y ) → H1(P,X) → H1(P,X/Y ).

Let o ∈ H1(P,X/Y ) denote the image of the class defined by Q̃1. We have to
show that o = 0. By the proper base change theorem [8, XII.5.1] it suffices to
show this after reducing modulo the maximal ideal of V (note that X/Y is a
torsion constructible sheaf). But in this case we have R̃0 � P̃0 × YX whence

Q̃1,0 � (P̃0 × YX)/X1 � P̃0/Y1 ×Y X,

where Y1 denotes the kernel of Y → Y . 	


Lemma 5.9.10 The G-action on Q̃1 restricts to a G-action on P̃1.

Proof. This can be verified over the closed fiber, where it follows from the fact
that the G-action on Q̃n is induced by a G-action on P̃n. 	
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5.9.11. Let us describe the torsor P̃1,η in more detail.
Denote by P1 the intersection of P with Cone(1, X1,R) ⊂ Cone(1, XR). We

then obtain a graded subalgebra

⊕(d,x)∈P1M
d ⊗ Lx ⊂ ⊕(d,x)∈P M d ⊗ Lx. (5.9.11.1)

Define
W̃ := Proj

A
(⊕(d,x)∈P1M

d ⊗ Lx) (5.9.11.2)

The restrictions of ψ and τ to X1 and Y1 ×X1 respectively define an action
of Y1 on W̃ together with its tautological line bundle L

W̃
. Also by the same

argument as in 4.1.14 we obtain an action of the semiabelian group scheme
G1 on W̃ and a lifting to L

W̃
of the restriction of this action to TX1 .

The scheme W̃ has a natural log structureM
W̃

and the structure morphism
extends naturally to a morphism

(W̃ ,M
W̃

) → (Spec(V ),MV ). (5.9.11.3)

The log structure M
W̃

defined as in 4.1.10 by locally on A choosing a trivial-
ization of M and compatible trivializations of the Lx’s and then noting that
W̃ is isomorphic to

Proj
A
(OA ⊗Z[HS ] Z[P1 �HS ]). (5.9.11.4)

The inclusion 5.9.11.1 defines a rational map

f : P̃ �����
W̃ (5.9.11.5)

compatible with the G and G1-actions. Note that the maximal open set
Ũ ⊂ P̃ where f is defined is dense in the closed fiber of P̃, Y1-invariant,
and f extends to a map of log schemes

f : (Ũ ,M
Ũ

) → (W̃ ,M
W̃

). (5.9.11.6)

Lemma 5.9.12 After possibly replacing V by a finite extension, the generic
fiber W̃η with its D(X1)-action is isomorphic to

Spec
A
(OA[X1]) (5.9.12.1)

with the standard action of D(X1).

Proof. Let K denote the field of fractions of V , and let F ⊂ HS be the face
of elements mapping to units in K. After possibly replacing V by a finite
extension, we can find a homomorphism ρ : P1 � HS → K∗ such that the
restriction to F is equal to the composite

F �� HS
β �� K∗. (5.9.12.2)
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The map of algebras over Aη

ρ∗ : ⊕(d,x)∈P1�HS
M d

η ⊗ Lx,η → ⊕(d,x)∈P1�HS
M d

η ⊗ Lx,η (5.9.12.3)

which in degree (d, x) is equal to multiplication by ρ(d, x) then extends to a
commutative diagram of log schemes

(W̃η,MW̃η
) −−−−→ (W̃η,MW̃η

)⏐⏐�
⏐⏐�

Spec(HS
β→K) a−−−−→ Spec(HS

β′
→K),

(5.9.12.4)

where β sends all elements of F to 1 and a is the morphism which is the
identity on K and given on log structures by the map

HS → K∗ ⊕HS , h �→ (ρ(h)−1, h). (5.9.12.5)

From this it follows that it suffices to consider the case when HS → K factors
through HS .

From the isomorphism

(P1 �HS) ⊕HS
HS � P1 ⊕HS (5.9.12.6)

we see that W̃η is isomorphic to

Proj
A
(OA[P1]). (5.9.12.7)

Next observe that for any nonzero element (d, x) ∈ P1, the localized monoid
P1,(d,x) is isomorphic to P gp

1 . Indeed if (l, y) ∈ P1 then in P1,(d,x) we have

d(l, y) + d(l, 2lx− y) = (2dl, 2dlx) (5.9.12.8)

and hence (l, y) is invertible in P1,(d,x).
Therefore

Proj
A
(OA[P1]) � Proj

A
(OA[P gp

1 ]) � Spec
A
(OA[X1]). (5.9.12.9)

	


Lemma 5.9.13 (i) The rational map on the generic fiber

fη : P̃η
����� W̃η (5.9.13.1)

is a morphism.
(ii) The log scheme with D(X)-action (P̃η,MP̃η

) over W̃η is étale locally

on W̃η isomorphic to

Proj
W̃η

(O
W̃η

⊗Z[HS ] Z[P �HS ]), (5.9.13.2)

where the map HS → O
W̃η

sends all nonzero elements to 0.
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Proof. Locally on A we can make identifications

W̃ � Proj
A
(OA ⊗Z[HS ] Z[P1 �HS ]), (5.9.13.3)

and
P̃η � Proj

A
(OA ⊗Z[HS ] Z[P �HS ]) (5.9.13.4)

such that the map f is induced by the map

Z[P1 �HS ] → Z[P �HS ]. (5.9.13.5)

Over the generic fiber, we can after possibly changing the chart β so that
HS → K factors through HS as in the proof of 5.9.12, identify the map fη

with the map

Proj
Aη

(OAη
⊗Z[HS ] Z[(P �HS) ⊕HS

HS ]) ����� Spec
Aη

(OAη
[X1])

(5.9.13.6)
induced by the inclusion

P1 ⊕HS � (P1 �HS) ⊕HS
HS ↪→ (P �HS) ⊕HS

HS (5.9.13.7)

and the natural identification of X1 with the degree 0 elements in any local-
ization of P1 (see again the argument in 5.9.12).

To prove (i), it suffices to show that if (d, x) ∈ P is an element then the
image of P1 in the localization

((P �HS) ⊕HS
HS)(d,x) (5.9.13.8)

is contained in the units. This follows from noting that for any element
(1, y)) ∈ P1 we have

(d− 2, x) + (1, y) + (1,−y) = (d, x). (5.9.13.9)

This proves (i).
For (ii) note that there is an isomorphism of (log) schemes over the scheme

Spec
Aη

(OAη
[X1])

Proj
Aη

(OAη
⊗Z[HS ] Z[(P �HS) ⊕HS

HS ])

� Proj
Aη

(OAη
⊗Z[HS ] Z[P gp

1 ⊕P1 ((P �HS) ⊕HS
HS)]).

From the commutative diagram

P gp
1

��

P gp
1

��
0 �� Hgp

S
�� (P �HS)gp ⊕Hgp

S
Hgp

S

��

�� P gp ��

��

0

0 �� Hgp

S
�� (P �HS)gp �� P

gp �� 0

(5.9.13.10)
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it follows that the projection

P gp
1 ⊕P1 ((P �HS) ⊕HS

HS) → P �HS (5.9.13.11)

identifies P �HS with the quotient of

P gp
1 ⊕P1 ((P �HS) ⊕HS

HS) (5.9.13.12)

by the subgroup P gp
1 .

We claim that the projection 5.9.13.11 admits a section inducing a decom-
position

P gp
1 ⊕P1 ((P �HS) ⊕HS

HS) � (P �HS) ⊕ P gp
1 . (5.9.13.13)

For this it suffices to construct a section of the map on groups

(P �HS)gp ⊕Hgp
S
Hgp

S
→ (P �HS)gp. (5.9.13.14)

Such a section exists since this projection induces an isomorphism on torsion
subgroups (both torsion subgroups being equal to the torsion subgroup of
Hgp

S
). Fixing one such decomposition 5.9.13.13 we obtain an isomorphism

P̃η � W̃η ×Aη
Proj

Aη
(OAη

⊗Z[HS ] Z[P �HS ]) (5.9.13.15)

as desired. 	


5.9.14. Let p : XR → XR denote the projection. For ω̄ ∈ S let Pω ⊂ P
denote the integral points of the cone Cone(1, p−1(ω̄)) ⊂ R ⊕XR. Define

P̃ω̄ ⊂ P̃ (5.9.14.1)

to be the closed subscheme

Proj
A
(OA ⊗Z[HS ] Z[Pω �HS ]) ⊂ Proj

A
(OA ⊗Z[HS ] Z[P �HS ]) (5.9.14.2)

induced by the projection

OA ⊗Z[HS ] Z[P �HS ] → OA ⊗Z[HS ] Z[Pω̄ �HS ] (5.9.14.3)

sending an element p ∈ P to 0 unless p ∈ Pω̄ and to p ∈ Pω̄ otherwise (note
that this gives a map of algebras for if p, q ∈ P are two elements whose images
in P lie in distinct cones then p∗q maps to zero in OA). The subscheme P̃ω̄ is
Y1-invariant, and hence we obtain a compatible collection of closed subspaces

Pω̄,n := P̃ω̄,n/Y1 ⊂ P̃n/Y1 = P̃1,n. (5.9.14.4)

Lemma 5.9.15 For every n the scheme Pω̄,n is projective over Bn, with
ample line bundle LPω̄,n

the sheaf obtained by descent from the Y1-linearized
invertible sheaf O

P̃n
(1).
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Proof. Since P̃n is locally of finite type over Bn, the space Pω̄,n is also locally
of finite type overBn. It therefore suffices to prove that Pω̄,n is quasi-compact.
For this we may as well assume that n = 0 in which case Pω̄,0 is a scheme
over k := V/mV .

For each ω ∈ S let Pω,0 ⊂ P̃0 denote the closed subscheme

Proj
A0

(OA0 [Pω]) ⊂ P̃0. (5.9.15.1)

Then P̃ω̄,0 is the union of those Pω,0 with ω mapping to ω̄ in S. Let q : S → S
be the projection. Then Y1 acts on q−1(ω̄) such that the induced action of
y ∈ Y1 on P̃ω̄,0 sends Pω,0 to Py(ω),0. It therefore suffices to show that the
set

q−1(ω̄)/Y1 (5.9.15.2)

is finite.This is clear as the elements of this set form a covering of the compact
set

p−1(ω̄)/Y1 ⊂ XR/Y1. (5.9.15.3)

The statement that LPω̄,n
is ample follows from the Nakai-Moishezon

criterion [28, Theorem 2], and the fact that LPω̄,n
pulls back to an ample

sheaf on each P̃ω,n. 	


5.9.16. It follows that the closed subscheme Pω̄,n ⊂ P̃1,n are uniquely al-
gebraizable to closed subschemes

Pω̄ ⊂ P̃1 (5.9.16.1)

which are of finite type and cover P̃1.
Note also that if ω̄, ω̄′ ∈ S are two elements, then the intersection

Pω̄ ∩ Pω̄′ ⊂ P̃1 (5.9.16.2)

is equal to Pω̄∩ω̄′ .

5.9.17. By a similar argument to the above, for every integer n the action
of Y1 on W̃n is properly discontinuous, and the line bundle O

W̃
(1) descends

to an ample line bundle LWn
on the quotient

Wn := W̃n/Y1. (5.9.17.1)

By the Grothendieck existence theorem the compatible family

{Wn, LWn
} (5.9.17.2)

is therefore induced by a unique projective scheme with ample line bundle
(W,LW )/V .



5.9 Specialization 187

5.9.18. Let
Γ̃ ⊂ P̃ ×B W̃ (5.9.18.1)

denote the closure of
Γf : U → P̃ ×B W̃ , (5.9.18.2)

and for ω̄ ∈ S let Γ̃ω̄ denote the closure of the restriction of f to U ∩ P̃ω̄.

5.9.19. The scheme Γ̃ can be described as follows. Set

C
P̃

:= Spec
A
(⊕(d,x)∈P M d ⊗ Lx), (5.9.19.1)

and
C

W̃
:= Spec

A
(⊕(d,x)∈P1M

d ⊗ Lx), (5.9.19.2)

and let
fC : C

P̃
→ C

W̃
(5.9.19.3)

by the map of schemes defined by the map of sheaves of algebras 5.9.11.1.
The Gm-action on C

W̃
defines a map

C
P̃

× Gm → C
P̃

×B C
W̃
, (p, u) �→ (p, u ∗ fC (p)), (5.9.19.4)

which since the Gm-action on C
W̃

is faithful is an immersion. Let

Z ⊂ CP̃ ×B C
W̃

(5.9.19.5)

denote the closure of 5.9.19.4. If C ◦
P̃

(resp. C ◦
W̃

) denotes the complement of

the vertex in C
P̃

(resp. C
W̃

) then the inverse image of Γ̃ in C ◦
P̃

×B C ◦
W̃

is
equal to the intersection

Z ∩ (C ◦
P̃

×B C ◦
W̃

). (5.9.19.6)

Now the scheme Z can be described as follows. If we locally on A trivialize
M and the Lx’s, then the map 5.9.19.4 is induced by the map of algebras

OA⊗Z[HS ]Z[(P�HS)⊕HS
(P1�HS)] → OA⊗Z[HS ]Z[(P�HS)⊕Z] (5.9.19.7)

induced by the natural inclusion into the first factor

P �HS ↪→ (P �HS) ⊕ Z, (5.9.19.8)

and the map
P1 �HS → (P �HS) ⊕ Z (5.9.19.9)

induced by the natural inclusion

P1 �HS ↪→ P �HS (5.9.19.10)

and the degree map
deg : P1 �HS → Z. (5.9.19.11)
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Now observe that the map 5.9.19.7 factors as a surjection

OA⊗Z[HS ]Z[(P�HS)⊕HS
(P1�HS)] → OA⊗Z[HS ]Z[(P�HS)⊕N] (5.9.19.12)

followed by an inclusion

OA ⊗Z[HS ] Z[(P �HS) ⊕ N] ↪→ OA ⊗Z[HS ] Z[(P �HS) ⊕ Z]. (5.9.19.13)

It follows that in this local description the scheme Z is equal to

Spec
A
(OA ⊗Z[HS ] Z[(P �HS) ⊕ N]). (5.9.19.14)

Note that this description of Z also holds after arbitrary base change
B′ → B.

Corollary 5.9.20 The projection map Γ̃ → P̃ is of finite type, and for every
integer n the reduction Γ̃n ⊂ P̃n ×Bn

W̃n is equal to the scheme-theoretic
closure of the graph of fn : Un → W̃n.

By a similar analysis one also obtains the following:

Corollary 5.9.21 For every ω̄ ∈ S, the projection map Γ̃ω̄ → P̃ω̄ is of finite
type, and for every integer n the reduction Γ̃ω̄,n ⊂ P̃ω̄,n ×Bn

W̃n is equal to
the scheme-theoretic closure of the graph of fn : Un ∩ P̃ω̄ → W̃n.

5.9.22. Let Γ̃ω̄,n denote the reduction of Γ̃ω̄,n modulo mn+1. Note that

Γ̃ = ∪ω̄∈SΓ̃ω̄. (5.9.22.1)

Since f is compatible with the Y1-actions, the subscheme Γ̃ω̄ ⊂ P̃ ×B W̃

is a Y1-invariant, where Y1 acts diagonally on P̃ ×B W̃ . Since the action of
Y1 on P̃n ×Bn

W̃n is properly discontinuous, the action of Y1 on Γ̃ω̄,n is also
properly discontinuous.

5.9.23. Define
Γω̄,n := Γ̃ω̄,n/Y1 (5.9.23.1)

to be the quotient. The space Γω̄,n comes equipped with an invertible sheaf
LΓω̄,n

induced by descent from the Y1-linearized invertible sheaf

p∗1OP̃
(1) ⊗ p∗2OW̃

(1) (5.9.23.2)

on P̃ ×B W̃ .

Lemma 5.9.24 For every n and ω̄, the space Γω̄,n is proper over Bn and
LΓω̄,n

is an ample invertible sheaf on Γω̄,n.
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Proof. The proof is very similar to the proof of 5.9.15.
First note that it suffices to consider the case when n = 0. Choose a set of

representatives ω1, . . . , ωr for the finite set q−1(ω̄)/Y1 the map

r∐
i=1

Γω,0 → Γω̄,0 (5.9.24.1)

is surjective. The ampleness of LΓω̄,0 follows as in 5.9.15 from the fact that
this sheaf pulls back to an ample sheaf on each Γω,0. 	


5.9.25. The projective system (Γω̄,n, LΓω̄,n) is therefore uniquely algebraiz-
able to a projective scheme with ample line bundle (Γω̄, LΓω̄

) over B. Further-
more the diagrams

Γω̄,n

���
��

��
��

�

����
��
��
��

Pω̄,n
fω̄ ���������� Wn

(5.9.25.1)

induce a diagram
Γω̄

���
��

��
��

�

����
��
��
��

Pω̄ W

(5.9.25.2)

by algebraizing the closed subschemes

Γω̄,n ⊂ Pω̄,n ×Bn
Wn. (5.9.25.3)

Let
Γ ⊂ P̃1 ×B W (5.9.25.4)

be the scheme-theoretic union of the Pω̄ (note that Γ is reduced since each
Γω̄ is reduced), so we have

Γ
p

  ��
��
��
�

q

!!�
��

��
��

�

P̃1 W.

(5.9.25.5)

The map p is birational since this is true after reducing modulo m. We there-
fore obtain a rational map (which we again denote by f)

f : P̃1
����� W. (5.9.25.6)

Let LΓ denote the tensor product p∗LP1⊗q∗LW , so LΓ is an ample invertible
sheaf on Γ whose restriction to Γω̄ is equal to LΓω̄

.
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Lemma 5.9.26 The map on generic fibers pη : Γη → P̃1,η is an isomor-
phism. In particular, the rational map 5.9.25.6 induces a morphism

fη : P1,η →Wη. (5.9.26.1)

Proof. Since the diagrams

Γω̄ −−−−→ Γ⏐⏐�
⏐⏐�

Pω̄ −−−−→ P̃1

(5.9.26.2)

are cartesian, it suffices to show that the projections

pη : Γω̄,η → Pω̄,η (5.9.26.3)

are isomorphisms.
Let p ∈ Pω̄ be a point of the closed fiber, and let T denote the Pω̄-scheme

ρ : T := Spec(ÔPω̄,p) → Pω̄. (5.9.26.4)

Let Γω̄,T denote the base change of Γω̄ to T . Then it suffices to show that the
map on generic fibers

Γω̄,Tη
→ Tη (5.9.26.5)

is an isomorphism. Furthermore, to verify this we may replace T by a finite
flat extension if necessary.

If t ∈ T denotes the closed point, we may therefore assume that there
exists a morphism

t̃ : Spec(k(t)) → P̃ω̄,0 (5.9.26.6)

lifting the map to Pω̄,0. Since the maps

P̃ω̄,n → Pω̄,n (5.9.26.7)

are étale and T is the spectrum of a complete local ring, this map t̃ lifts
uniquely to a morphism

ρ̃ : T → P̃ω̄ (5.9.26.8)

such that for every n the composite map on reductions

Tn
ρ̃ �� P̃ω̄,n

�� Pω̄,n (5.9.26.9)

is equal to the given map ρ. Let Γ ′
ω̄,T denote the fiber product of the diagram

Γ̃ω̄

��
T

ρ̃ �� P̃ω̄.

(5.9.26.10)
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For every n, the two reductions Γ ′
ω̄,Tn

and Γω̄,Tn
are canonically isomorphic.

By the Grothendieck existence theorem it follows that there is a canonical
isomorphism over T

Γω̄,T � Γ ′
ω̄,T . (5.9.26.11)

This implies the lemma for by 5.9.13 the morphism on generic fibers

Γ ′
ω̄,Tη

→ Tη (5.9.26.12)

is an isomorphism. 	


5.9.27. The same argument used in the proof of 5.9.26 enables us to describe
the local structure of the map

fη : P̃1,η →Wη. (5.9.27.1)

Let w ∈ W be a point of the closed fiber and let Z denote the spectrum of
ÔW,w̄. Let

z : Z →W (5.9.27.2)

be the natural map. Then as in the proof of 5.9.26 we can choose a map
z̃ : Z → W̃ such that the fiber product

Γ ×W Z (5.9.27.3)

is isomorphic to Γ̃ ×
W̃
Z. By 5.9.13 it follows that there is a non-canonical

isomorphism

P̃1,η ×Wη
Zη � Proj

Zη
(OZη

⊗Z[HS ] Z[P �HS ]). (5.9.27.4)

5.9.28. There is a map of invertible sheaves

f∗ηLWη
→ L

P̃1,η
(5.9.28.1)

defined as follows. First note that to give such a map it suffices to define a
compatible collection of morphisms

j∗ω̄f
∗
ηLWη

→ LPω̄,η
(5.9.28.2)

for each ω̄ ∈ S, where jω̄ : Pω̄ ↪→ P̃1 is the inclusion. Indeed by the above lo-
cal description of P̃1,η and the argument of [4, proof of 4.3], for any invertible
sheaf L on P̃1,η the sequence

L →
∏

i

jω̄i∗j
∗
ω̄i

L ⇒
∏
i,k

jω̄i∩ω̄k∗j
∗
ω̄i∩ω̄k

L (5.9.28.3)

is exact, where we have ordered the top-dimensional elements {ω̄i} of S in
some way.
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To give the map 5.9.28.2 it in turn suffices to define a section of

LΓω̄
⊗ q∗L−2

W (NΓ0), (5.9.28.4)

where Γ0 denotes the closed fiber of Γ (a Cartier divisor on Γ ) and N is an
integer.

Lemma 5.9.29 Let LΓ̃ω̄
denote the invertible sheaf on Γ̃ω̄ obtained by re-

stricting the sheaf 5.9.23.2 to Γ̃ω̄. Then there exists an integer N such that
the section

sUω̄
∈ Γ (U ∩ Γ̃ω̄, LΓ̃ω̄

⊗ q∗L−2
W ) (5.9.29.1)

defined by the natural map f |∗U O
W̃

(1) → O
P̃

(1)|U extends to a section of

LΓ̃ω̄
⊗ p∗2OW̃

(1)⊗−2(NΓ̃ω̄,0). (5.9.29.2)

Proof. Let V ⊂ Γ̃ω̄ be a quasi-compact open subset such that the Y1-translates
of V cover Γ̃ω̄ (for example take the inverse image of such an open subset in
P̃ω̄). Let N be an integer such that the restriction of sUω̄

to V extends to an
element

s ∈ Γ (V , LΓ̃ω̄
⊗ p∗

2OW̃
(1)⊗−2(NΓ̃ω̄,0)). (5.9.29.3)

Then for every y ∈ Y1 the pullback

y∗(s) ∈ Γ (y(V ), LΓ̃ω̄
⊗ p∗

2OW̃
(1)⊗−2(NΓ̃ω̄,0)) (5.9.29.4)

is a section whose restriction to Uω̄ ∩ y(V ) is equal to the restriction of sU .
Since Γ̃ω̄ is integral this implies that these locally defined section y∗(s) agree
on the overlaps and hence proves the lemma. 	


5.9.30. This section

s ∈ Γ (Γ̃ω̄, LΓ̃ω̄
⊗ p∗

2OW̃
(1)⊗−2(NΓ̃ω̄,0)) (5.9.30.1)

defines for every n a Y1-invariant section of

Γ (Γ̃ω̄,n, LΓ̃ω̄,n
⊗ p∗

2OW̃
(1)⊗−2(NΓ̃ω̄,0)) (5.9.30.2)

and by passing to the quotient by the Y1-action and algebraizing a section

s ∈ Γ (Γω̄, LΓω̄
⊗ p∗2L⊗−2

W (NΓω̄,0)). (5.9.30.3)

On the generic fiber this defines the morphism 5.9.28.1.

Lemma 5.9.31 For x̄ ∈ X and d ≥ 1, let (fη∗L
d
P̃1,η

)x̄ denote the x̄-

eigenspace of the sheaf with D(X)-action fη∗L
d
P̃1,η

.

(i) For every (d, x̄) the sheaf (fη∗L
d
P̃1,η

)x̄ is locally free of rank 1 on Wη.
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(ii) The map 5.9.28.1 induces an isomorphism

LWη
→ (fη∗LP̃1,η

)0. (5.9.31.1)

(iii) The natural rational map over Wη

P̃1,η
����� Proj

Wη
(⊕(d,x)∈P (fη∗L

d
P̃1,η

)x̄) (5.9.31.2)

is a morphism, and in fact an isomorphism of schemes.

Proof. All of the assertions can be verified after base-changing to the comple-
tion ofWη at a point. In this case the result follows from the local descriptioin
5.9.27.4 (and the verification, left to the reader, that this local description is
also compatible with the D(X)-action and the map on line bundles). 	


5.9.32. In what follows for (d, x̄) ∈ P we write

L(d,x̄) := (fη∗L
d
P̃1,η

)x̄. (5.9.32.1)

Lemma 5.9.33 There exists a unique G1-action on W reducing to the action
on Wn described in 5.9.11 for all n. The generic fiber Wη is a torsor under
G1,η with respect to this action.

Proof. This follows from the observation that W̃ is a relatively complete model
in the sense of [13, III.3.1], and the results of [13, III, §4]. 	


Lemma 5.9.34 Let π : G→ G1 be the projection. Then the diagram

Gη × P1,η

π×fη

��

action �� P1,η

fη

��
G1,η ×Wη

action �� Wη

(5.9.34.1)

commutes.

Proof. Note that by the construction for any finite extension V ′/V and section
g ∈ G(V ′) the diagram over K ′ = Frac(V ′)

P1,η

fη

��

g �� P1,η

fη

��
Wη

π(g) �� Wη

(5.9.34.2)

commutes. On the other hand, the set of points of Gη̄ for which the diagram
5.9.34.2 commutes is a closed subgroup scheme of Gη̄. If Hη denotes the
quotient of Gη by this subgroup scheme, and if H denotes the connected
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component of the Neron model of Hη, then the projection map Gη → Hη

extends uniquely to a map G→ H. After replacing V by a finite extension we
may assume that H is a semiabelian scheme over V . The map G→ H is then
surjective. On the other hand, for any V ′-valued point g ∈ G(V ′) as above,
the image of g in H(V ′) is the identity. It follows that H, and hence also Hη,
is trivial. 	


5.9.35. The line bundles L(d,x̄) admit the following alternate characterization.
Let M

P̃1
denote the pullback to P̃1 of the log structure MP , and simi-

larly let M
P̃

denote the pullback of MP∧ to P̃∧ (the formal scheme over the
completion of P along the maximal ideal of V used in the standard construc-
tion 5.2.4.1). On P̃∧ we have by the construction a surjection P�HS →M

P̃

such that for any point x ∈ P̃∧ and y ∈ Y the diagram

P �HS −−−−→ M
P̃∧,x̄

λy

⏐⏐�
⏐⏐�action

P �HS −−−−→ M
P̃∧,y(x̄)

commutes where λy is the translation action. Consider the sheaf of sets
H om(P � HS ,MP̃1

)/Y1 where H om(P � HS ,MP̃1
) denotes the sheaf of

morphisms of monoids, and the Y1–action is given by the translation action
on P �HS . The sheaf H om(P �HS ,MP̃1

)/Y1 is a constructible sheaf of sets

on P̃1. The map P �HS →M
P̃∧ defines a global section

γ0 ∈ H0(P̃1,0,H om(P �HS ,MP̃1,0
)/Y1).

Lemma 5.9.36 For any constructible sheaf of sets F on P̃1 the natural map

H0(P̃1,F) → H0(P̃1,0,F1)

is an isomorphism.

Proof. The scheme P̃1 is obtained by gluing proper V –schemes along closed
subschemes (the schemes Pω̄). It follows that to give a global section of F
is equivalent to giving a compatible collection of sections over these proper
subschemes, and the global sections over P̃1,s can be described similarly. The
result therefore follows from the proper base change theorem [8, XII.5.1]. 	


We therefore have a global section γ ∈ H0(P̃1,H om(P � HS ,MP̃1
)/Y1)

inducing γ0.

Lemma 5.9.37 The restriction of γ to P̃1,η is contained in the image of the
inclusion

H om(P �HS ,MP̃1
) ↪→ H om(P �HS ,MP̃1

)/Y1.
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Proof. This follows from 5.8.21 and 5.9.8. 	


On P̃1,η the section γ therefore induces a map γ̄ : P �Hsat
S

→M
P̃1,η

.

Lemma 5.9.38 Let X be a projective normal toric variety with torus T and
for every x ∈ X let Tx denote the stabilizer of the point x. Let L be a T–
linearized line bundle on X such that for every x ∈ X the character Tx →
Aut(L(x)) � Gm is trivial. Then L is trivial as a T–linearized line bundle.

Proof. Choose a birational morphism of toric varieties π : X ′ → X with center
of codimension ≥ 2 in X with X ′ smooth. Let L′ denote π∗L. Then since X is
normal we have H0(X,L) = H0(X ′, L′). If the lemma holds for (X ′, L′) then
this implies that H0(X,L) is 1–dimensional and that the map of invertible
sheaves

H0(X,L) ⊗k OX → L

becomes an isomorphism after applying π∗, hence is an isomorphism. It there-
fore suffices to consider the case when X is smooth. In this case it is shown
in [40] that the underlying line bundle of L is trivial, and the statement that
the action is trivial follows immediately from the assumptions. 	


5.9.39. Let fη : P̃1,η →Wη be the projection defined in 5.9.25.6. For (d, x̄) ∈
P , let N (d,x̄) denote the line bundle on P̃1,η corresponding to the Gm–torsor
of liftings of γ̄(d, x̄) to M

P̃1,η
. The line bundle N (d,x̄) comes equipped with a

morphism N (d,x̄) → OP̃1,η
, and hence

U (d,x) := N (d,x̄) ⊗ Ld
P̃1,η

(5.9.39.1)

has a natural morphism U (d,x) → Ld
P̃1,η

.

Lemma 5.9.40 Let ζ ∈ P̃1,η be a point and let Tζ ⊂ D(X) be the stabilizer
of ζ. Then the character Tζ → Aut(U (d,x̄)(ζ)) = Gm is equal to the character

Tζ −−−−→ D(X) x̄−−−−→ Gm.

Proof. Let ζ̄ ⊂ P̃1 denote the closure of ζ, and let z ∈ ζ̄ be a point in the
closed fiber. Let w ∈ P̃ denote a point over z. Then there is a commutative
diagram

0 −−−−→ Ô∗
P̃,w̄

−−−−→ (M
P̃
|Ô

P̃,w̄
)w̄ −−−−→ M

P̃,w̄
−−−−→ 0∥∥∥

∥∥∥
∥∥∥

0 −−−−→ Ô∗
P̃1,z̄

−−−−→ (M
P̃1

|Ô
P̃1,z̄

)z̄ −−−−→ M
P̃1,z̄

−−−−→ 0⏐⏐�
⏐⏐�

⏐⏐�
0 −−−−→ Ô

P̃1,η,ζ̄
−−−−→ (M

P̃1,η
|Ô

P̃1,ζ̄
)ζ̄ −−−−→ M

P̃1,ζ̄
−−−−→ 0,
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and by the construction the map γ̄ : P �HS →M
P̃1,ζ̄

is induced by the map
P � HS → M

P̃,w̄
. Choose any (d, x) ∈ P liftings (d, x̄). Since the stabilizer

Tz in D(X) of z contains the torus Tζ , it suffices to show that the action of
Tz on the tensor product of Ld

P̃
with the torsor of liftings to (M

P̃
|Ô

P̃,w̄
)w̄ of

the image of (d, x) in M
P̃,w̄

is given by the character (d, x). This follows from
the standard construction. 	


Lemma 5.9.41 Let S(d,x̄) denote the trivial line bundle on P̃1,η with D(X)-
linearization given by the character x̄. Then the line bundle U (d,x̄) is isomor-
phic as a D(X)–linearized line bundle to f∗η fη∗U

(d,x̄) ⊗ S(d,x̄).

Proof. By 5.9.38 applied to U (d,x̄) ⊗ S−1
(d,x̄) the restriction of U (d,x̄) to each

Pω̄,η is the pullback of a line bundle on Wη. Let w ∈Wη be a point, and let
T denote the spectrum of ÔWη,w̄. To prove that the map

f∗η fη∗U
(d,x̄) ⊗ S(d,x̄) → U (d,x̄) (5.9.41.1)

is an isomorphism, it suffices to show that this is the case after base change
to T . By 5.9.27.4 this base change to T is isomorphic to

Proj
T
(OT ⊗Z[HS ] Z[P �HS ]). (5.9.41.2)

Using the argument of [4, proof of 4.3] one sees that in this case a line bundle
on 5.9.41.2 whose restriction to each

Proj
T
(OT ⊗Z[HS ] Z[P ω̄ �HS ]) ⊂ Proj

T
(OT ⊗Z[HS ] Z[P �HS ]) (5.9.41.3)

is trivial is classified by an element of

H1(XR,O
∗
T ) = 0. (5.9.41.4)

The statement about the action follows from the preceding lemma. 	


Corollary 5.9.42 The map U (d,x̄) → L
P̃1,η

induces an isomorphism

(fη∗U
(d,x̄))x̄ → L(d,x̄). (5.9.42.1)

5.9.43. Note that by construction there is for any (d, x̄), (l, ȳ) ∈ P a canonical
isomorphism of Gm-torsors with maps to M

P̃1,η
between

N (d,x̄) ⊗N (l,ȳ) (5.9.43.1)

and the torsor of liftings of

γ̄(d+ l, x̄+ ȳ, (d, x̄) ∗ (l, ȳ)) ∈M
P̃1,η

. (5.9.43.2)
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On the other hand, translation by the image of (d, x̄)∗ (l, ȳ)) in M
P̃1,η

defines

an isomorphism between N (d+l,x̄+ȳ) and this torsor of liftings of 5.9.43.2. We
therefore obtain a canonical isomorphism

N (d,x̄) ⊗N (l,ȳ) → N (d+l,x̄+ȳ). (5.9.43.3)

Twisting this isomorphism by Ld+l

P̃1,η

and pushing down to Wη we obtain a
canonical isomorphism

can : L(d,x̄) ⊗ L(l,ȳ) → L(d+l,x̄+ȳ). (5.9.43.4)

Now define for any x̄ ∈ X the line bundle

Lx̄ := L(d,x̄) ⊗ L−d
Wη
, (5.9.43.5)

where d is an integer ≥ 1. Up to canonical isomorphism this is independent
of the choice of d as can be seen as follows.

First note that the isomorphism 5.9.43.4 induces in particular a canonical
isomorphism

L(d,x̄) ⊗ L(d,−x̄) � L2d
Wη
. (5.9.43.6)

Therefore for any other integer d′ ≥ 1 we have a canonical isomorphism

L(d,x̄) ⊗ L−d
Wη

⊗ (L(d′,x̄))−1 ⊗ Ld′
Wη

� L(d,x̄) ⊗ L−d
Wη

⊗ L(d′,−x̄) ⊗ L−2d′
Wη

⊗ Ld′
Wη

� L(d+d′,x̄−x̄) ⊗ L−d−d′
Wη

� O
P̃1,η

.

This implies the independence on d. From 5.9.43.4 we also obtain for every
x̄, ȳ ∈ X a canonical isomorphism

Lx̄ ⊗ Lȳ → Lx̄+ȳ. (5.9.43.7)

In particular we obtain a homomorphism

c : X → Pic(Wη). (5.9.43.8)

We will show below that in fact this homomorphism has image in Pic0(Wη).

5.9.44. There is an action of Y on W defined as follows.
First note that there is an action of Y on W̃ . An element y ∈ Y acts by

choosing an isomorphism

ρy : t∗yM → M ⊗ Ly (5.9.44.1)

which induces an isomorphism
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ρ : t∗y(⊕(d,x)∈P1M
d ⊗ Lx) → ⊕(d,x)∈P1M

d ⊗ Lx ⊗ Ld
y. (5.9.44.2)

This map in turn induces a morphism of schemes

Proj
A
(⊕(d,x)∈P1M

d ⊗ Lx) � ��

ty

������
�����

�����
�����

Proj
A
(⊕(d,x)∈P1M

d ⊗ Lx ⊗ Ld
y)

��
Proj

A
(⊕(d,x)∈P1M

d ⊗ Lx)

(5.9.44.3)
over the translation action of y on A.

For every n, this action of Y on W̃ induces an action of Y on W̃n which
commutes with the Y1-action, and hence induces an action of Y on Wn. For
every y ∈ Y the action of y onWn is given by its graph inWn×Bn

Wn. By the
Grothendieck existence theorem applied to Wn ×Bn

Wn the action of y can
therefore be uniquely algebraized to an action on W . In this way we obtain
an action of Y on W .

Note that the rational map

f : P̃ �����
W̃ (5.9.44.4)

is compatible with the Y -action, and hence Γ also admits an action of Y
compatible with the actions on P̃1 and W . It follows that the morphism on
the generic fiber

fη : P̃1,η →Wη (5.9.44.5)

is compatible with the Y -actions.
Note also that by construction the Y -action on each Wn commutes with

the G1-action, and by an argument similar to the one used in 5.9.34 the action
of Y onWη commutes with the G1-action. It follows that for every y ∈ Y there
exists a unique element ct(y) ∈ G1,η such that the diagram

P̃1,η
ty−−−−→ P̃1,η

fη

⏐⏐�
⏐⏐�fη

Wη

tct(y)−−−−→ Wη

(5.9.44.6)

commutes. In this way we obtain a homomorphism

ct : Y → G1,η. (5.9.44.7)

Lemma 5.9.45 The diagram

Y −−−−→ X

ct

⏐⏐�
⏐⏐�c

G1,η

λLWη−−−−→ Pic(Wη)

(5.9.45.1)

commutes.
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Proof. By construction t∗yU
(1,x) = U (1,x+y) for every x ∈ X and y ∈ Y . From

this it follows that

Lc(y) = L−1
Wη

⊗ t∗yLWη
= λLWη

(ct(y)). (5.9.45.2)

	


Corollary 5.9.46 The image of c is contained in Pic0(Wη).

Proof. By [35, Cor. 2, p. 178] the quotient Pic(Wη)/Pic0(Wη) is torsion free.
Since the image of Y is contained in Pic0(Wη) by the commutativity of 5.9.45.1
and Y ⊂ X has finite index this implies the result. 	


Lemma 5.9.47 The homomorphism c : X → Gt
1,η is equal to the homomor-

phism defined by the extension

0 → D(X) → Gη → G1,η → 0. (5.9.47.1)

Proof. It suffices to verify this after making a base change on B. We may
therefore assume that there exists a point of P̃1,η contained in the maximal
dense open subset where Gη acts freely. This defines an inclusion j : Gη ↪→
P̃1,η sitting in a commutative diagram

Gη
j ��

π

���
��

��
��

� P̃1,η

fη

��
G1,η.

(5.9.47.2)

Furthermore, using the local description in 5.9.27.4 one sees that the map

π∗LWη
� j∗f∗ηLWη

→ j∗L
P̃1,η

(5.9.47.3)

is an isomorphism, and induces for every x ∈ X an isomorphism

(fη∗LP̃1,η
)x → (π∗(OGη

)) ⊗ L−1
Wη
. (5.9.47.4)

This isomorphism induces for every x ∈ X an isomorphism

Lx � (π∗OGη
)x. (5.9.47.5)

This implies the lemma. 	


5.9.48. Fix a point w ∈ Wη giving an identification Wη � G1. Also fix a
rigidification of LWη

at the origin. Summarizing: we have constructed data as
below such that the log scheme P̃1,η over G1,η is obtained by applying the
construction 5.2.4 using this data.
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(i) An inclusion φ : Y ↪→ X.
(ii) A rigidified ample invertible sheaf LG1,η

on G1,η (the sheaf obtained from
LWη

).
(iii) A homomorphism c : X → Gt

1,η defining the extension

0 → D(X) → Gη → G1,η → 0. (5.9.48.1)

(iv) A homomorphism ct : Y → G1,η such that the diagram

Y
φ−−−−→ X

ct

⏐⏐�
⏐⏐�c

G1,η

λLG1,η−−−−−→ Gt
1,η

(5.9.48.2)

commutes.
(v) An integral regular paving S ofXR, and a morphism β : HS → K sending

all nonzero elements to zero.

5.9.49. To complete the proof of 5.9.1 in the case when B is the spectrum
of a complete discrete valuation ring it remains to describe the Y -action on
P̃1,η in terms of maps ψ and τ as in (5.2.1, (vi) and (vii)).

The action of Y on P̃1,η defines for every ȳ ∈ Y an isomorphism
t∗ȳLG1,η

→ LG1,η
⊗ Lȳ. Equivalently a section ψ̄ : Y → ct∗L−1

G1,η
. Further-

more the isomorphisms

t∗ȳ(Ld
G1,η

⊗ Lx̄) → Ld
G1,η

⊗ Lx̄ ⊗ Lȳ

can be written uniquely as ψ̄(ȳ)d multiplied by an isomorphism τ(ȳ, x̄) :
t∗ȳLx̄ → Lx̄. These isomorphisms define a trivialization

τ : Y ×X → (ct × c)∗B−1.

As in 4.1.17 the compatibility with the algebra structure precisely means
that this restricts on Y × Y to a trivialization as a symmetric biextension.
Summarizing all of this we see that (Pη,MPη

, LPη
) is obtained from the

standard construction.

5.9.50. To complete the proof of 5.9.1 it now suffices to show that the set
of points of B where the fiber is isomorphic to the standard construction is
constructible. For this we may assume B integral. Furthermore, it suffices
to show that if the generic fiber is given by the standard construction, then
there exists a dense open subset of B where all the fibers are obtained by the
standard construction. In fact, by a standard “spreading out” argument one
sees that there exists a dominant morphism B′ → B such that the pullback to
B′ is given by the standard construction. We leave the details to the reader.
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5.10 Isomorphisms in T g,d

5.10.1. Let B be a scheme and Si := (Gi,M
i
B , Pi,MPi

, LPi
) ∈ T g,d(B) (i =

1, 2) be two objects. Let I denote the quasi–projective scheme of isomorphisms
(G1, P1, LP1) → (G2, P2, LP2) of polarized schemes with semi–abelian group
action 5.6.2. Denote by I ′ the functor

IsomT g,d
(S1,S2).

Proposition 5.10.2. The natural morphism of functors I ′ → I is repre-
sentable by closed immersions. In particular, I ′ is a quasi–projective B–
scheme.

Proof. In the case when B is the spectrum of an artinian local ring the result
can be seen as follows. It suffices to prove the result after making a flat base
change (note that I ′ is a sheaf with respect to the fppf topology), and therefore
we can assume that the families Si are obtain by saturating the standard
construction. Let (Gi, N

i
B , Pi, NPi

, LPi
) (i = 1, 2) be the data obtained by the

standard construction such that Si is obtained from this family by saturating.
Note that the data Y ⊂ X, S, and the maps c, ct must be the same in both
constructions by 5.3.4. We may further assume that NPi

are constant sheaves.
Then by the same argument used in 4.4 an isomorphism ι : (G1, P1, LP1) →
(G2, P2, LP2) extends to a unique isomorphism ι : (G1, N

1
B , P1, NP1 , LP1) →

(G2, N
2
B , P2, NP2 , LP2). To extend this isomorphism to an element of I ′ it

suffices to find an isomorphism ι̃ :M1
B →M2

B such that the diagram

N1
B −−−−→ M1

B

ι

⏐⏐�
⏐⏐�ι̃

N2
B −−−−→ M2

B

commutes. For then we get an isomorphism

MP1 � NP1 ⊕N1
B
M1

B → NP2 ⊕N2
B
M2

B = MP2

by pushout.
Let Ti ⊂ N

i,gp

B be the torsion subgroup. It is a constant finite group by
assumption. From the commutative diagram

0 −−−−→ O∗
B −−−−→ N i,gp

B −−−−→ N
i,gp

B −−−−→ 0∥∥∥
⏐⏐�

⏐⏐�
0 −−−−→ O∗

B −−−−→ M i,gp
B −−−−→ M

i,gp

B −−−−→ 0

and the snake lemma it follows that the kernel of N i,gp
B →M i,gp

B is canonically
isomorphic to Ti. For any element t ∈ T1 the image ι(t) ∈ N2,gp

B is equal to
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λ(u) + t′ for unique t′ ∈ T2 and u ∈ O∗
B . This defines a homomorphism

T1 → Gm and the condition that the isomorphism N1
B → N2

B extends to an
isomorphism M1

B → M2
B is precisely the condition that this homomorphism

is trivial. From this the case when B is the spectrum of an artinian local ring
follows.

For the general case, note first that by the same argument used in the
proof of 4.9.1 any isomorphism ι : (G1, P1, LP1) → (G2, P2, LP2) induces iso-
morphisms σ̄ :MP1 →MP2 and δ̄ :M

1

B →M
2

B agreeing with the morphisms
obtained over artinian local rings by the preceding paragraph. Let I1 → B be
the scheme classifying isomorphisms M1

B → M2
B inducing δ̄ as in the proof

of 4.9.1. By the same argument as in section 4.9, there is over I1 a scheme
I2 → I1 classifying isomorphisms MP1 → MP2 extending ι compatible with
the Gi–actions over the tautological isomorphism M1

B →M2
B . The scheme I2

then represents I ′. That I ′ → I is a closed immersion follows from the case
of an artinian local ring which shows that I ′ → I is a monomorphism and
surjective, hence a closed immersion. 	


Corollary 5.10.3 The stack T g,d is a quasi–compact algebraic stack with
separated diagonal.

5.11 Rigidification

5.11.1. Let I → T g,d denote the inertia stack of T g,d. Recall that the stack
I associates to a scheme B the groupoid of pairs (S , α), where S ∈ T g,d(B)
and α is an automorphism of S . In other words, I is the automorphism group
scheme of the universal family over T g,d.

Lemma 5.11.2 Let B be a scheme and G/B a semi-abelian scheme over
B. Then for any automorphism α : G → G, the condition that α = id is
represented by a closed subscheme of B.

Proof. By a standard limit argument, it suffices to consider the case when B
is noetherian. Let Ei be the locally free sheaf on B underlying the coordinate
ring of the i–th infinitesimal neighborhood of the identity inG. Then α induces
an automorphism αi : Ei → Ei of vector bundles and α is equal to the identity
if and only if each αi is the identity. Let Zi ⊂ B denote the closed subscheme
representing the condition that αi is the identity. We then obtain a decreasing
sequence of closed subschemes

· · · ⊂ Zi ⊂ Zi−1 ⊂ · · · ⊂ Z0 ⊂ B.

Since B is noetherian this sequence is eventually constant and so ∩Zi ⊂ B
represents the condition that α is the identity. 	
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5.11.3. It follows that there is a closed substack G ⊂ I classifying pairs
(S , α) where α is the identity on the underlying semi-abelian scheme of S .
In fact, G ⊂ I is a normal (relative over T g,d) subgroup scheme of I . There
is also a natural inclusion Gm ⊂ G given by the action on the tautological
line bundle.

Lemma 5.11.4 The subgroup scheme Gm ⊂ G is a normal closed subgroup
scheme and the quotient H := G /Gm is a finite flat commutative group
scheme of rank d2 over T g,d. In particular, G is flat over T g,d.

Proof. Note first that Gm ⊂ G is a normal subgroup as this can be checked
over artinian local rings. The quotient H = G /Gm therefore exists as an al-
gebraic space. This group space is quasi-finite over T g,d and therefore is a rel-
ative scheme. Let R be a complete noetherian local ring and Spec(R) → T g,d

a morphism. Let mR ⊂ R be the maximal ideal. For every n the pullback H
of H to Spec(R/mn

R) is finite and flat of rank d2. By the Grothendieck exis-
tence theorem this closed subschemes are uniquely algebraizable to a closed
subgroup scheme H ⊂ HR (where HR is the pullback of H to Spec(R)),
with H finite and flat of rank d2. To prove that H ⊂ HR is an isomorphism
it then suffices to show that the map becomes an isomorphism after pullback
by any morphism Spec(R′) → Spec(R) with R′ artinian local. This therefore
also follows from the case of an artinian local ring. 	


5.11.5. Let A g,d denote the rigidification of T g,d with respect to the group
scheme G ⊂ I . Note that the map T g,d → A g,d is faithfully flat in general
and smooth over Z[1/d]. The inclusion Tg,d ⊂ T g,d induces a dense open
immersion Ag,d ⊂ A g,d. In addition, the log structure MT g,d

descends to a
log structure MA g,d

on A g,d which is trivial precisely over Ag,d.

Proposition 5.11.6. The diagonal of A g,d is finite.

Proof. We show that the diagonal is proper and quasi–finite.
To show that the diagonal is proper we check the valuative criterion. Let

V be a discrete valuation ring with field of fractions K, let

SK = (GK , PK ,MK ,MPK
, LK) ∈ T g,d(K)

be an object, and let

Si = (Gi, P i,M i,MP i , Li) ∈ T g,d(V ) i = 1, 2

be two extensions of SK to V . We have to show that after possibly replacing V
by a finite extension and twisting the isomorphism S1,η → S2,η by an element
of Gm(K) (acting on the isomorphism between the line bundles) there exists
an isomorphism α : S1 → S2 over V defining the identity morphism on GK .
Let Gi/V (i = 1, 2) denote the theta group of Si, and let Hi denote Gi/Gm.
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The generic fibers of G1 and G2 are identified as are the generic fibers of H1

and H2. Denote by Gη and Hη these generic fibers.
Let Aut(P i) denote the group scheme of automorphisms of P i and let Zi

denote the fiber product of the diagram

Hi⏐⏐�
G

action−−−−→ Aut(P i).

Note that Zi is a closed subgroup scheme of G.
Let Yi ⊂ Xi denote the groups used in the standard construction giving

rise to Si = (Gi, P i,M i,MP i , Li).

Lemma 5.11.7 The group schemes Zi are flat over V .

Proof. It suffices to verify that for every integer n the reduction of Zi modulo
mn

V is flat over V/mn
V . This follows from the explicit description of the reduc-

tions Hi,n in 5.4.2 which shows that the group scheme Zi is isomorphic to the
kernel of the map Hi,n → Xi/Yi. 	


It follows that Zi is the closure of H ⊂ Gη in G. We therefore obtain
an isomorphism σZ : Z1 → Z2 over V of group schemes. We extend this
isomorphism to an isomorphism of group schemes σ : H1 → H2 inducing the
identity on H as follows. The closed subgroup schemes Zi,n ⊂ Hi are uniquely
algebraizable to closed subgroup schemes Ki ⊂ Hi (note that Zi is not closed
in Hi so Ki is strictly smaller than Zi). The isomorphism σZ induces an
isomorphism σK : K1 → K2. The natural inclusions D(Xi/Yi) ⊂ Ki and the
pairing on Hi define a homomorphism

Hi → Hom(D(Xi/Yi),Gm) � Xi/Yi.

Using the explicit description of Hi given in 5.4.2 one sees that this induces
a canonical isomorphism Hi/Ki � Xi/Yi. The isomorphism H1,η → H2,η

is compatible with the inclusions of the Ki and therefore also induces an
isomorphism X1/Y1 → X2/Y2.

From this we obtain a commutative diagram

0 −−−−→ K1 −−−−→ H1 −−−−→ X1/Y1 −−−−→ 0

σK

⏐⏐� �
⏐⏐� |

0 −−−−→ K2 −−−−→ H2 −−−−→ X2/Y2 −−−−→ 0

(5.11.7.1)

and an isomorphism ση : H1,η → H2,η filling in the generic fiber of this
diagram.

Lemma 5.11.8 There exists a unique isomorphism σ : H1 → H2 filling in
5.11.7.1 restricting to ση on the generic fiber.
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Proof. Using the description of Hi in 5.4.2, one sees that the sequences

0 → Ki → Hi → Xi/Yi → 0 (5.11.8.1)

are noncanonically split. Choosing splittings we obtain some isomorphism
of group schemes σ′ : H1 → H2 restricting to σK on K1. The restriction
to the generic fiber may not equal ση, but the difference is measured by a
homomorphism

ρ : X1/Y1 → K2,η. (5.11.8.2)

Since K2 is proper over V this homomorphism extends to a homomorphism
over V . Changing our choice of σ′ but this map we obtain an extension of ση.
The uniqueness is immediate since H1 and H2 are flat over V . 	


Note that the isomorphism σ : H1 → H2 is compatible with the pairings
Hi ×Hi → Gm since by the flatness of Hi over V this can be checked on the
generic fiber.

Lemma 5.11.9 The isomorphism σ : H1 → H2 lifts uniquely to an isomor-
phism σ̃ : G1 → G2 restricting to the given isomorphism G1,η → G2,η on the
generic fiber.

Proof. Note first that the isomorphism G1 → G2, obtained from the fact
that they are both equal to the connected component of the Neron model
of the generic fiber, induces an isomorphism between the abelian schemes
over V obtained from the abelian parts of the reductions of the Gi. Let A/V
denote this abelian scheme. The line bundles Mi on A used in the standard
construction can also be identified. Indeed, let Wη be the abelian part of the
generic fiber Gη, and let Mη be the line bundle on Gη arising in the standard
construction of the generic fiber. Then by [33, 3.2 and 3.3] the line bundle Mη

extends uniquely to the Neron model of Gη. Since A is the abelian scheme
obtained from the abelian part of the reductions of the Neron model of Gη.
This gives a canonical description of the line bundles Mi (up to translation by
an element of A). After possible modifying our choice of M2 by translation by
an element of A we may assume that M1 = M2. Let M denote this line bundle
on A. After changing the isomorphism on the generic fiber by an element of
Gm(K) we can also assume that the isomorphism M1 → M2 is compatible
with rigidifications at 0.

Now by the proof of 5.4.2, we have an isomorphism of group schemes

Gi � G(A,M ) × (D(Xi/Yi) ×Xi/Yi) (5.11.9.1)

with group structure given by the formula

(g, h, x) · (g′, h′, x′) = (gg′ + h′(x), h+ h′, x+ x′). (5.11.9.2)

From this it follows that there exists an isomorphism G1 → G2 inducing σ :
H1 → H2 and compatible with the pairings on the Hi. On the generic fiber
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the difference of this isomorphism and the inverse of the given isomorphism is
an automorphism of G1 restricting to the identity on Gm. Since Gm is central
in G1 such an isomorphism is given by a homomorphism

H1,η → Gm,η. (5.11.9.3)

Such a homomorphism takes values in µN for N sufficiently big, and hence
extends uniquely to a homomorphism H1 → Gm. Changing our choice of
isomorphism by this homomorphism we obtain the desired isomorphism σ̃ :
G1 → G2. 	


Identifying G1 with G2 and H1 with H2 we write just G and H respectively
for these group schemes. Let Vi denote the representation Γ (P i, Li) of G . We
then have an isomorphism of Gη–representations ιK : V1 ⊗K � V2 ⊗K. After
changing the isomorphism S1,η → S2,η by an element of Gm(K), we may
assume that ιK(V1) ⊂ V2 and that the map V1 → V2/πV2 is not zero.

Lemma 5.11.10 The map ιK induces an isomorphism of G –representations
ι : V1 → V2.

Proof. The representations Vi/πVi are irreducible G ⊗V k–representations by
5.4.27 and therefore the map V1 ⊗V k → V2 ⊗V k is either an isomorphism or
zero. Since it is not zero by assumption it must be an isomorphism, and by
Nakayama’s lemma the map V1 → V2 is also an isomorphism. 	


Inside the spaces Vi ⊗k there exists a dense open subset of sections θ such
that (Si ⊗V k, θ) defines a point of A Alex

g,d (k) (see 5.2.7). Thus we can find a
section θ ∈ V1 such that (S1, θ) and (S2, ι(θ)) both define V –valued points of
A Alex

g,d which are isomorphic on the generic fiber after forgetting about the log
structures. Since A Alex

g,d is separated we obtain an isomorphism (G1, P1, L1) →
(G2, P2, L2) extending the isomorphism on the generic fiber. This then extends
uniqely to an isomorphism S1 → S2 by 5.10.2. This completes the proof that
the diagonal of A g,d is proper.

To see that the diagonal of A g,d is quasi–finite it suffices to show that
for any algebraically closed field k and object S = (G,Mk, (P,MP ) →
(k,Mk), L) ∈ T g,d(k), the automorphism group of S is an extension of Gm

by a finite group. Any automorphism α of S induces an automorphism of
the theta group G which is the identity on Gm. Let AutGm

(G ) denote the
group of automorphisms of G which are the identity on Gm so we have a
homomorphism

Aut(S ) → AutGm
(G ). (5.11.10.1)

The group AutGm
(G ) is a finite group since there is an extension

0 → Hom(H,Gm) → AutGm
(G ) → Aut(H).

If K denotes the kernel of 5.11.10.1 then it suffices to show that K is a finite
group. Let V denote the irreducible G –representation Γ (P,L). If α ∈ K is
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an automorphism then α defines an automorphism of V which since V is
irreducible must be multiplication by a scalar. Therefore it suffices to show
that the subgroup of K of automorphisms inducing the identity on V is finite.
Choose any section θ ∈ V so that (S , θ) defines an object of A Alex

g,d (k). Then
any automorphism inducing the identity on V is in the image of

AutA g,d(k)(S , θ) → AutT g,d(k)(S ).

Since AutA g,d(k)(S , θ) is a finite group it follows that AutTg,d(k)(S ) is also
an extension of Gm(k) by a finite group. This completes the proof of 5.11.6.
	


5.11.11. The stack A g,d inherits a natural log structure from T g,d since the
action of Gm on the log structures of the base of objects of T g,d is trivial.
Let G → T g,d denote the universal theta group, and let H → T g,d denote
the finite flat group scheme G /Gm. For any object (G,MB ,P,MP ,L ) ∈
T g,d(B) (over some scheme B), the action of the group scheme G pulled back
to B induces the trivial automorphism of H |B . It follows that the finite flat
group scheme H with its pairing to Gm descends to a finite flat group scheme
over A g,d with a pairing, which we again denote by (H , e).

Finally note that over Z[1/d] the log stack (A g,d,MA g,d
) is log smooth,

since the map
T g,d → A g,d (5.11.11.1)

is smooth, so the log smoothness of (A g,d,MA g,d
) follows from the log smooth-

ness of (T g,d,MT g,d
).

5.12 Example: Higher Dimensional Tate Curve

5.12.1. To elucidate the standard construction, let us work it out in more
detail for X = Zg and the quadratic form

B0 := X2
1 +X2

2 + · · · +X2
g .

Lemma 5.12.2 The paving S of XR = Rg defined by B0 is given by the
Zg-translates of the unit cube.

Proof. For a ∈ Zg, let �a denote the a-translate of the unit cube. Let L0

denote the linear form

L0 := X1 +X2 + · · · +Xg.

Note that L0 agrees with B0 on the vertices of �0. For a ∈ Zg set

La(X) := L0(X − a) +
g∑

i=1

2aiXi −
g∑

i=1

a2i .
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Then La is a linear form whose values on the vertices of �a agree with the
values of B0.

Let
F : Rg → R

be the piece-wise linear function whose value on α ∈ �a is equal to La(α). To
prove the lemma it suffices to show that F is a convex function.

For this let Fi : R → R be the function whose value on a + ε (a ∈ Z and
ε ∈ [0, 1)) is equal to

ε+ 2a(a+ ε) − a2.
Then

F (α) =
g∑

i=1

Fi(αi).

To verify that for t ∈ [0, 1] and α, β ∈ Rg we have

F (tα+ (1 − t)β) ≤ tF (α) + (1 − t)F (β)

it therefore suffices to show that each of the functions Fi : R → R are convex.
This is clear because for any integer a ∈ Z the function Fi is linear on the

interval [a, a+ 1] and Fi(a) = a2. 	


Remark 5.12.3. The same argument shows that for any rational numbers
a1, . . . , ag ∈ Q>0 the paving associated to the quadratic form

g∑
i=1

aiX
2
i

is given by the translates of the unit cube. In particular, it follows from this
that the cone U(B0) ⊂ Γ 2Qg defined in 5.8.13 has dimension at least g. We
will see below that in fact it has exactly dimension g.

5.12.4. Next we describe the monoidHS . As in the proof of 5.12.2, for a ∈ Zg

let �a denote the a-translate of the unit cube. A point (d, v) ∈ R×Rg lies in
Cone(1,�a) if and only if we have

0 ≤ vi
d

− ai ≤ 1

for i = 1, . . . , g.
For a subset I ⊂ {1, . . . , g} let κI denote the element of degree 1 in

Cone(1,�0) with i-th coordinate equal to 1 if i ∈ I and 0 otherwise. Sim-
ilarly for a ∈ Zg let t∗aκI denote the element of degree 1 in Cone(1,�a) with
i-th coordinate equal to ai + 1 if i ∈ I and ai otherwise.

Lemma 5.12.5 The integral cone Cone(1,�a)Z ⊂ Cone(1,�a) is generated
by the t∗aκI .
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Proof. Let (d, v) ∈ Cone(1,�a)Z be an element of degree d and set w = v−da
so that (d,w) ∈ Cone(1,�0)Z. If we can write

w =
∑

I

fIκI

with fI ∈ N and
∑

I fI = d, then

v =
∑

I

fIt
∗
aκI .

Therefore it suffices to consider the case a = 0.
In this case we proceed by induction on d. The case d = 1 is immediate

so assume d > 1. Let z ∈ Zg be the element with i-th coordinate equal to 1 if
vi = d and 0 otherwise. Then (1, z) ∈ Cone(1,�0)Z and

(d, v) = (d− 1, v′) + (1, z),

where v′ := v − z. Then (d − 1, v′) ∈ Cone(1,�0) so the result follows by
induction. 	


Lemma 5.12.6 The map

s : Γ 2Zg → Hgp
S

defined in 5.8.8.2 is surjective.

Proof. By the construction in 5.8.8 the map s is the map

Γ 2Zg � H1(Zg, P gp) → H0(Zg, H̃gp
S )

obtained by taking group homology of the exact sequence of Zg-representations

0 → H̃gp
s → (P � H̃S)gp → P gp → 0.

Hence it suffices to show that the map

H0(Zg, (P � H̃s)gp) → H0(Zg, P gp) � Z

is an isomorphism, where the isomorphism H0(Zg, P gp) � Z is induced by the
degree map P gp → Z. Equivalently we need to show that if ρ : P � H̃S →M
is a homomorphism to an abelian group which is Zg-invariant, then ρ factors
through the degree map

P � H̃S → P → N.

This is clear for if a ∈ Zg then

ρ(t∗aκI) = ρ(κI) = ρ(κ0).
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5.12.7. Note that for i �= j we have

s(ei ⊗ ej) = κ{i,j} ∗ (1, 0) − κi ∗ κj = 0.

It follows that Hgp
S is generated by the images s(ei ⊗ ei) for i = 1, . . . , g. On

the other hand, the dimension of

Hom(Hgp
S ,Q)

is by 5.8.15 and 5.12.3 greater than or equal to g. It follows that Hgp
S has rank

g generated by the elements s(ei ⊗ ei) (i = 1, . . . , g).
Note also that s(ei ⊗ ei) is contained in HS so we obtain a commutative

diagram

Ng
χ ��

� �

��

HS� �

��
Zg � �� Hgp

S ,

where χ sends the i-th standard generator to s(ei ⊗ ei).

Lemma 5.12.8 The map χ : Ng → HS is an isomorphism.

Proof. If χ is not an isomorphism then there exists a homomorphism h : HS →
Z whose image is not contained in N but such that the composite hχ : Ng → Z
has image in N. Let ai ∈ N be the image of the i-th standard generator of Ng.
Then by the proof of 5.8.14 the map h is induced by the map defined by the
positive semi-definite quadratic form

a1X
2
1 + · · · + agX

2
g .

Therefore h also has image in N. 	


5.12.9. We can also describe the monoid P �HS . Write P (1) �H
(1)
S for the

monoid obtained by taking g = 1 above. We have a canonical isomorphism
H

(1)
S � N. Let q ∈ H(1)

S be a generator. Then P (1) �HS is the quotient of the
free monoid on generators q and xn (n ∈ Z) modulo the relations

xn+2 + xn = q + 2xn+1.

For i = 1, . . . , g let
pi : P �HS → P (1) �H

(1)
S

be the projection defined by the surjection

X → Z,

g∑
i=1

aiei �→ ai.
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If q1, . . . , qg ∈ HS denote the generators defined by 5.12.8, then pi restricts to
the surjection

HS → H
(1)
S

sending qj to 0 for i �= j and qi to q. Let

Π ′
i=1,...,gP

(1) �H
(1)
S

denote the g-fold fiber product of P (1) � H
(1)
S over the degree map deg :

P (1) �H
(1)
S → Z. We then obtain a map of graded monoids

p : P �HS → Π ′
i=1,...,gP

(1) �H
(1)
S

by taking the products of the pi.

Lemma 5.12.10 The map p is an isomorphism.

Proof. The map p fits into a commutative diagram of monoids

0 �� HS

pH

��

�� P �HS

p

��

�� P

p̄

��

�� 0

0 �� ∏g
i=1H

(1)
S

�� Π ′
i=1,...,gP

(1) �H
(1)
S

�� Π ′
i=1,...,gP

(1) �� 0.

Since the map pH is an isomorphism, it suffices to show that the map p̄ is an
isomorphism, which is immediate. 	


5.12.11. Fix an integer d, so we have the stacks A g,d defined over Z. Choose
any positive integers d1, . . . , dg such that d1 · · · dg = d, and let j : Y ⊂ Zg

be the sublattice generated by the elements diei (where e1, . . . , eg denotes the
standard basis for Zg). Let fi be the standard basis for Y so j(fi) = diei.

We now associate a distinguished point PY : Spec(Z) → A g,d and describe
a formal neighborhood of PY in A g,d. This generalizes the construction of the
Tate curve in [15, VII].

5.12.12. Let Y ∧X denote the quotient of Y ⊗X by the subgroup generated
by elements of the form

y1 ⊗ j(y2) − y2 ⊗ j(y1), y1, y2 ∈ Y.

Note that for any abelian group A we have a canonical identification

Hom(Y ∧X,A) � {maps τ : Y ⊗X → A such that τ |Y ⊗Y is symmetric}.

The group Y ∧X may have torsion (for example take Y = p · Zg). However,
note that since Y ∧X is the pushout of the diagram
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Y ⊗ Y

��

�� Y ⊗X

S2Y,

there is a short exact sequence

0 → S2Y → Y ∧X → Y ⊗ (X/Y ) → 0.

This implies that the torsion of Y ∧X is annihilated by d.

5.12.13. Let K (resp. I) denote the kernel (resp. image) of the composite
map

Y ∧X �� S2X
s �� Hgp

S � Zg.

Let wi denote the element s(ei ⊗ ei) (where ei ⊗ ei ∈ S2X). Then by
construction the subgroup I ⊂ Zg is the group generated by the elements
di · wi. The surjection

Y ∧X �� �� I

has a section I → Y ∧X given by sending di ·wi to the image of fi⊗ei ∈ Y ⊗X.
We therefore obtain a decomposition

Y ∧X � K ⊕ I. (5.12.13.1)

Let
π : Y ∧X → K

denote the corresponding projection. Note that the the inclusion S2Y ↪→ Y ∧X
induces an inclusion

S2Y/(fi ⊗ fi)i=1,...,g ↪→ K

whose cokernel is annihilated by d. For 1 ≤ i, j ≤ g let kij denote the image
of fi ⊗ fj in K under this map (so kii = 0 for all i).

5.12.14. Let ∆ denote the diagonalizable group scheme

∆ := µd1 × · · ·µdg
.

Then ∆ is the kernel of the surjection

Gg
m → D(I)

defined by the inclusion I ⊂ Hgp
S � Zg.

5.12.15. Let CY denote the completion of Z[HS ⊕K] along the kernel of the
homomorphism

Z[HS ⊕K] → Z
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sending all nonzero elements of HS to 0 and the elements of K to 1. Let

τ : Y ∧X → C∗
Y

be the map induced by the composite

Y ∧X π �� K
� � �� C∗

Y , (5.12.15.1)

and let
ψ : Y → C∗

Y

be the map

ψ(
g∑

i=1

aifi) :=
∏
i<j

z
aiaj

ij ,

where we write zij ∈ C∗
Y for the unit corresponding to kij ∈ K. For two

elements
∑g

i=1 aifi,
∑g

i=1 bifi ∈ Y we then have

ψ(
∑

i

(ai + bi)fi)ψ(
∑

i

aifi)−1ψ(
∑

i

bifi)−1 =
∏
i<j

z
(ai+bi)(aj+bj)−aiaj−bibj

ij

=
∏
i<j

z
aibj+ajbi

ij

= τ(
∑

i

aifi,
∑

i

bifi).

We therefore have data as in 5.2.1, and can apply the standard construction
to obtain an object

(GTate,MCY
, f : (PTate,MPTate) → (Spec(CY ),MCY

), LPTate) (5.12.15.2)

in T g,d(Spec(CY )), where MCY
denotes the log structure associated to the

natural map HS → CY . We call this object the generalized Tate family.

5.12.16. There is an action of ∆ on Spec(CY ) induced by the inclusion ∆ ⊂
D(Hgp

S ) and the natural action of D(Hgp
S ) on Spec(CY ). The main result of

this section is the following:

Theorem 5.12.17 The map t : Spec(CY ) → A g,d defined by the generalized
Tate family descends to a morphism

T : [Spec(CY )/∆] → A g,d

which is formally étale.

Example 5.12.18. Let us describe the closed fiber of PTate when g = 2. For
(i, j) ∈ Z2 let Xi+ 1

2 ,j+ 1
2

denote the scheme

Xi+ 1
2 ,j+ 1

2
:= Proj(k[x, y, z, w]/(yz − xw)).
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This scheme contains four copies of P1 which we will index as follows:

P 0
i+ 1

2
:= V (z, w), P∞

i+ 1
2

:= V (x, y),

P 0
j+ 1

2
:= V (y, w), P∞

j+ 1
2

:= V (x, z).

The closed fiber P̃0 of P̃ is obtained by gluing Xi+ 1
2 ,j+ 1

2
to Xi− 1

2 ,j+ 1
2

along

P 0
i+ 1

2
� Proj(k[x, y])

x
→z,y 
→w−−−−−−−→ Proj(k[z, w]) � P∞
(i−1)+ 1

2
,

and Xi+ 1
2 ,j+ 1

2
to Xi+ 1

2 ,j− 1
2

along

P 0
j+ 1

2
= Proj(k[x, z])

x
→y,z 
→w−−−−−−−→ Proj(k[y, w]) � P∞
(j−1)+ 1

2
.

The closed fiber of the scheme PTate is then obtain by taking the quotient
of P̃0 by the action of Y ⊂ Zg for which (a, b) ∈ Y sends Xi+ 1

2 ,j+ 1
2

to
Xi+a+ 1

2 ,j+b+ 1
2

by the identity map.

In the case g = 2 we can also describe the ring CY explicitly as follows. Let
m = gcd(d1, d2) and write d1 = md̄1 and d2 = md̄2. Choose integers α, β ∈ Z
such that

1 = αd̄1 + βd̄2.

Let κ ∈ K be the image of

d̄2(f1 ⊗ e2) − d̄1(f2 ⊗ e1),

and let δ ∈ K denote the image of

β(f2 ⊗ e1) + α(f1 ⊗ e2).

Then one verifies immediately that mκ = 0 and that the induced map

Z/(m) ⊕ Z → K, (a,m) �→ aκ+ bδ

is an isomorphism. If w ∈ CY (resp. u ∈ CY ) denotes the element defined by
δ (resp. κ) then we have

CY � Z[[q1, q1, (w − 1), u±]]/(um − 1).

The action of (ζ1, ζ2) ∈ ∆ = µd1 × µd2 is given by

qi �→ ζiqi, w �→ w, u �→ u.

5.12.19. We now start the proof of 5.12.17 which occupies the remainder of
this section.

Let us begin by explaining why the map Spec(CY ) → A g,d descends
to the stack quotient by ∆. Consider a finite flat ring homomorphism ρ :
CY → A and a point ζ = (ζ1, . . . , ζg) ∈ ∆(A). The key case is when A is the
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coordinate ring of Spec(CY )×∆ or Spec(CY )×∆2 as we need to give descent
data to [Spec(CY )/∆] which means an isomorphism of the two pullbacks to
Spec(CY ) × ∆ which satisfy the cocycle condition on Spec(CY ) × ∆2. The
map ρ is induced by maps

β : HS → A, γ : K → A∗.

View ζ as a map ζ : Hgp
S → µd(A), and choose an extension

ζ̃ : (P �HS)gp → µd(A).

Note that this is possible since P gp is torsion free so the sequence

0 → Hgp
S → (P �HS)gp → P gp → 0

is split. Let
ζ ∗ ρ : CY → A (5.12.19.1)

denote the map induced by the maps

ζ ∗ β : HS → A, m �→ ζ(m) · β(m)

and the map γ : K → A∗. Let MA denote the log structure on Spec(A)
obtained by pulling back MCY

along ρ, and let M ζ
A denote the log structure

obtained by pulling back MCY
along ζ ∗ ρ. The commutative diagram

A∗ ⊕HS

(u,m)
→uζ(m)β(m) ""�
��

��
��

��
(u,m)
→(uζ(m),m)�� A∗ ⊕HS

(u,m)
→uβ(m)##��
��
��
��
�

A,

defines a morphism of log schemes

fζ : (Spec(A),MA) �� (Spec(A),Mζ
A) (5.12.19.2)

which is the identity on the underlying schemes.
Let R (resp. Rζ) denote the graded ring

R := A⊗β,Z[HS ] Z[P �HS ] (resp. Rζ := A⊗ζ∗β,Z[HS ] Z[P �HS ]).

Then the base change of P̃ → Spec(CY ) along ρ (resp. ζ ∗ρ) is isomorphic to
Proj(R) (resp. Proj(Rζ)), and under this identification the line bundle L

P̃
on

the base change is the tautological bundle. Here (P̃, L
P̃

) is as in the standard
construction.

The map ζ̃ defines an isomorphism

f̃ζ : Rζ → R
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induced by the map

P �HS → Rζ , m �→ ζ̃(m) ·m.

If
c : P �HS → R, cζ : P �HS → Rζ

are the charts induced by the natural map P �HS → Z[P �HS ] then we have
a commutative diagram

Rζ∗ ⊕ P �HS

(u,m)
→(ζ̃(m)u,m)��

cζ

��

R∗ ⊕ P �HS

c

��
Rζ

f̃ζ �� R.

Let P̃ρ (resp. P̃ζ∗ρ) denote the base change P̃ ×Spec(CY ),ρ Spec(A) (resp.
P̃ ×Spec(CY ),ζ∗ρ Spec(A)). We then obtain an isomorphism of log schemes
with line bundles

(P̃ρ,MP̃ρ
, L

P̃ρ
) → (P̃ζ∗ρ,MP̃ζ∗ρ

, L
P̃ζ∗ρ

),

which we again denote by f̃ζ . It follows from the construction that this map
is compatible with the torus actions and the Y -action. We therefore obtain
an isomorphism of the quotients by the Y -actions

gζ : (5.12.15.2) ×Spec(CY ),ρ Spec(A) → (5.12.15.2) ×Spec(CY ),ζ∗ρ Spec(A)

over the morphism of log schemes fζ .
This isomorphism in T g,d depends on the choice of the extension ζ̃. How-

ever, the automorphism of (5.12.15.2)×Spec(CY ),ρ Spec(A) obtained by taking
two different extensions of ζ is an element of the theta group of this object
of T g,d(A). Therefore the induced isomorphism in A g,d is independent of
the choice of the extension ζ̃. This therefore defines the descent data for the
morphism

Spec(CY ) → A g,d

to a morphism
T : [Spec(CY )/∆] → A g,d.

5.12.20. This morphism T is faithful. Indeed if Ω a field and x : Spec(Ω) →
Spec(CY ) then the stabilizer group ∆x ⊂ ∆ of x acts faithfully on the log
structure x∗MCY

by the construction of the action. This implies that for any
field valued point x : Spec(Ω) → [Spec(CY )/∆] the map of automorphism
group schemes

Aut[Spec(CY )/∆](x) → AutA g,d
(T (x))

is injective. Since the diagonal of [Spec(CY )/∆] over A g,d is finite (as
both these stacks have finite diagonal) this implies that the diagonal of
[Spec(CY )/∆] over A g,d is a monomorphism, and hence T is faithful.
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5.12.21. To show that T is formally étale, we verify the infinitesimal lifting
property. Let B �� �� B0 be a surjection of artinian local rings with square-
zero kernel J and consider a commutative diagram of solid arrows

Spec(B0)� �

��

b0 �� [Spec(CY )/∆]

T

��
Spec(B)

b

$$������
b̄ �� A g,d,

(5.12.21.1)

where the image of b0 is contained in the maximal closed substack of
[Spec(CY )/∆] (that is, the set-theoretic image of b0 is the closed point of
[Spec(CY )/∆]). We wish to show that there exists a unique dotted arrow b
filling in the diagram.

By descent theory we may replace B by a finite flat extension if needed.
In particular, we may assume that b0 lifts to a morphism

b̃0 : Spec(B0) → Spec(CY ).

This morphism b̃0 defines data

β0 : HS → B0, τ0 : Y ∧X → B∗
0 , ψ0 : Y → B∗

0

as in the standard construction 5.2.1. Note that since this data is obtained
from a map to Spec(CY ) the map τ0 factors through the projection Y ∧
X → K.

By 5.5.2, the map b̄ is then obtained by applying the standard construction
to a collection of data

β : HS → B, τ : Y ∧X → B∗, ψ : Y → B∗

lifting (β0, τ0, ψ0). Let (GB ,PB ,MPB
, LPB

) be the resulting lifting of

b̃∗0(5.12.15.2),

so we have a specified isomorphism

(GB ,PB ,MPB
, LPB

) ×Spec(B) Spec(B0) � b̃∗0(5.12.15.2). (5.12.21.2)

The short exact sequence of groups

0 → (Y ∧X)/K → Hgp
S →

g∏
i=1

(Z/(di)) → 0

induces a short exact sequence of diagonalizable group schemes

0 → ∆→ D(Hgp
S ) → D((Y ∧X)/K) → 0.
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The composite map

(Y ∧X)/K � �5.12.13.1�� Y ∧X τ �� B∗

defines a point

Φ ∈ Ker(D((Y ∧X)/K)(B) → D((Y ∧X)/K)(B0)).

After possibly replacing B by another finite flat extension, we can find an
extension

Φ̃ ∈ D(Hgp
S )(B)

of Φ. The reduction of reduction of Φ̃ modulo J maps to zero in D((Y ∧
X)/K)(B0) and therefore gives an element Φ̃0 ∈ ∆(B0).

Let
q : K ⊕ (Y ∧X/K) � Y ∧X → (1 + J) ⊂ B∗

denote the composite map

Y ∧X �� S2X
s �� Hgp

S
Φ̃ �� 1 + J

and set
β′ : HS → B, m �→ Φ̃(m)−1β(m),

τ ′ : Y ∧X → B∗, (y ⊗ x) �→ q(y ⊗ x)−1τ(y ⊗ x).

Observe that q restricts to the constant map k �→ 1 on K and to τ on (Y ∧
X)/K.

The map β′ (resp. τ ′) is a lifting of Φ̃∗
0β0 (resp. τ0), and τ ′ factors through

the projection π : Y ∧X → K.
We therefore obtain a lifting

b̃ :→ Spec(CY )

of Φ̃∗
0b̃0.

5.12.22. Let
ψ′ : Y → B∗

be the lifting of ψ0 defined by the composite

Y
5.12.15.1�� C∗

Y
b̃∗ �� B∗.

Define

R := B ⊗β,Z[HS ] Z[P �HS ], R′ := B ⊗β′,Z[HS ] Z[P �HS ]

so that R (resp. R′) is a lifting of
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R0 := B0 ⊗β0,Z[HS ] Z[P �HS ] (resp. R′
0 := B0 ⊗Φ̃∗

0β0,Z[HS ] Z[P �HS ]).

Let (P̃,M
P̃
, L

P̃
) (resp. (P̃ ′,M

P̃′ , LP̃′), (P̃0,MP̃0
, L

P̃0
), (P̃ ′

0,MP̃′
0
, L

P̃′
0
))

denote Proj(R) (resp. Proj(R′), Proj(R0), Proj(R′
0)) with the canonical line

bundle and log structure induced by the natural map from P �HS .
If MB (resp. M ′

B) denotes the fine log structure on Spec(B) defined by
the chart β (resp. β′), then (P̃,M

P̃
) (resp. (P̃ ′,M

P̃′)) is a log scheme over
(Spec(B),MB) (resp. (Spec(B),M ′

B)).

5.12.23. For y =
∑g

i=1 aifi ∈ Y define

ε(y) :=
g∏

i=1

ψ(aifi).

Lemma 5.12.24 For any y ∈ Y we have

ψ(y) = ψ′(y)ε(y).

Proof. By construction if y =
∑

i aifi we have

ψ′(y) =
∏
i<j

τ(fi, fj)aiaj .

The basis {fi} for Y defines an isomorphism

S2Y � KY ⊕ IY ,

where KY is generated by the elements fi ⊗ fj (i �= j) and IY is generated by
the elements fi ⊗ fi. Let

πK : S2Y → KY , πI : S2Y → IY

be the two projections. Then it follows from the definitions that for any
y1, y2 ∈ Y we have

ψ′(y1 + y2)ψ′(y1)−1ψ′(y2)−1 = τ(πK(y1 ⊗ y2))

and
ε(y1 + y2)ε(y1)−1ε(y2)−1 = τ(πI(y1 ⊗ y2)).

It follows that ψ and the map y �→ ψ′(y)ε(y) are two maps

Y → B∗

which define the same quadratic form τ . Therefore there exists a homomor-
phism u : Y → B∗ such that for every y ∈ Y we have

ψ(y) = u(y)ψ′(y)ε(y).

To verify that u is the trivial homomorphism, it suffices to show that u(fi) = 1
for i = 1, . . . , g. This is immediate as by definition we have ψ′(fi) = 1 and
ε(fi) = ψ(fi). 	
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5.12.25. Let q1, . . . , qg ∈ HS be the generators defined by the isomorphism
5.12.8. After possibly replacing B by a finite flat extension, we can choose
elements λi ∈ B∗ (i = 1, . . . , g) such that λ2

i = Φ̃(qi). After replacing B by
another finite flat extension we can also choose elements ζi ∈ B∗ such that

ψ(fi) = λd2
i

i ζ
di
i .

Define
ψ̃i : Z → B∗, n �→ λn2

i ζ
n
i .

Note that

ψ̃i(n)ψ̃i(m) = λn2+m2

i ζn+m
i

= λ−2nm
i λ

(n+m)2

i ζn+m
i

= Φ̃(qi)−nmψ̃i(n+m),

so
ψ̃i(n+m)ψ̃i(n)−1ψ̃i(m)−1 = Φ̃(qi)nm. (5.12.25.1)

5.12.26. Now recall (see 5.12.9) that we can describe the monoid P (1) �H
(1)
S

as the quotient of the free monoid with generators q ∈ H(1)
S and xn (n ∈ Z)

modulo the relations
xn+2 + xn = q + 2xn+1.

Define a map
hi : P (1) �H

(1)
S → B∗

by sending xn to ψ̃i(n) and q to Φ̃(qi). Observe that

ψ̃i(n+ 2)ψ̃i(n)ψ̃i(n+ 1)−2 = Φ̃(qi)−n(n+2)Φ̃(qi)(n+1)2

= Φ̃(qi).

It follows that hi is well-defined.
Let

h : P �HS � Π ′
i=1,...,gP

(1) �H
(1)
S → B∗

be the map obtained by taking the product of the hi. Then the restriction of
h to HS is the map Φ̃.

Lemma 5.12.27 For any d > 0 and n ∈ Z we have

hi(d, n+ ddi) = hi(d, n)ψ(fi)dΦ̃(qi)di·n. (5.12.27.1)

Here we view (d, n + ddi) and (d, n) as elements of P (1) � H
(1)
S using the

natural set map P (1) → P (1) �H
(1)
S .
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Proof. Let u : P (1) �H
(1)
S → Z be the composite of the projection

P (1) �H
(1)
S → P (1)

and the map
P (1) → Z, (d, n) �→ n.

Let
G : P (1) �H

(1)
S → B∗

be the morphism hi ◦ tfi
, where tfi

: P (1) �H
(1)
S → P (1) �H

(1)
S denotes the

translation action of fi, and let

F : P (1) �H
(1)
S → B∗

denote the map
m �→ hi(m)ψ(fi)deg(m)(Φ̃(qi)di)u(m).

It suffices to show that F = G. Since both F and G are morphisms of monoids,
it suffices to show that the agree on a set of generators. Since they clearly agree
on H(1)

S it suffices to show that F (xn) = G(xn). Equivalently we need that

ψ̃i(n+ di) = ψ̃i(n)ψ̃i(di)Φ̃(qi)din,

which is 5.12.25.1. 	


5.12.28. Define an isomorphism

ρ : R′ = B ⊗β′,Z[HS ] Z[P �HS ] → B ⊗β,Z[HS ] Z[P �HS ] = R (5.12.28.1)

by sending em (m ∈ P �HS) to h(m) · em, where we write em for the images
in R and R′ of m ∈ P �HS . Since we have a commutative diagram

P �HS

m
→(h(m),m)��

��

B∗ ⊕ P �HS

��
R′ ρ �� R,

this map induces an isomorphism of log schemes with lines bundles and torus
actions

ρ : (P̃,M
P̃
, L

P̃
) → (P̃ ′,M

P̃′ , LP̃′)

over the isomorphism

σ : (Spec(B),MB) → (Spec(B),M ′
B)

which is the identity on Spec(B) and with isomorphism of log structures
induced by the map

HS → B∗ ⊕HS , m �→ (Φ̃(m),m).
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5.12.29. We claim that ρ is compatible with the Y -actions. By the construc-
tion of the Y -action in 5.2.4, this amounts to showing that for y ∈ Y and
(d, x) ∈ P we have

ψ(y)dτ(y, x)h(d, x) = ψ′(y)dτ ′(y, x)h(d, x+ dy). (5.12.29.1)

Furthermore, since Y is generated by the fi it suffices to prove this formula
in the case when y = fi for some i.

Now by definition we have ψ′(fi) = 1 so when y = fi the formula 5.12.29.1
can be rewritten as

ψ(fi)dτ(fi, x)h(d, x) = τ ′(fi, x)h(d, x+ dfi). (5.12.29.2)

Write

x =
g∑

j=1

ajej .

Then

τ(fi, x) =
g∏

j=1

τ(fi, ej)aj

and
τ ′(fi, x) =

∏
j �=i

τ(fi, ej)aj ,

so verifying 5.12.29.2 it is equivalent to showing that

ψ(fi)dτ(fi, ei)aih(d, x) = h(d, x+ dfi). (5.12.29.3)

Now by definition we also have

h(d, x) =
g∏

j=1

hj(d, aj)

and
h(d, x+ dfi) = hi(d, ai + ddi) ·

∏
j �=i

hj(d, aj).

Using this and the equality τ(fi, ei) = Φ̃(qi)di we further reduce the verifica-
tion of 5.12.29.3 to verifying the formula

ψ(fi)dΦ̃(qi)diaihi(d, ai) = hi(d, ai + ddi)

which is 5.12.27.
We therefore obtain an isomorphism

b̃∗(5.12.15.2) � (GB ,PB ,MPB
, LPB

).

The reduction of this isomorphism is an isomorphism
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Φ̃∗
0b̃0(5.12.15.2) → b̃∗0(5.12.15.2)

for which the induced isomorphism of log structures

Φ̃∗
0b̃

∗
0MCY

→ b̃∗0MCY

is defined as in 5.12.19.2. It follows that b̃ defines a dotted arrow b filling in
the diagram 5.12.21.1.

5.12.30. For the uniqueness, we need to show that if b̃ and b̃′ are two mor-
phisms filling in the following diagram

Spec(CY )

t

��
Spec(B)

b̄

��

b̃
��

�
�
 
! �

b̃′

%%

� � !
 
�
�

A g,d,

and if ζ0 ∈ ∆0(B0) is an element such that ζ0 ∗ b̃0 = b̃′0 (where b̃0 and b̃′0 are
the reductions of b̃ and b̃′ respectively) and such that the induced morphism
in A g,d

b̄|B0

� �� t(b̃0)
t(ζ0) �� t(b̃′0)

� �� b̄|B0

is the identity, then there exists a lifting ζ ∈ ∆(B) of ζ0 and an isomorphism
ζ ∗ b̃ � b̃′ mapping to the given isomorphism in A g,d(B). Note that by the
faithfulness 5.12.20 the element ζ is unique.

Let MB (resp. M ′
B) denote the log structure b̃∗MCY

(resp. b̃′∗MCY
). Note

that the chart HS →MCY
over CY defines charts

γ : HS →MB, γ′ : HS →M ′
B .

The isomorphism t ◦ b̃ � t ◦ b̃′ in A g,d(B) defines an isomorphism of log
structures

σ :MB →M ′
B .

The induced map
HS �MB →M

′
B � HS

is the identity as this can be verified over B0. It follows that there exists a
unique homomorphism

Φ̃ : Hgp
S → Ker(B∗ → B∗

0)

such that the diagram

HS

γ

���
��

��
��

�
m
→(Φ̃(m),m) �� B∗ ⊕HS

γ′

##""
""
""
""
"

B
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commutes, and σ is obtained by passing to the associated log structures.
Furthermore Φ̃ reduces to the given element ζ0 ∈ ∆(B0).

We claim that Φ̃ sends the image of Y ∧ X to 1 ∈ B∗ and hence is an
element of ∆(B), and that Φ̃ is the desired element ζ.

5.12.31. Giving the map b̃ (resp. b̃′) is equivalent to giving the chart γ (resp.
γ′) and a map

τ : Y ∧X → B∗ (resp. τ ′ : Y ∧X → B∗)

lifting τ0 such that τ (resp. τ ′) factors through the projection πK : Y ∧X → K.
The map τ (resp. τ ′) defines a map

ψ : Y → B∗, (resp. ψ′ : Y → B∗)

by the formula 5.12.15.1.

5.12.32. After possibly replacing B by a finite flat extension, there exists by
the same argument as in section 4.4 a homomorphism

h : (P �HS)gp → B∗

extending Φ̃ and such that the isomorphism

t ◦ b̃ � b̄ � t ◦ b̃′

is induced by the same construction as in the construction of the isomorphism
5.12.28.1 by the homorphism h. The compatibility with the Y -action in this
case amounts to the statement that for every y ∈ Y and x ∈ X we have

ψ′(y)τ ′(y, x)h(1, x) = h(1, x+ y)ψ(y)τ(y, x). (5.12.32.1)

Note that after possibly composing h with a homomorphism of the form

(P �HS)gp �� P gp
deg �� Z �� B∗

we may assume that h(1, 0) = 1.
Taking y = fi and noting that ψ′(fi) = ψ(fi) = 1 the formula 5.12.32.1

becomes
τ ′(fi, x)h(1, x) = τ(fi, x)h(1, x+ fi).

Taking x = 0 this gives

1 = h(1, 0) = h(1, fi).

Taking x = ei and using the fact that

τ(fi, ei) = 1 = τ ′(fi, ei)
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the formula 5.12.32.1 gives that

h(1, ei) = h(1, ei + fi).

Now by construction, the image of fi ⊗ ei under the composite map

Y ∧X �� Hgp
S

Φ̃ �� B∗

is equal to
h(1, ei + fi)h(1, ei)−1h(1, fi)−1.

We conclude that Φ̃ restricts to the identity on the image of Y ∧X.

5.12.33. The statement that Φ̃ ∈ ∆(B) is the desired element ζ is then
equivalent to the assertion that τ = τ ′. This can be seen as follows. Since Φ̃
is trivial on the image of Y ∧X, it follows that for any i, j we have

h(1, ei + fj) = h(1, ei)h(1, fj).

Applying the formula 5.12.32.1 once again (and using the fact that h(1, fj) =
1) we conclude that for all i, j we have

τ ′(fj , ei) = τ(fj , ei),

and therefore τ ′ = τ .
This completes the proof of 5.12.17. 	


5.13 The Case g = 1

In the case g = 1 the stack A 1,d can be described in a simple way using the
classically defined stack M 1,1.

5.13.1. For this description, let us start by recalling the d-th root construc-
tion (see for example [12]).

Let X be a scheme and let (L,α) be a line bundle on X with a map
α : L → OX of line bundles. For any integer d ≥ 1 we can associate an
algebraic stack

X(d) → X

over X as follows. The stack X(d) is the stack over X which to any scheme
f : T → X associates the groupoid of triples (M,β, ι), whereM is a line bundle
on T , ι : Md � f∗L is an isomorphism of line bundles, and β : M → OT is a
map of OT -modules such that the diagram

Md
ι ��

βd
���

��
��

��
� f∗L

f∗α��##
##
##
##

OT

commutes.
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Obsever that if L = OX and α corresponds to a section s ∈ OX , then the
stack X(d) is isomorphic to the stack-theoretic quotient

X(d) � [SpecX(OX [t]/(td − s))/µd],

where ζ ∈ µd acts by t �→ ζt (for a more detailed explanation of this isomor-
phism see [12, §2.3]).

Since locally on X the line bundle L is trivial, one obtains from this local
description the following facts:

(i) X(d) is an algebraic stack over X with finite diagonal, and the projection
X(d) → X identifies X with the coarse moduli space of X(d).

(ii) The map X(d) → X is an isomorphism over the open set of X where the
map α is an isomorphism.

(iii) If d is invertible in OX then X(d) is a Deligne-Mumford stack.

Note that in the above we could also take X to be an algebraic stack, in
which case X(d) is another algebraic stack over X.

5.13.2. The case we will be interested in is when X = M 1,1, L = I∞ is the
ideal sheaf of the divisor M 1,1 −M1,1 (with the reduced structure), and α is
the inclusion I∞ ⊂ OM1,1

.

Theorem 5.13.3 There is a canonical isomorphism A 1,d � M
(d)

1,1 of stacks
over Z.

5.13.4. Let us start the proof by defining a map

c : A 1,d → M 1,1.

Let
E u → T 1,d, P

u → T 1,d

be the universal semi-abelian group scheme acting on the space P
u
. Let

Pu → T 1,d be the maximal open substack of P
u

where the projection to
T 1,d is smooth. The stack Pu is the stack which to any scheme B associates
the groupoid of data

∆ : (MB , G, (P,MP) → (B,MB),L , e : B → P),

where
(MB , G, (P,MP) → (B,MB),L ) ∈ T 1,d(B)

and e is a section with image in the smooth locus of P → B.
For such a collection of data ∆, we have a line bundle OP(e) on P. Define

Q∆ := Proj
B

(⊕n≥0f∗OP(ne)),
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where f : P → B is the structure morphism. By the proof of [15, IV, Propo-
sition 1.2], the scheme Q∆ together with the image eQ∆

of the section e
is a flat and proper scheme over B with a section in the smooth locus, all of
whose geometric fibers are irreducible nodal curves of genus 1. In other words,
(Q∆, eQ∆

) is an object of M 1,1(B). Moreover, the formation of this object
of M 1,1(B) is compatible with arbitrary base change B′ → B. We therefore
obtain a morphism of stacks

c̃ : Pu → M 1,1.

5.13.5. Let B be a scheme and let

χ := (MB , G, (P,MP) → (B,MB),L ) ∈ T 1,d(B)

be an object. Let Gχ be the theta group of χ, and let Hχ denote the quotient
Gχ/Gm. We then have an action of G×Hχ on the scheme P.

Proposition 5.13.6. Let e, e′ : B → P be two sections into the smooth locus.
Then there exists a unique automorphism α : P → P of the B-scheme P
taking e to e′ and such that α commutes with the action of G×Hχ on P.

Proof. Let PicP/B be the relative Picard scheme of P over B, and let
Pic0

P/B ⊂ PicP/B be the subscheme classifying degree 0 line bundles (see
for example [15, I.3.2]). The action of G × H on P induces an action of
G×Hχ on Pic0

P/B .

Lemma 5.13.7 This action of G×Hχ on Pic0
P/B is trivial.

Proof. Let g ∈ G×Hχ(B) be a section. To prove that the induced map

tg : Pic0
P/B → Pic0

P/B

is trivial, it suffices by [15, II.1.14] to consider the case when B is the spectrum
of an algebraically closed field. In this situation we have two cases to consider.

If G is a smooth elliptic curve and P is a torsor then the action is trivial
by 2.1.5.

If G is equal to Gm and P is the standard d-gon then the result follows
from [15, II.1.7 (b)]. 	


From this lemma and [15, II.3.2] there exists a unique structure of a gen-
eralized elliptic curve on P with identity section e and such that G×Hχ acts
by translation on P. The section e′ ∈ P(B) therefore defines a translation
map

te′ : P → P

taking e to e′ and commuting with theG×Hχ-action. This proves the existence
of the isomorphism α.
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For the uniqueness note that if σ : P → P is an automorphism taking
e to e and commuting with the G×Hχ action, then we have a commutative
diagram

G×Hχ

γ

####$$$
$$
$$
$$ γ

�� ����
��

��
��

�

Psm σ �� Psm.

Here Psm denotes the smooth locus of P → B, and γ denotes the map
g �→ g · e. The map γ is surjective as this can be verified fiber by fiber, where
it is immediate. Using [15, II.1.7 (b) and II.1.14] it follows that α induces the
trivial endomorphism of Pic0

P/S , and hence by [15, II.3.2] α is translation by
an element of Psm. Since it fixes e it follows that α = id. This completes the
proof of 5.13.6. 	


5.13.8. It follows from 5.13.6 and the fact that the map Pu → T 1,d is flat
and surjective, that the map c̃ descends to a morphism

c′ : T 1,d → M 1,1.

If

∆ = (MB , G, (P,MP) → (B,MB),L , e : B → P) ∈ Pu(B)

is an object with associated object (Q∆, eQ∆
) ∈ M 1,1(B), then the automor-

phism c′(θ) of (Q∆, eQ∆
) defined by an automorphism θ of

χ := (MB , G, (P,MP) → (B,MB),L ) ∈ T 1,d(B)

can be described as follows. Let

αθ : P → P

be the unique isomorphism sending θ(e) to e and which commutes with the
G×Hχ-action. Then αθ ◦ θ : P → P sends e to e and therefore induces an
automorphism of (Q∆, eQ∆

) which is c′(θ). From this description it follows in
particular that for any object χ ∈ T 1,d(B) the induced map of group schemes

AutT 1,d
(χ) → AutM1,1

(c′(χ))

sends the theta group of χ to the identity. We conclude that the map c′ is
obtained from a unique morphism

c : A 1,d → M 1,1.

5.13.9. In the case of the Tate curve the contraction map c can be described
as follows.
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First let us fix some notation. Taking g = 1 and Y = dZ in section 5.12 we
obtain an object χTate ∈ T g,d(Spec(Z[[q]])), where we use the isomorphism
H

(1)
S � N provided by 5.12.8 to identity the ring CY with Z[[q]]. Let Gd be

the semi-abelian scheme over Z[[q]] defined by this object and let

Tated → Spec(Z[[q]])

be the underlying scheme with action of Gd. The reduction modulo q of Gd

is Gm.

5.13.10. By [15, VII.1.14] c(χTate) ∈ M 1,1(Z[[q]]) is canonically isomorphic
to

Tate1 ×Spec(Z[[q]]),q 
→qd Spec(Z[[q]]).

We therefore have a commutative diagram

Spec(Z[[q]])
q 
→qd

��

Tated

��

Spec(Z[[q]])

Tate1

��
A 1,d

c �� M 1,1.

It follows that if D1,d ⊂ A 1,d is the scheme-theoretic image of

Spec(Z)
q=0 �� Spec(Z[[q]]) �� A 1,d,

then the ideal sheaf I1,d of D1,d is an invertible sheaf on A 1,d which comes
equipped with an isomorphism

Id
1,d � c∗I1,1.

This ideal sheaf therefore defines a lifting

c̃ : A 1,d → M
(d)

1,1

of c. Note that by construction the composite

[Spec(Z[[q]])/µd]
T �� A 1,d

c̃ �� M
(d)

1,1

is formally étale. Therefore to prove that c̃ is an isomorphism it suffices to
show that c̃ is representable. For then c̃ is a finite étale morphism (as c̃ is
proper, quasi-finite, and representable) which restricts to an isomorphism over

M1,1 ⊂ M
(d)

1,1, and this implies that c̃ is an isomorphism.
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5.13.11. To conclude the proof of 5.13.3, we therefore need to show that c̃
is representable.

Let T be a scheme, and let

f : T → A 1,d

be a morphism corresponding to a collection of data

(G,MT , (P,MP) → (T,MT ),L ) (5.13.11.1)

over T . For every geometric point t̄ → T the stalk MT,t̄ is either 0 or iso-
morphic to N. Since the monoid N admits no automorphisms, one sees from
this that there exists a unique surjection N �� �� MT . We therefore obtain
a diagram

0 �� O∗
T

�� Mgp
T

�� M
gp

T
�� 0

Z.

��

Pulling back the top exact sequence we get an extension of Z by O∗
T which

corresponds to an O∗
T -torsor. It follows from the construction that the corre-

sponding line bundle is f∗I1,d.
From this it follows that if α is an automorphism of 5.13.11.1 for which

c(α) = id, then α induces the trivial automorphism of G and MT . This im-
plies that α is an element of the theta group and hence defines the trivial
automorphism in A 1,d(T ). This concludes the proof of 5.13.3. 	


Remark 5.13.12. Theorem 5.13.3 implies that the universal d-torsion group
E [d] → M1,1 extends to a finite flat group scheme of rank d2 over M

(d)

1,1. This
is expected, in light of [15, VII.1.15].
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Level Structure

Using the results of the previous sections we now proceed to construct compact
moduli stacks for abelian varieties with polarizations and level structure. We
present two approaches. The first is based on the theory of logarithmic étale
cohomology. The second approach is more in the spirit of Deligne-Rapoport’s
construction of compact moduli stacks for elliptic curves with level structure,
and is based on our discussion of theta groups in chapter 5. Though we only
discuss in this chapter level structures in characteristics prime to the level,
we intend in future writings to discuss how to extend this second approach to
level structure to compactify moduli spaces also at primes dividing the level.
Finally we discuss a modular compactification of certain moduli spaces for
polarized abelian varieties with theta level structure as considered in [36].

6.1 First Approach Using Kummer étale Topology

We start by reviewing the definition of the Kummer étale topology of a log
scheme and the basic results about this topology (without proofs). For a
more complete treatment we recommend the excellent survey of Kummer
étale cohomology [21].

6.1.1. A morphism h : Q → P of fs monoids (recall from 2.3.33 that ‘fs’
stands for ‘fine and saturated’) is called Kummer if h is injective and for all
a ∈ P there exists n ∈ N, n ≥ 1, such that na ∈ h(Q). A morphism of fine
saturated log schemes

f : (Y,MY ) → (X,MX)

is called Kummer if for every geometric point ȳ → Y the induced morphism
of monoids

MX,f(ȳ) →MY,ȳ

is a Kummer morphism. The morphism f is called Kummer étale if it is both
log étale and Kummer.

M.C. Olsson, Compactifying Moduli Spaces for Abelian Varieties. Lecture Notes 231
in Mathematics 1958.
c© Springer-Verlag Berlin Heidelberg 2008
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Example 6.1.2. Let P be a fs monoid and N ≥ 1 an integer. Then the map
of fine log schemes over Z[1/N ] (see 2.3.9 for the notation)

Spec(P → Z[1/N ][P ]) → Spec(P → Z[1/N ][P ])

induced by multiplication by N on P is Kummer étale.

6.1.3. Let (X,MX) be a fs log scheme. The Kummer étale site of (X,MX),
denoted KEt(X,MX), is defined as follows:

Objects: Kummer étale morphisms of fs log schemes (U,MU ) → (X,MX).
Morphisms: (X,MX)-morphisms. Any such morphism is again Kummer

étale [48, 1.5].
Topology: The topology generated by the covering families {(Ui,MUi

) →
(U,MU )} such that the map

∐
i

Ui → U

is surjective.
We denote the topos associated to KEt(X,MX) by

(X,MX)ket.

6.1.4. Let f : (Y,MY ) → (X,MX) be a morphism of fs log schemes. Then
there is a functor

KEt(X,MX) → KEt(Y,MY ), (U,MU ) �→ (U,MU ) ×(X,MX) (Y,MY ),

where the fiber product is taken in the category of fs log schemes. This functor
is continuous and induces a morphism of topoi

fket : (Y,MY )ket → (X,MX)ket,

If no confusion seems likely to arise we also write just f for fket.

6.1.5. A morphism of fine monoids h : Q→ P is exact if the diagram

Q
h ��

��

P

��
Qgp hgp

�� P gp

is cartesian. A morphism of fine log schemes f : (Y,MY ) → (X,MX) is called
exact if for every geometric point ȳ → Y the induced map of monoids

MX,f(ȳ) →MY,ȳ

is exact.



6.1 First Approach Using Kummer étale Topology 233

Example 6.1.6. If Q → P is an exact morphism of fine monoids then the
induced map of log schemes

Spec(P → Z[P ]) → Spec(Q→ Z[Q])

is also exact.

Example 6.1.7. Let HS → P � HS be as in 4.1.5. Then this is an exact
morphism. Indeed from the exact sequence

0 → Hgp
S → (P �HS)gp → P gp → 0

it follows that

Hgp
S ×(P�HS)gp (P �HS) = {(p, h) ∈ P �HS |p �→ 0 in P gp} = HS .

From this it follows that for any scheme B and any object

(G,MB , f : (P,MP) → (B,MB), LP) ∈ T g,d(B),

the morphism f : (P,MP) → (B,MB) is exact. Indeed it suffices to consider
the case when B is the spectrum of an algebraically closed field, in which case
the object is given by the standard construction. To verify that f is exact it
suffices to show that the map

f̃ : (P̃,M
P̃

) → (B,MB)

is exact (where (P,MP) is a quotient of (P̃,M
P̃

)). Recall that P̃ is fibered
over an abelian variety A and for any point a ∈ A there exists a neighborhood
U of a such that

U ×A P̃ � U ×Spec(Z[HS ]) Proj(Z[P �HS ]).

We conclude that to show that f is exact it suffices to show that the cone

Spec(P �HS → Z[P �HS ]) → Spec(HS → Z[HS ])

is exact, which follows from the exactness of HS → P �HS .

The main result that we will need in this section about the Kummer étale
topology is the following theorem of Nakayama.

Theorem 6.1.8 ([37, 5.1] and [38, 4.3]) Let f : (X,MX) → (S,MS) be
a proper exact log smooth morphism of fs log schemes. Assume that S is
noetherian, and that MS is trivial at every generic point of S. Then for any
integer n invertible on S and q ≥ 0, the Kummer étale sheaf Rqfket∗Z/nZ on
(S,MS)ket is locally constant constructible, and its formation commutes with
arbitrary base change (T,MT ) → (S,MS) in the category of fs log schemes.
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6.1.9. It is also convenient to consider the big Kummer étale topos

(fs/(X,MX))ket

associated to a fs log scheme (X,MX). This is the topos associated to the
category (fs/(X,MX)) of fs log schemes over (X,MX) with the topology
generated by surjective families

{(Ui,MUi
) → (U,MU )}

of Kummer étale morphisms.
Note that this definition makes sense also for (X,MX) an algebraic stack

with an fs log structure.
For any morphism of fs log schemes f : (Y,MY ) → (X,MX) there is an

induced morphism of topoi

fKET : (fs/(Y,MY ))ket → (fs/(X,MX))ket.

Nakayama’s theorem 6.1.8 implies the following.

Corollary 6.1.10 Let f : (X,MX) → (S,MS) be a morphism as in 6.1.8 and
let n be an integer invertible in S. Then the for any q ≥ 0 the pushforward

RqfKET∗Z/(n)

for the big Kummer étale topology is a locally constant constructible sheaf on
(fs/(S,MS))ket.

By a standard reduction to the case of schemes this result holds also for
schematic proper exact and log smooth morphisms of log algebraic stacks
(X,MX) → (S,MS).

6.1.11. Fix integers g, n ≥ 1. Throughout the rest of this subsection 6.1
we work over Z[1/n] (so for example Kg should be interpreted as the fiber
product Kg ×Spec(Z) Spec(Z[1/n])). Let MKg

be the canonical log structure
on Kg. We then have a log smooth proper exact morphism

f : (P,MP) → (Kg,MKg
) (6.1.11.1)

given by the universal polarized log scheme with semiabelian group action.
Therefore for every q ≥ 0 we get a locally constant constructible sheaf

Λq
n := RqfKET ∗ Z/nZ (6.1.11.2)

on (fs/(Kg,MKg
))ket.

6.1.12. Let j : Ag ↪→ Kg be the dense open inclusion of Ag in Kg. The open
substack Ag is the maximal open substack of Kg where the log structureMKg
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is trivial. The inclusion j induces a morphism of topoi (which we denote by
the same letter)

j : Ag,ET → (Kg,MKg
)Ket, (6.1.12.1)

where Ag,ET denotes the big étale topos of Ag.
Let h : A→ Ag be the universal principally polarized abelian variety, and

let f : P → Ag be the A–torsor corresponding to the interpretation of the
moduli stack Ag as the moduli stack classifying data (A,P,L, θ), where A is
an abelian scheme of dimension g, P is an A-torsor, L is a relatively ample
invertible sheaf on P defining an isomorphism λL : A→ At, and θ is a section
of L which is nonvanishing in every fiber. The restriction j∗Λq

n of Λq
n to Ag is

equal to Rqf∗Z/nZ (pushforward with respect to the big étale topoi).
Etale locally on Ag we can choose a trivialization ι : A→ P which induces

an isomorphism
ι∗ : Rqh∗Z/nZ → Rqf∗Z/nZ. (6.1.12.2)

Lemma 6.1.13 The isomorphism 6.1.12.2 is independent of the choice of ι,
and therefore these locally defined isomorphisms define a global isomorphism

Rqh∗Z/nZ → Rqf∗Z/nZ. (6.1.13.1)

Proof. The translation action of A on P induces an action of A on the locally
constant sheaf Rqf∗Z/nZ. Since A has geometrically connected fibers this
action is trivial which implies the lemma. 	


6.1.14. Set
Tn := H om(Λ1

n,Z/nZ). (6.1.14.1)

This is again a locally constant sheaf of Z/n-modules on (fs/(Kg,MKg
))ket.

The restriction j∗Tn of Tn to Ag comes equipped with the skew-symmetric
Weil pairing

en :
2∧
j∗Tn → µn. (6.1.14.2)

Lemma 6.1.15 The Weil pairing en :
∧2
j∗Tn → µn extends uniquely to

a skew-symmetric pairing (which we again denote by en and call the Weil
pairing) of locally constant constructible sheaves on (fs/(Kg,MKg

))ket

en :
2∧
Tn → µn. (6.1.15.1)

Proof. Let U → Kg be a smooth surjection with U a scheme, and let Ui

denote the (i + 1)-fold fiber product of U with itself over Kg (so U0 = U).
Let MUi

be the pullback of MKg
to the small étale site Ui,et. We then have

projections

pr1,pr2 : (U1,MU1) → (U0,MU0), pr12,pr23,pr13 : (U2,MU2) → (U1,MU1).
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By standard descent theory, the category of locally constant constructible
sheaves of Z/(n)-modules on (fs/(Kg,MKg

))ket is equivalent to the category
of pairs (F, ι), where F is a locally constant constructible sheaf of Z/(n)-
modules on (U0,MU0)ket (the small Kummer étale site) and ι is an isomor-
phism on (U1,MU1)ket

ι : pr∗2F → pr∗1F

such that the diagram

pr∗23pr∗2F

�
��

pr∗23ι �� pr∗23pr∗1F
� �� pr∗12pr∗2F

pr∗12ι

��
pr∗13pr∗2F

pr∗13ι �� pr∗13pr∗1F
� �� pr∗12pr∗1F

commutes. The lemma therefore follows from Fujiwara and Kato’s purity the-
orem [21, 7.4] which implies that for every i the functor

(locally constant constructible sheaves of Z/(n)-modules on (Ui,MUi
)ket)⏐⏐�

(locally constant constructible sheaves of Z/(n)-modules on (Ui ×Kg
Ag)et)

is fully faithful. 	


6.1.16. Using the pair (Tn, en) one can compactify moduli spaces for prin-
cipally polarized abelian varieties with various level structure. We illustrate
this here by compactifying the moduli space for principally polarized abelian
varieties of dimension g with a full symplectic level structure.

Let
s : (Z/n× µn) × (Z/n× µn) → µn (6.1.16.1)

be the symplectic form sending

(r, ζ) × (r′, ζ ′) �→ ζ ′(r) · ζ(r′)−1, (6.1.16.2)

where we view µn as Hom(Z/n, µn). Let Ln denote (Z/n × µn)g and let
sg :

∧2
Ln → µn be the symplectic form induced by s.

6.1.17. Consider the sheaf

Ig,n := Isom((Ln, sg), (Tn, en)) (6.1.17.1)

of isomorphisms betweenLn (viewed as a constant sheaf on (fs/(Kg,MKg
))ket)

and Tn respecting the pairings. This is again a locally constant sheaf on the big
Kummer étale site of (Kg,MKg

) and by [21, 3.13] is therefore representable by
a log stack Kummer étale over (Kg,MKg

). We write

(Ig,n,MIg,n
) → (Kg,MKg

) (6.1.17.2)

for this log stack.
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Note that since (Kg,MKg
) is log smooth over Z[1/n], the log stack

(Ig,n,MIg,n
) is also log smooth over Z[1/n]. In particular Ig,n is normal. Fur-

thermore, the restriction
◦
I g,n := Ig,n×Kg,n

Ag is isomorphic to the stack over
Z[1/n] associating to any scheme T the groupoid of data (A, λ, ι) as follows:

(i) (h : A→ T, λ) is a principally polarized abelian scheme over T ;
(ii) ι : (Ln, sg) → (A[n], en) is a symplectic isomorphism.

We summarize this discussion in the following theorem:

Theorem 6.1.18 The normalization Ig,n of Kg in
◦
I g,n is a proper Artin

stack over Z[1/n] with at worst toric singularities. The complement Ig,n−
◦
I g,n

defines a fine saturated log structure MIg,n
on Ig,n and the induced morphism

(Ig,n,MIg,n
) → (Kg,MKg

) (6.1.18.1)

is Kummer étale.

6.2 Second Approach using the Theta Group

Let A g,d[1/d] denote the stack

A g,d ×Spec(Z) Spec(Z[1/d]). (6.2.0.2)

6.2.1. Let H denote the finite flat group scheme over A g,d discussed in
5.11.11. For any connected scheme S and morphism f : S → A g,d[1/d],
the pullback f∗H is a finite flat group scheme over S of rank d2. Etale
locally on S the group scheme f∗H is constant, and therefore has a set of
elementary divisors (d1, d1, d2, d2, . . . , dg, dg), which necessarily occur in pairs
because f∗H is étale locally equipped with a perfect pairing to Gm. We call
the sequence of integers (d1, . . . , dg) the type of f∗H . Evidently the type of
f∗H is constant for connected S. For a type δ, define A g,δ[1/d] ⊂ A g,d[1/d]
to be the substack of morphisms f : S → A g,d[1/d] such that the type of
f∗H is equal to δ.

The stack A g,d[1/d] has a decomposition as a disjoint union

A g,d[1/d] =
∐
δ

A g,δ[1/d], (6.2.1.1)

where the disjoint union is over types δ = (d1, . . . , dg), where the di are positive
integers, di+1|di for all i, and d1 · · · dg = d.

We also define
T g,δ := T g,d ×A g,d

A g,δ[1/d], (6.2.1.2)

and
Tg,δ := T g,δ ×T g,d

Tg,δ. (6.2.1.3)
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6.2.2. An important type is obtained by taking d = ng for some integer g
and setting δ0 = (n, . . . , n) (n repeated g times).

If S is a Z[1/n]-scheme and (A,P,L) ∈ Ag,1(S), then (A,P,L⊗n) is an
object of A g,δ0 [1/n](S) since the kernel of the map

λL⊗n : A→ At

is equal to the n-torsion subgroup A[n]. We therefore obtain a morphism of
stacks

j̃ : Tg,1[1/n] → T g,δ0 [1/n],

where T g,δ0 [1/n] denotes the fiber product

T g,δ0 [1/n] := T g,d ×A g,d
A g,δ0 [1/n].

For any object (A,P,L) ∈ T g,1[1/n](S) over some scheme S, there is a canon-
ical map of theta groups

Gm = G(A,P,L) → G(A,P,L⊗n)

given by the map
×n : Gm → Gm.

We therefore obtain an induced map on rigidifications

j : Ag,1[1/n] → A g,δ0 [1/n]. (6.2.2.1)

Proposition 6.2.3. The map 6.2.2.1 is a dense open immersion, and iden-
tifies Ag,1[1/n] with the open substack of A g,δ0 [1/n] where the log structure
MA g,δ0 [1/n] is trivial.

Proof. Let us first show that j is a fully faithful functor.
Let S be a scheme and let (A,P,L) ∈ Tg,1(S) be an object. If α is an

automorphism of (A,P,L) given by

αA : A→ A, αP : P → P, ι : α∗
PL→ L

such that α maps to the identity in

AutA g,δ0
(A,P,L⊗n),

then j̃(α) is in G(A,P,L⊗n). It follows that αA = id and that αP is translation
by a point of A[n]. Since L is a principal polarization α∗

PL is isomorphic to L
if and only if this point is equal to e and therefore αP = id also. We conclude
that α ∈ G(A,P,L) = Gm and therefore maps to the identity in

AutA g,1
(A,P,L).
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It follows that for any two objects (Ai, Pi, Li) ∈ Ag,1(S) (i = 1, 2) the map

IsomA g,1
((A1, P1, L1), (A2, P2, L2))→IsomA g,δ0

((A1, P1, L
⊗n
1 ), (A2, P2, L

⊗n
2 ))

(6.2.3.1)
is a monomorphism.

If
σA : A1 → A2, σP : P1 → P2, ι : σ∗PL

⊗n
2 → L⊗n

1

is an isomorphism in T g,δ0(S), then σ∗PL2 ⊗ L−1
1 is an n-torsion line bundle

on P1. Write
σ∗PL2 ⊗ L−1

1 � t∗aL1 ⊗ L−1
1 (6.2.3.2)

with a ∈ A1[n]. Then
t∗−aσ

∗
PL2 � L1 (6.2.3.3)

which shows that after changing (σP , ι) by an element of G(A1,P1,L⊗n
1 ) lifting

−a, we can assume that σ∗PL2 is isomorphic to L1. Choose some isomorphism
ι′ : σ∗PL2 → L1. Then ι′⊗n differs from ι by some element of Gm(S). After
making a flat base change S′ → S we can choose an n-th root of this unit and
hence can find an isomorphism ι′ : σ∗PL2 → L1 inducing ι. It follows that the
map 6.2.3.1 is an isomorphism.

To prove 6.2.3, it now suffices to show that any object (A,P,R) ∈ Tg,δ0(S)
over some scheme S with A and P smooth, is fppf locally on S in the image
of Tg,1(S). For this note that the homomorphism

λR : A→ At

factors as
A

λR

���
��

��
��

×n

��
A

ρ �� At,

where ρ is an isomorphism. By [35, p. 231 Theorem 3] this map ρ is fppf-
locally on S equal to λL for some line bundle L on A. Since A is divisible
we can after making another flat base change on S choose L such that L⊗n

is isomorphic to R. The resulting object (A,P,L) ∈ Ag,1(S) then maps to
(A,P,R). 	


6.2.4. Since the stack A g,δ0 [1/n] provides a compactification of Ag,1[1/n]
together with an extension of the n-torsion subgroup scheme (with its Weil
pairing) of the universal abelian scheme over Ag,1[1/n] to a finite flat group
scheme H over A g,δ0 [1/n], we can use the pair (A g,δ0 ,H ) to construct
compactifications of various moduli problems for principally polarized abelian
varieties with n-level structure. We illustrate this with the example of Γ0(n)-
structure.
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Definition 6.2.5. Let S be a scheme, and H → S a finite flat abelian group
scheme of rank n2g with a perfect skew-symmetric pairing

〈·, ·〉 : H ×S H → Gm,S .

A Γ0(n)-level structure on H is a subgroup scheme B ⊂ H flat over H of rank
ng which is isotropic with respect to the pairing.

6.2.6. Define A g,Γ0(n) to be the stack over Z[1/n] associating to any Z[1/n]-
scheme S the groupoid of pairs (f,B), where f : S → A g,δ0 [1/n] is a mor-
phism and B ⊂ f∗H is a Γ0(n)-level structure on f∗H . Note that if f factors
through Ag,1[1/n] so that f corresponds to a triple (A,P,L) with A an abelian
scheme, P an A-torsor, and L a line bundle on P , then the Γ0(n)-structure B
is equal to a Γ0(n)-structure on A[n].

Let MA g,Γ0(n)
denote the pullback of the log structure on A g,δ0 to

A g,Γ0(n).

Theorem 6.2.7 The projection map

A g,Γ0(n) → A g,δ0 [1/n] (6.2.7.1)

is finite étale. In particular, the log stack (A g,Γ0(n),MA g,Γ0(n)
) is log smooth

and proper over Z[1/n].

Proof. It suffices to show that if S is a scheme, and H → S is a finite flat
group scheme with a pairing as in 6.2.5, then the functor F on S-schemes
associating to any S′ → S the set of Γ0(n)-level structures on H ×S S

′, is
representable by a finite étale S-scheme. This can be verified after replacing
S by an étale cover, so it suffices to consider the case when H is a constant
group scheme. In this case the result is immediate. 	


Example 6.2.8. In the case g = 1 one can recover the Deligne-Rapoport
compactification M 1,1,Γ0(n) of the stack M1,1,Γ0(n) classifying elliptic curves
with Γ0(n)-structure (in the notation of [15, IV.4.3] M 1,1,Γ0(n) is the stack
MΓ0(n)[1/n]). Observe that the map

A 1,Γ0(n) → A 1,1[1/n] = M 1,1[1/n]

is not representable, but has a relative coarse moduli space (see for example
[1, §3])

A1,Γ0(n) → M 1,1[1/n].

The stack A1,Γ0(n) is normal (since A 1,Γ0(n) is normal being log smooth over
Z[1/n]) and the projection A1,Γ0(n) → M 1,1[1/n] is finite. Furthermore, the
restriction

A1,Γ0(n) = A1,Γ0(n) ×M1,1
M1,1

is isomorphic to M1,1,Γ0(n). It follows that A1,Γ0(n) is isomorphic to the nor-
malization of M 1,1[1/n] in M1,1,Γ0(n) and therefore equal to M 1,1,Γ0(n).
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6.3 Resolving Singularities of Theta Functions

6.3.1. In this section we consider moduli spaces of abelian varieties with
totally symmetric theta level structure (see 6.3.9 below for precise definitions)
which were introduced by Mumford in [36, Part II]. For g ≥ 1 and a sequence
of positive integers δ = (d1, . . . , dg) with each di divisible by 8, Mumford
constructed a moduli space M tot

g,δ classifying abelian varieties of dimension g
with a polarization and a totally symmetric theta level structure of type δ. He
also showed [36, Part II, Theorem 3] that the spaces M tot

g,δ are quasi-projective
varieties and in fact have a canonical embedding M tot

g,δ ↪→ PVδ into a certain

projective space. The scheme-theoretic closure M
tot

g,δ of Mg,δ in PVδ is in
general highly singular (and not even normal in general). Its normalization
is called the Satake compactification of M tot

g,δ (this Satake compactification
can also be constructed using theta functions and analytic methods). In this
section we construct a modular log smooth compactification of M tot

g,δ which

maps to M
tot

g,δ and therefore provides a resolution of singularities of M
tot

g,δ.

Let us begin by reviewing some of Mumford’s theory of the theta group
(see [36] for further details).

6.3.2. Let A/S be an abelian scheme over a base scheme S, and let L be an
invertible sheaf on A. The line bundle L is called symmetric if there exists an
isomorphism ι∗L → L, where ι : A → A is the map a �→ −a. Note that if L
is symmetric, then in fact there exists a canonical isomorphism a : ι∗L → L.
Namely, there exists a unique isomorphism a such that the induced map

e∗L = e∗ι∗L
e∗a �� e∗L (6.3.2.1)

is the identity. From this and descent theory one deduces the following:

Lemma 6.3.3 Let S be a scheme, A/S an abelian scheme, and L a line
bundle on A. Assume that fppf-locally on S the line bundle L is symmetric.
Then L is symmetric.

6.3.4. Let G (L) denote the theta group associated to L [35, §23]. In our
earlier notation, G (L) is the group G(A,L), where A is viewed as a (trivial)
A-torsor. If L is symmetric, then the theta group scheme G (L) comes equipped
with an involution D : G (L) → G (L). Namely, choose any isomorphism ψ :
ι∗L→ L, and define D by sending a point

(a ∈ A, λ : t∗aL→ L) ∈ G (L) (6.3.4.1)

to the point −a ∈ A with the isomorphism

t∗−aL
ψ−1

�� t∗−aι
∗L �� ι∗t∗aL

λ �� ι∗L
ψ �� L. (6.3.4.2)

one checks immediately that D does not depend on the choice of ψ, and that
D is a group automorphism inducing the identity on Gm.
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6.3.5. Fix a sequence of positive integers δ = (d1, . . . , dg), and define a group
scheme G (δ) over Spec(Z) as follows. Let K(δ) denote the group

K(δ) := ⊕r
i=1(Z/diZ), (6.3.5.1)

and let K̂(δ) denote the Cartier dual of K(δ). Set

H(δ) := K(δ) × K̂(δ), (6.3.5.2)

and define G (δ) to be the group scheme whose underlying scheme is

Gm ×K(δ) × K̂(δ) = Gm ×H(δ), (6.3.5.3)

and whose group structure is given by

(α, x, l) · (α′, x′, l′) = (αα′l′(x), x+ x′, l + l′). (6.3.5.4)

Remark 6.3.6. Define an antisymmetric pairing

〈·, ·〉 : H(δ) ×H(δ) → Gm, 〈(x, l), (x′, l′)〉 := l′(x) · l(x′)−1. (6.3.6.1)

Then it follows from the definition of the group law on G (δ) that in G (δ) we
have

(α, x, l)(α′, x′, l′)(α, x, l)−1(α′, x′, l′)−1 = 〈(x, l), (x′, l′)〉. (6.3.6.2)

Lemma 6.3.7 Let AutGm
(G (δ)) denote the functor over Z[1/2d] which to

any Z[1/2d]-scheme S associates the group of automorphisms of the group
scheme G (δ)S which restrict to the identity on Gm, and let Aut(H(δ), 〈·, ·〉)
denote the group scheme of automorphisms of H(δ) compatible with the skew-
symmetric pairing. Then there is an exact sequence of functors of groups

1 �� Hom(H(δ),Gm) �� AutGm
(G (δ)) π �� Aut(H(δ), 〈·, ·〉) �� 1,

(6.3.7.1)

where π sends an automorphism α to the automorphism ᾱ : H(δ) → H(δ)
obtained by passing to the quotient by Gm. In particular, AutGm

(G (δ)) is
representable by a finite étale group scheme over Z[1/2d].

Proof. Since Gm is central in G (δ), any automorphism α of G (δ)S inducing
the identity on H(δ)S is given by

α(g) = g · w(ḡ), (6.3.7.2)

where ḡ is the image of g in H(δ)S and w : H(δ) → Gm is a homomorphism.
Conversely any homomorphism w determines an automorphism of G (δ) by
the same formula. This gives the identification

Hom(H(δ),Gm) � Ker(π). (6.3.7.3)
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The surjectivity of π follows from the same argument used in [36, I, Corollary
of Th. 1] which shows that in order to lift a symplectic automorphism ᾱ :
H(δ) → H(δ) to G (δ) it suffices to choose a lifting s̃ : K(δ) → G (δ) of the
homomorphism K(δ) → H(δ) obtained by restricting ᾱ, where K(δ) is as in
6.3.5. 	


6.3.8. There is a standard representation Vδ of G (δ) over Z[1/2d] defined as
follows. Let Vδ denote the Z[1/2d]-module of functions K(δ) → Z[1/2d]. Then
for any scheme S over Z[1/2d] and quasi-coherent sheaf F on S the sheaf
Vδ ⊗Z[1/2d] F is the sheaf of functions K(δ) → F . If (α, x, l) ∈ G (δ)(S) is a

section with α ∈ O∗
S , x = (x1, . . . , xg) ∈ K(δ), and l = (l1, . . . , lg) ∈ K̂(δ),

then we define an action of (α, x, l) on Vδ ⊗ OS by sending a function f :
K(δ) → OS to the function

K(δ) → OS , (y1, . . . , yg) �→ α · (
g∏

i=1

li(yi))f(x1 + y1, . . . , xg + yg). (6.3.8.1)

Note that Gm ⊂ G (δ) acts by the standard character. Therefore in the case
when S is the spectrum of a field the representation Vδ ⊗ OS is the unique
representation of G (δ) mentioned in 5.4.27.

6.3.9. The group scheme G (δ) also has an involution τ : G (δ) → G (δ) given
by

(a, h) �→ (a,−h), a ∈ Gm, h ∈ H(δ). (6.3.9.1)

If L is an ample symmetric line bundle on an abelian scheme A, then
a symmetric theta-level structure on (A,L) of type δ is an isomorphism
σ : G (δ)S → G (L) such that the diagram

G (δ)S
σ ��

τ

��

G (L)

D

��
G (δ)S

σ �� G (L)

(6.3.9.2)

commutes.
Let g ≥ 1 be an integer, and set d = d1 · · · dg. Let Mg,δ denote the stack

over the category of Z[1/2d]-schemes which associates to any such scheme S
the groupoid of data

(A,L, σ, ε : e∗L � OS), (6.3.9.3)

where

(i) A/S is an abelian scheme of relative dimension g.
(ii) L is a symmetric relatively ample invertible sheaf on A.
(iii) σ : G (δ) × S → G (L) is a symmetric theta level structure.
(iv) ε : e∗L→ OS is an isomorphism of OS-modules.
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Lemma 6.3.10 Assume that each di is divisible by 4. Fix the following data:

1. An abelian scheme f : A→ S of relative dimension g.
2. A relatively ample invertible sheaf L on A.
3. A symmetric theta level structure σ : G (δ)S → G (L).

Then L is relatively very ample, f∗L is locally free of rank d and its formation
commutes with arbitrary base change, and Rif∗L = 0 for all i > 0.

Proof. By standard cohomology and base change results it suffices to consider
the case when S = Spec(k) is the spectrum of an algebraically closed field.

The vanishing of Hi(A,L) for i > 0 in this case follows from [35, Corol-
lary on p. 159 and the Vanishing Theorem on p. 150], and the dimension of
H0(A,L) is given by [35, Riemann-Roch theorem, p. 150].

The assumption that each di is divisible by 4 implies that H(L) contains
the 4-torsion A[4] of A. Therefore by [35, Theorem 3, p. 231] we can write
L =M⊗4 for some other line bundleM on A. Since L is ample the line bundle
M is also ample, and therefore by [35, Theorem on p. 163] L is very ample.
	


Remark 6.3.11. If each di is divisible by 4 then the stack Mg,δ is in fact
equivalent to a functor. For this it suffices to show that if S is a scheme then
any automorphism of a collection of data 6.3.9.3 is the identity. This can
be seen as follows. It suffices to consider the case when S is the spectrum
of a strictly henselian local ring R. The space of global section Γ (A,L) is
then a representaton of G (L) over R, and hence via σ we can view this as a
representation of G (δ) over R. If

χ : A→ A, χb : χ∗L→ L (6.3.11.1)
is an automorphism of the data 6.3.9.3 then (χ, χb) induces an automorphism
α of the G (δ)-representation Γ (A,L) such that the diagram

A
χ ��

� �

j

��

A� �

j

��
PΓ (A,L) Pα �� PΓ (A,L)

(6.3.11.2)

commutes, where j is the canonical closed immersion (recall that L is relatively
very ample). On the other hand, by [36, Part II, Proposition 2] any automor-
phism of the G (δ)-representation Γ (A,L) is multiplication by a scalar, and
therefore the map Pα is the identity. We conclude that χ : A→ A is the iden-
tity map. This implies that χb : L → L is multiplication by a scalar u ∈ R∗

such that the diagram

e∗L
·u ��

ε

���
��

��
��

� e∗L

ε
����
��
��
��

R

(6.3.11.3)

commutes. It follows that u = 1.
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6.3.12. One can also consider a variant moduli problem classifying (A,L, σ, ε)
as above, where in addition the line bundle L is assumed totally symmetric.
This means that there exists an isomorphism ψ : ι∗L→ L whose pullback to
the 2-torsion points A[2] (on which ι is the identity) is equal to the identity
map. Let us write M tot

g,δ for the resulting functor. There is a natural inclusion
M tot

g,δ ⊂ Mg,δ.
As explained in [36, I. p. 310] there is for every n ≥ 1 a canonical map

ηn : G (Ln) → G (L) (6.3.12.1)

such that the diagram

1 �� Gm

×n

��

�� G (Ln)

ηn

��

�� H(Ln) ��

n

��

1

1 �� Gm
�� G (L) �� H(L) �� 1

(6.3.12.2)

commutes. By [36, I, Corollary 2] a symmetric line bundle L on an abelian
scheme is totally symmetric if and only if

Ker(η2) = {z ∈ G (L2)|z2 = 1}. (6.3.12.3)

Since Gm is divisible and central in G (L2), the scheme K whose functor of
points is given by

{z ∈ G (L2)|z2 = 1} (6.3.12.4)

is a µ2-torsor over the kernel of multiplication of by 2 on H(L2). In particular,
it is an étale scheme over the base scheme (since 2d is assumed invertible) of
rank 22g+1.

Proposition 6.3.13. The substack M tot
g,δ ⊂ Mg,δ is representable by open and

closed immersions.

Proof. Let S be a Z[1/2d]-scheme and (A,L, σ, ι) an object of Mg,δ(S). We
need to show that the condition that L is totally symmetric is representable
by an open subset of S.

From the commutative diagram 6.3.12.2 with n = 2 and the snake lemma,
one sees that there is an exact sequence

1 → µ2 → Ker(η2) → H(L2)[2] → 1, (6.3.13.1)

so in particular the rank of the group scheme Ker(η2) is equal to 22g+1, which
is also equal to the rank of K. The condition that L is totally symmetric is
therefore equivalent to the assertion that the map

K → G (L2)/Ker(η2) � G (L) (6.3.13.2)
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sends K to the identity section (since both K and Ker(η2) are finite étale
schemes over S of the same degree). Note also that the composite 6.3.13.2
in fact has image in µ2 ⊂ Gm ⊂ G (L) by the commutativity of 6.3.12.2. It
follows that the condition that the map 6.3.13.2 is trivial is an open and closed
condition, since it is a map of finite étale schemes. 	


Theorem 6.3.14 ([36, Part II, Theorem 3]) If each di is divisible by 8,
then M tot

g,δ is representable by a quasi-projective scheme.

6.3.15. For the convenience of the reader, let us recall Mumford’s description
of M tot

g,δ . Let S be a scheme and let

(f : A→ S,L, σ, ε) (6.3.15.1)

be an object of M tot
g,δ (S). By 6.3.10 the line bundle L is relatively very ample on

A and f∗L is a locally free sheaf on S of rank d whose formation is compatible
with arbitrary base change. The vector bundle f∗L is a representation of
G (L) over S, and hence via σ can be viewed as a representation of G (δ)S . By
[36, Part II, Proposition 2] there exists a unique line bundle K on S and an
isomorphism K ⊗Z[1/2d] Vδ � f∗L of G (δ)S-representation. Furthermore this
isomorphism is unique up to multiplication by an element of O∗

S . We therefore
obtain a canonical embedding

i : A ↪→ P(Vδ)S . (6.3.15.2)

Composing this embedding with the identity section S → A of A we obtain a
morphism

S → P(Vδ). (6.3.15.3)

This defines a morphism of functors

M tot
g,δ → P(Vδ) (6.3.15.4)

and it is shown in [36, Part II, Theorem on p. 83] that this is an immersion. In
fact, Mumford describes in loc. cit. explicit equations for the scheme-theoretic
closure M

tot

g,δ ⊂ P(Vδ) (“Riemann’s theta relations”).

In the remainder of this section we explain how to construct a canonical
modular compactification of Mg,δ. By the above discussion this then also gives
a compactification of M tot

g,δ .

6.3.16. The functor Mg,δ can be reinterpreted as follows. Let S be a scheme
and A/S an abelian scheme. For an A-torsor P , let P ι denote the A-torsor
with same underlying scheme as P but with action of A given by the composite
homomorphism

A
ι−−−−→ A

action−−−−→ Aut(P ). (6.3.16.1)

If L is an ample invertible sheaf on P , then there is a canonical isomorphism
of theta groups
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can : G(P,L) � G(P ι,L). (6.3.16.2)

This isomorphism sends a pair

σP : P → P, σL : σ∗PL→ L (6.3.16.3)

to the same pair (σP , σL) viewed as an automorphism of (P ι, L).

Proposition 6.3.17. Let S be a scheme, A/S an abelian scheme, P/S an
A-torsor, and let L be an ample invertible sheaf on P . Then fppf-locally on S
there exists an isomorphism

ρ = (ρP , ρL) : (P,L) → (P ι, L) (6.3.17.1)

over ι : A → A. Moreover, the isomorphism ρ is unique up to composition
with an element of

G(P,L) = AutA(P,L). (6.3.17.2)

Proof. The uniqueness statement is clear, for by the very definition of G(P,L)

if ρ1 and ρ2 are two isomorphisms then ρ−1
1 ◦ ρ2 is an automorphism of (P,L)

commuting with the A-action.
For the existence we may work fppf locally on S, and may therefore assume

that P is trivial. Fix a point e ∈ P defining an isomorphism A → P (this
enables us to view L as a sheaf on A).

Lemma 6.3.18 After making an étale base change on S, there exists an in-
vertible sheaf M ∈ At(S) such that ι∗L � L⊗M .

Proof. This is standard. We recall the argument for the convenience of the
reader.

It suffices to show that for any scheme-valued point α ∈ A the invertible
sheaf

R := t∗α(ι∗L⊗ L−1) ⊗ ι∗L−1 ⊗ L (6.3.18.1)

is trivial. For this note that

t∗αι
∗L⊗ ι∗L−1 � ι∗(t∗−αL⊗ L−1)

� t∗−αL
−1 ⊗ L,

where the second isomorphism is because ι acts as multiplication by −1 on
At. Therefore R is isomorphic to

t∗αL
−1 ⊗ t∗−αL

−1 ⊗ L2 (6.3.18.2)

which is trivial by the theorem of the square. 	


After replacing S by an fppf cover, there exists therefore an element α ∈
A(S) such that M � t∗αL ⊗ L−1 in which case ι∗L � t∗αL. Therefore we can
take ρP : P → P to be the isomorphism ι ◦ tα and ρL any isomorphism
ι∗t∗αL→ L. 	
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Proposition 6.3.19. Let S be a scheme, A/S an abelian scheme, P/S an
A-torsor, and σ : G (δ)S → G(P,L) an isomorphism restricting to the identity
on Gm. Then fppf locally on S there exists an isomorphism ρ = (ρP , ρL) :
(P,L) → (P ι, L) over ι : A→ A such that the diagram

G (δ)S
σ−−−−→ G(P,L)

τ

⏐⏐�
⏐⏐�ρ

G (δ)S
σ−−−−→ G(P ι,L)

(6.3.19.1)

commutes, where the right vertical arrow is the isomorphism induced by ρ.
Moreover ρ is unique up to composition with the action of an element of Gm

(where u ∈ Gm acts as the identity on P and multiplication by u on L).

Proof. We may work fppf-locally on S and therefore by 6.3.17 may assume
that there exists an isomorphism ρ = (ρP , ρL) : (P,L) → (P ι, L) over
ι : A→ A. The diagram 6.3.19.1 may not commute, but we need to show
that after possible composing ρ with an element of G(P,L) then we can make
the diagram commute. Note that by 6.3.19.1 any two choices of ρ differ by
composition by an element of G(P,L) and therefore the uniqueness part of
6.3.19 follows from the fact that Gm is equal to the center of G(P,L).

If α ∈ G(P,L) is a section and ρ′ = ρ ◦ α, then the induced map

ρ′ : G(P,L) → G(P ι,L) (6.3.19.2)

is equal to conjugation by α following by the map induced by ρ. Note also that
in any case the map G(P,L) → G(P,L) induces by construction of ρ in the proof
of 6.3.17 the identity on Gm and multiplication by −1 on H(P,L). Proposition
6.3.19 therefore follows from the following lemma applied to (σ ◦τ)−1 ◦ (ρ◦σ).
	


Lemma 6.3.20 If λ : G (δ)S → G (δ)S is an automorphism inducing the
identity on Gm and H(δ)S, then fppf-locally on S there exists an element
β ∈ G (δ)(S) such that λ is equal to conjugation by β.

Proof. Since Gm is central in G (δ)S , there exists a unique homomorphism
w : H(δ) → Gm such that for any g ∈ G (δ)S with image ḡ ∈ H(δ)S we have

λ(g) = w(ḡ) · g. (6.3.20.1)

Since the pairing 〈·, ·〉 on H(δ) defined in 6.3.6 is perfect, there exists an
element w∗ ∈ H(δ)S such that

〈w∗,−〉 : H(δ)S → Gm (6.3.20.2)

is equal to w. After replacing S by a covering, we can lift w∗ to an element
w̃∗ ∈ G (δ)S . Then for any g ∈ G (δ)S we have by definition of the pairing
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w̃∗gw̃∗−1g−1 = w(ḡ), (6.3.20.3)

or equivalently
w̃∗gw̃∗−1 = w(ḡ) · g = λ(g). (6.3.20.4)

	


Remark 6.3.21. Note that the maps ρP : P → P obtained locally on S from
6.3.19 glue since the ambiguity in ρ only involves the map ρL. It follows that
given data (A,P,L, σ) as in 6.3.19 there exists a canonical globally defined
isomorphism ρP : P → P ι over the map ι : A → A such that the diagram
6.3.19.1 commutes.

6.3.22. Let Σg,δ denote the stack over Z[1/2d] which associates to any
Z[1/2d]-scheme S the groupoid of data:

(A,P,L, σ) (6.3.22.1)

where:

(i) A is an abelian scheme over S;
(ii) P is an A-torsor;
(iii) L is an ample invertible sheaf on P ;
(iv) σ : G (δ)S → G(P,L) is an isomorphism of group schemes inducing the

identity on Gm.

Proposition 6.3.23. The stack Σg,δ is algebraic, and the projection mor-
phism

Σg,δ → Tg,δ[1/2d] (6.3.23.1)

obtained by “forgetting” σ is finite and étale (where Tg,δ is defined as in 6.2.1).

Proof. Given an object (A,P,L) ∈ Tg,δ(S), the fiber product I of the diagram

Σg,δ⏐⏐�
S

(A,P,L)−−−−−→ Tg,δ

(6.3.23.2)

is the functor associating to any S-scheme T the set of isomorphisms

σ : G (δ)T → G(PT ,LT ) (6.3.23.3)

inducing the identity on Gm. Now fppf locally on S there exists one such
isomorphism, and therefore I is a torsor under the finite étale S-group scheme

AutGm
(G (δ)). (6.3.23.4)

In particular, I is represented by a finite étale S-group scheme. 	
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6.3.24. Let (Au, Pu, Lu, σu) be the universal data over Σg,δ. Then Pu is again
an algebraic stack proper and smooth over Σg,δ. Moreover, by 6.3.19 there is
a canonical involution

ρu : Pu → Pu (6.3.24.1)

over Σg,δ. We will be interested in the stack P ρ
u of fixed points of this action.

By definition P ρ
u is the fiber product of the diagram

Pu⏐⏐�id×ρ

Pu
∆−−−−→ Pu ×Σg,δ

Pu.

(6.3.24.2)

Note that since Pu → Σg,δ is proper (and in particular separated) and repre-
sentable, the diagonal map

∆ : Pu → Pu ×Σg,δ
Pu (6.3.24.3)

is a closed immersion. Therefore P ρ
u ⊂ Pu is a closed substack.

6.3.25. If S is a scheme then the groupoid Pu(S) is the groupoid of data

(A,P,L, σ, e), (6.3.25.1)

where (A,P,L, σ) ∈ Σg,δ(S) and e : A→ P is a trivialization.
Let Ng,δ denote the stack over Z[1/2d] associating to any scheme S the

groupoid of data (A,L, σ), where:

(i) A/S is an abelian scheme;
(ii) L is an ample invertible sheaf on A;
(iii) σ : G (δ)S → G (L) is an isomorphism of group schemes inducing the

identity on Gm.

There is a natural functor

F : Pu → Ng,δ, (A,P,L, σ, e) �→ (A, e∗L, σ). (6.3.25.2)

Lemma 6.3.26 The functor F is an isomorphism of stacks.

Proof. This is immediate. An inverse to F is given by the functor

Ng,δ → Pu, (A,L, σ) �→ (A,A,L, σ, id). (6.3.26.1)

	


6.3.27. Let N sym
g,δ ⊂ Ng,δ denote the substack classifying triples (A,L, σ),

where L is a symmetric ample sheaf on A and σ is symmetric theta level
structure.
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Proposition 6.3.28. The functor F induces an isomorphism

P ρ
u → N sym

g,δ . (6.3.28.1)

Proof. To say that a point (A,P,L, σ, e) ∈ Pu is invariant under ρ means that
the diagram

A
e−−−−→ P

ι

⏐⏐�
⏐⏐�ρP

A
e−−−−→ P

(6.3.28.2)

commutes, and hence ι∗e∗L is locally on the base isomorphic to e∗L. Therefore
e∗L is symmetric and σ is a symmetric theta level structure. Conversely, if
(A,L, σ) is an object of N sym

g,δ then the object (A,A,L, σ, e) ∈ Pu is in P ρ
u .

	


6.3.29. For any object (A,P,L, σ, e) of P ρ
u and z ∈ Gm we get an automor-

phism of (A,P,L, σ, e) simply by multiplication by z on L. Let Θg,δ denote
the rigidification of P ρ

u with respect to Gm.

Proposition 6.3.30. The stack Mg,δ is isomorphic to Θg,δ.

Proof. This follows from the same argument used in 2.4.11. 	


Before beginning our discussion of the compactification of Θg,δ let us also
note the following:

Proposition 6.3.31. The stack N sym
g,δ , and hence also Θg,δ, is smooth over

Z[1/2d].

Proof. It suffices to show that N sym
g,δ is formally smooth over Z[1/2d]. Con-

sider a diagram of affine schemes

Spec(R0) ↪→ Spec(R) ↪→ Spec(R′), (6.3.31.1)

where R0 is a field, R and R′ are artinian local rings and R′ → R is surjective
with kernel J annihilated by the maximal ideal of R′. Let (A,L, σ) be an
object of N sym

g,δ (R). We have to exhibit a lifting of (A,L, σ) to R′.
For this choose first any lifting (A′, L′) of (A,L) to R′. Then the line

bundle L′ need not be symmetric on A′, but we can write

ι∗L′ � L′ ⊗M ′ (6.3.31.2)

for some M ′ reducing to OA. The liftings of OA to A′ are classified by the
group H1(A0,OA0 ⊗ J). Since 2 is assumed invertible in R′ multiplication by
2 on H1(A0,OA0) is an isomorphism and hence there exists a lifting E′ of OA

to A′ such that E′2 �M ′. Then

ι∗(L′ ⊗ E′) � ι∗L′ ⊗ E′−1 � L′ ⊗M ⊗ E′−1 � L′ ⊗ E′. (6.3.31.3)
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Replacing L′ by L′ ⊗E′ we therefore see that there exists a symmetric lifting
of L to A′. Fix one such lifting L′.

It remains to see that we can find an isomorphism σ′ : G (δ)R′ → G (L′)
reducing to σ and such that the diagram

G (δ)R′
σ′

−−−−→ G (L′)

τ

⏐⏐�
⏐⏐�D

G (δ)R′
σ′

−−−−→ G (L′)

(6.3.31.4)

commutes.
Étale locally on Spec(R′) we can choose an isomorphism G (δ)R′ →

G (L′). The reduction of this isomorphism may not agree with σ, but since
AutGm

(G (δ)) is étale over Spec(Z[1/2d]) we can change our choice of isomor-
phism to find a lifting σ′ of σ. The diagram 6.3.31.4 then automatically com-
mutes since it commutes over R and AutGm

(G (δ)) is an étale group scheme.
This completes the proof of 6.3.31. 	


6.3.32. We now compactify Θg,δ by generalizing the preceding constructions
to objects of T g,δ.

Let S be a scheme and let (G,MS , P,MP , L) be an object of T g,δ(S). Let
(P ι,MPι

, L) denote the log scheme over (S,MS) with the same underlying
polarized log scheme (P,MP , L) but G-action the composite

G
g 
→−g−−−−→ G

action−−−−→ Aut(P,MP ). (6.3.32.1)

Note that as before 6.3.16 there is a canonical isomorphism of theta groups

G(P,MP ,L) � G(P ι,MP ι ,L). (6.3.32.2)

Proposition 6.3.33. After replacing S by an fppf cover, there exists an iso-
morphism

ρ = (ρ(P,MP ), ρL) : ((P,MP ), L) → ((P ι,MP ι), L) (6.3.33.1)

of log schemes over (S,MS) with ample sheaves such that the diagram

G×(S,MS) (P,MP ) action−−−−→ (P,MP )

ι×ρ(P,MP )

⏐⏐�
⏐⏐�ρ(P,MP )

G×(S,MS) (P ι,MP ι) action−−−−→ (P ι,MP ι)

(6.3.33.2)

commutes. Moreover, ρ is unique up to composition with an element of
G(P,MP ,L).

The proof will be in several steps (6.3.34–6.3.43).
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6.3.34. The uniqueness statement in the proposition is immediate from the
definition of the theta group.

By a standard application of Artin’s approximation theorem, to prove the
existence of ρ it suffices to consider the case when S is the spectrum of a
complete noetherian local ring R with separably closed residue field. By 5.7.2
we are even reduced to the case when R is artinian local with separably closed
residue field. In this case (G,MS , P,MP , L) is obtained from the standard
construction from data as in 5.2.1 and some map β : Hsat

S → R sending all
nonzero elements to the nilradical of R. Note that this implies in particular
that β factors through H

sat

S , where we define

H
sat

S := Hsat
S /(torsion). (6.3.34.1)

Let T denote the toric part of G.

6.3.35. By 6.3.18 there exists some α ∈ A such that ι∗AM is isomorphic to
M ⊗ Lα, where Lα := t∗αM ⊗ M−1. After making an fppf base change on S
we can find an element α′ ∈ A with 2α′ = α. Then

ι∗A(M ⊗ Lα′) � ι∗AM ⊗ L−α′ � (M ⊗ Lα) ⊗ L−1
α′ � M ⊗ Lα′ . (6.3.35.1)

Therefore by replacing M by M ⊗Lα′ we may assume that ι∗M is isomorphic
to M . Fix one such isomorphism

ιM : ι∗AM → M . (6.3.35.2)

Let R denote the sheaf of algebras over A defined in 5.2.4. We construct
an algebra isomorphism

p : ι∗AR → R (6.3.35.3)

as follows. For every x ∈ X note that ι∗ALx is rigidified at 0, and therefore
there exists a unique isomorphism of rigidified line bundles

px : ι∗ALx → L−x. (6.3.35.4)

For x, z ∈ X the diagram

ι∗A(Lx ⊗ Lz)
px⊗pz−−−−→ L−x ⊗ L−z

can

⏐⏐�
⏐⏐�can

ι∗A(Lx+z)
px+z−−−−→ L−x−z

(6.3.35.5)

commutes as it is a diagram of rigidified line bundles.
We define p to be the map

ι∗AR � ⊕(d,x)∈P ι
∗
A(M d ⊗ Lx)

⊕ιd
M⊗px−−−−−−→ ⊕(d,x)∈P M d ⊗ Lx � R. (6.3.35.6)



254 6 Level Structure

The commutativity of the diagram 6.3.35.5 and the following 6.3.36 ensures
that this in fact is an isomorphism of graded algebras. We therefore obtain an
isomorphism of polarized schemes

ρ̃ : (P̃ ,OP̃ (1)) → (P̃ ,OP̃ (1)) ×A,ι A. (6.3.35.7)

Lemma 6.3.36 (i) The involution ι : XR → XR sending x to −x preserves
the paving S (i.e. for every ω ∈ S, the image ι(ω) is a cell of S). In particular,
the map (d, x) �→ (d,−x) induces a map ι : HS → HS.

(ii) The induced map ῑ : H
sat

S → H
sat

S is the identity. Equivalently, for any
x, z ∈ X and d, d′ > 0 the two elements

(d, x) ∗ (d′, z), (d,−x) ∗ (d′,−z) ∈ HS (6.3.36.1)

become equal in H
sat

S .

Proof. For (i), let B : S2X → Q be a quadratic positive semidefinite form
defining S, with associated quadratic function a : X → Q sending x to
B(x, x)/2. Let g : XR → R be the function defined by the lower envelope
of the convex hull of the set

Ga := {(x, a(x))|x ∈ X} ⊂ XR × R (6.3.36.2)

so that S is the domains of linearity of g. Then ι(S) is the domains of linearity
of the function x �→ g(−x). This function is in fact equal to g because a(−x) =
a(x) for all x which implies that Ga is invariant under the transformation
x �→ −x. This proves (i).

For (ii) note that by 4.1.8 we have an inclusion H
sat

S → Hgp
S ⊗ Q. It

therefore suffices to show that the map ι : Hgp
S ⊗Q → Hgp

S ⊗Q is the identity.
It follows from the definitions, that via the isomorphism s : S2XQ � Hgp

S ⊗Q
defined in 5.8.15 the map ι corresponds to the map

S2XQ → S2XQ, x⊗ y �→ (−x) ⊗ (−y) (6.3.36.3)

which is the identity map. 	


6.3.37. Let P �H
sat

S denote the pushout of the diagram

HS

��

�� H
sat

S

P �HS .

(6.3.37.1)

Then it follows that there is an involution ι : P �H
sat

S → P �H
sat

S induced
by −1 : X → X which is equal to the identity on H

sat

S .
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Let U ⊂ A be an open subset over which the sheaves M and Lx are trivial,
and let U ι denote ι(U). Choose trivializations of M |U and the Lx|U ’s over U
compatible with the isomorphisms

Lx ⊗ Lz → Lx+z. (6.3.37.2)

These trivializations then also induce (via the isomorphism ι∗M → M and
the px’s) trivializations of M |ι(U) and Lx|ι(U). With these choices the restric-
tion P̃U of P̃ to U is given by

Proj
U

(OU ⊗
Z[H

sat
S ] Z[P �H

sat

S ]), (6.3.37.3)

and similarly P̃ι(U) is given by

Proj
ι(U)

(Oι(U) ⊗Z[H
sat
S ] Z[P �H

sat

S ]), (6.3.37.4)

and the map p : ι∗AR → R is induced by the map of monoids ι : P �H
sat

S →
P �H

sat

S . This extends the morphism p to an isomorphism of log schemes

ρ̃ : (P̃ ,MP̃ ,OP̃ (1)) → (P̃ ,MP̃ ,OP̃ (1)) ×A,ι A. (6.3.37.5)

It follows from the construction that these isomorphisms defined locally on A
glue to give a global isomorphism.

To complete the proof of 6.3.33 it remains to see that this isomorphism ρ̃
is compatible with the translation action of Y and the G-action.

6.3.38. To prove the compatibility with the G-actions, recall that G can be
viewed as the functor classifying data g = (a, {λx}), where a ∈ A is a point
and λx : t∗aLx → Lx are isomorphisms compatible with the isomorphisms Lx⊗
Lz → Lx+z. For such data g, the inverse point ι(g) is the point (−a, {λ⊥x }),
where λ⊥x : t∗−aLx → Lx is the inverse of the isomorphism

Lx
�−−−−→ t∗−at

∗
aLx

t∗−aλx−−−−→ t∗−aLx. (6.3.38.1)

To prove the compatibility with the G-actions it suffices to show that the
diagram

taι
∗Lx

px �� t∗aL−x

λ−x

��

ι∗t∗−aLx

�
��$$$$$$$$$$

λ⊥
x ����

���
���

��

ι∗Lx
px �� L−x

(6.3.38.2)

commutes (in fact it suffices to show that this diagram commutes up to mul-
tiplication by a scalar independent of x but we prove the stronger result).
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If a = {e}, then the diagram commutes by the definition of λ⊥x . In fact if
a = {e}, then λx differs from the identity morphism by a scalar and the map
λ⊥x differs from the identity morphism by the inverse of that scalar. Since the
diagram

Lx ⊗ L−x

can

""�
��

��
��

��

λ−x⊗λx

��

OA

Lx ⊗ L−x

can

��$$$$$$$$$

(6.3.38.3)

commutes it follows that λ⊥x = λ−x.
By taking the difference of the two composites going around the diagram

6.3.38.2 we obtain a morphism of schemes

F : G→ Gm. (6.3.38.4)

This map is defined by a global section u ∈ H0(G,O∗
G). To complete the

proof of the compatibility with the G-action it suffices to show that u = 1.
By the commutativity of 6.3.38.2 when g ∈ T we know that the image of u in
H0(T,O∗

T ) is equal to 1. The compatibility with the G-action therefore follows
from the following lemma.

Lemma 6.3.39 The map

H0(G,OG) = ⊕x∈XH
0(A,Lx) → ⊕x∈XΓ (S, e∗Lx) = Γ (T,OT ) (6.3.39.1)

is injective.

Proof. By a standard devissage using the flatness of G and T over S one
reduces to the case when S is the spectrum of an algebraically closed field. In
this case the result is clear, for H0(A,Lx) is nonzero if and only if Lx � OA

in which case H0(A,Lx) has dimension 1. 	


6.3.40. Finally we check the compatibility with the Y -actions. Fix an element
y ∈ Y . First note that the maps

t∗−ypx : t∗−yι
∗Lx → t∗−yL−x (6.3.40.1)

can be described as follows. Giving such a map is equivalent to giving an
isomorphism between their fibers over 0 ∈ A, or equivalently an isomorphism

Lx(y) → L−x(−y). (6.3.40.2)

We have already encountered such a map. Namely, let B → A × At denote
the Poincare biextension, and recall that in 2.2.6 a map
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σ : B → (−1)∗B (6.3.40.3)

was constructed. This map σ defines for every (y, x) ∈ A×At an isomorphism

σy,x : Lx(y) = B(y,x) → B(−y,−x) = L−x(−y). (6.3.40.4)

If we fix x ∈ X we therefore obtain two sections of the Gm-torsor B(−,x) over
A. The first is given by the maps σy,x and the second is given by the maps
6.3.40.1 (note that these maps are defined for any y ∈ A). These two sections
define a morphism of schemes

A→ Gm (6.3.40.5)

which takes the identity to 1 (this follows from the definition of σ). It follows
that in fact 6.3.40.1 is equal to the map defined by σy,x.

Lemma 6.3.41 For any y ∈ Y and x ∈ X, the diagram

ι∗t∗yLx
ι∗τ(y,x) �� ι∗Lx

px

��

t∗−yι
∗Lx

�
�����������

t∗−ypx

����
��

��
��

�

t∗−yL−x
τ(−y,−x)�� L−x

(6.3.41.1)

commutes.

Proof. Let Etriv denote the trivial biextension of Y ×X by Gm. By the above
discussion the commutativity of 6.3.41.1 is equivalent to the commutativity
of the diagram of biextensions

Etriv
σEtriv−−−−→ Etriv

τ

⏐⏐�
⏐⏐�τ

B
σB−−−−→ B,

(6.3.41.2)

and the observation that σEtriv on Gm × Y ×X is just the map (id,−1,−1).
	


Remark 6.3.42. The restriction to A×A of the isomorphism of biextensions
σ : B → (−1)∗B over A× At can be described explicitly as follows. For any
point (y, x) ∈ A×A the fiber By,λM (x) is equal to

M (x+ y) ⊗ M (x)−1 ⊗ M (y)−1, (6.3.42.1)

and ((−1)∗B)(y,λM (x)) is equal to
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M (−x− y) ⊗ M (−x)−1 ⊗ M (−y)−1. (6.3.42.2)

The fixed isomorphism ι∗M → M defines for every a an isomorphism between
M (a) and M (−a), and hence we get for every (y, x) ∈ A×A an isomorphism
between 6.3.42.1 and 6.3.42.2. In this way we obtain an isomorphism ρ : B →
(−1)∗B over A × A (a priori not respecting the biextension structure, but
compatible with the Gm-action). The difference between ρ and σ is a map
A × A → Gm, which as before must be constant. Since ρ and σ agree over
(e, e) ∈ A×A it follows that ρ = σ.

6.3.43. Let ψ′ be the trivialization

Y → ct∗M−1 (6.3.43.1)

sending y ∈ Y to the element ψ(−y) of

M−1(−y) � (ι∗M−1)(y)ιM→M−1(y). (6.3.43.2)

It follows from the discussion in 6.3.42 that the induced trivialization of
B|Y ×X is then equal to σ−1 ◦ τ ◦ σEtriv which by the above is equal to τ .
We conclude that ψ and ψ′ differ by a homomorphism h : Y → Gm.

After making a flat base change on S, we can extend h to a homomorphism
h̃ : X → Gm. Let ρ′ denote the isomorphism

(P̃ ,MP̃ ,OP̃ (1)) → (P̃ ,MP̃ ,OP̃ (1)) ×A,ι A (6.3.43.3)

obtained by composing ρ with h̃ ∈ T (S), and let

ρ′x : ι∗Lx → L−x (6.3.43.4)

denote the isomorphism h̃(x) · ρx so that ρ′ is obtained by summing the maps

ι⊗d
M ⊗ ρ′x : ι∗(M d ⊗ Lx) → M d ⊗ L−x. (6.3.43.5)

By the definition of h̃, the diagram

ι∗(t∗yM )
ψ(y) �� ι∗(M ⊗ Ly)

ιM⊗ρ′
y

��

t∗−yι
∗M

�
������������

ιM

����
���

���
��

t∗−yM
ψ(−y) �� M ⊗ L−y

(6.3.43.6)

commutes.
Replacing ρ by ρ′ we then find that for every (d, x) ∈ P and y ∈ Y the

diagram
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t∗−yι
∗(M d ⊗ Lx)

�

�����
����

����
���

ι⊗d
M ⊗ρx��				

				
				

		

t∗−y(M⊗d ⊗ L−x)

ψ(−y)dτ(−y,−x)

��

ι∗t∗y(M d ⊗ Lx)

ψ(y)dτ(y,x)

��
M⊗d ⊗ L−x−dy

can

��

ι∗(M d ⊗ Lx+dy)

can

��

ι⊗d
M ⊗ρx+dy

��

M⊗d ⊗ L−x ⊗ L−dy ι∗(M d ⊗ Lx ⊗ Ldy)
ι⊗d
M ⊗ρx⊗ρdy

��

(6.3.43.7)

commutes. Indeed the square commutes by the commutativity of 6.3.35.5,
and the outside pentagon commutes as it is obtained by tensoring d-copies of
6.3.43.6 with a copy of 6.3.41.1. This implies that the diagram of log schemes
with line bundles

Y × (P̃ ,MP̃ ,OP̃ (1)) action−−−−→ (P̃ ,MP̃ ,OP̃ (1))

(−1)×ρ

⏐⏐�
⏐⏐�ρ

Y × (P̃ ι,MP̃ ι ,OP̃ (1)) action−−−−→ (P̃ ι,MP̃ ι ,OP̃ (1))

(6.3.43.8)

commutes. Therefore ρ descends to an isomorphism

(P,MP , L) → (P ι,MP ι , L) (6.3.43.9)

thereby completing the proof of 6.3.33. 	


By the same argument proving 6.3.19 we also obtain the following:

Proposition 6.3.44. Let S be a scheme, (G,MS , P,MP , L) an object of
T g,δ(S), and σ : G (δ)S → G(P,MP ,L) an isomorphism restricting to the
identity on Gm. Then fppf locally on S there exists an isomorphism ρ =
(ρ(P,MP ), ρL) : ((P,MP ), L) → ((P ι,MP ι), L) over ι : G → G such that the
diagram

G (δ)S
σ−−−−→ G(P,MP ,L)

τ

⏐⏐�
⏐⏐�ρ

G (δ)S
σ−−−−→ G(P ι,MP ι ,L)

(6.3.44.1)

commutes, where the right vertical arrow is the isomorphism induced by ρ.
Moreover ρ is unique up to composition with the action of an element of Gm

(where u ∈ Gm acts as the identity on (P,MP ) and multiplication by u on L).
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6.3.45. Let Σg,δ denote the stack over Z[1/2d] which to any Z[1/2d]-scheme
S associates the groupoid of data

(G,MS , P,MP , L, σ), (6.3.45.1)

where
(G,MS , P,MP , L) ∈ T g,δ(S) (6.3.45.2)

and
σ : G (δ)S → G(P,MP ,L) (6.3.45.3)

is an isomorphism of group schemes inducing the identity on Gm. As in 6.3.23
the forgetful map

Σg,δ → T g,δ[1/2d] (6.3.45.4)

is finite and étale (in particular Σg,δ is algebraic). Let MΣg,δ
denote the

pullback to Σg,δ of the log structure on T g,δ[1/2d] so that (Σg,δ,MΣg,δ
) is

log smooth over Z[1/2d].

6.3.46. Let
(Gu,MΣg,δ

, Pu,MP u
, Lu, σu) (6.3.46.1)

denote the universal data overΣg,δ. By 6.3.44 there is a canonical isomorphism

ρ : (Pu,MP u
) → (Pu,MP u

) (6.3.46.2)

over (Σ,MΣ). Let (Pu,MP u
)ρ denote the fiber product of the diagram of fine

log stacks

(Pu,MP u
)⏐⏐�id×ρ

(Pu,MP u
) ∆−−−−→ (Pu,MP u

) ×(Σg,δ,MΣg,δ
) (Pu,MP u

).

(6.3.46.3)

Recall (see 2.3.34) that the forgetful functor from integral log schemes
to schemes does not preserve fiber products. To understand the log stack
(Pu,MP u

)ρ we now compare it to the scheme-theoretic fixed points.

Lemma 6.3.47 Let M be an integral monoid and ρ : M → M an automor-
phism with ρ2 = id.
(i) Let E ⊂M ×M be the set of elements of (m,m′) such that there exists an
element k ∈M with m+ k = m′ + ρ(k). Then E is a congruence relation on
M (i.e. E is a submonoid of M ×M and defines an equivalence relation on
the underlying set of M).
(ii) Let Mρ be the colimit in the category of integral monoids of the diagram

M
id−−−−→ M

ρ

⏐⏐�
M.

(6.3.47.1)
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Then Mρ is the quotient of M by the congruence relation E.

Proof. The subset E ⊂M ×M is a submonoid: If

m+ k = m′ + ρ(k) and n+ l = n′ + ρ(l) (6.3.47.2)

then

m+ n+ (k + l) = m′ + n′ + ρ(k) + ρ(l) = m′ + n′ + ρ(k + l) (6.3.47.3)

so (m+ n,m′ + n′) ∈ E.
The subset E ⊂M ×M is also an equivalence relation:

(i) (m,m) ∈ E (take k = 0);
(ii) If m+ k = m′ + ρ(k) then if k′ := ρ(k) we have ρ(k′) = k (since ρ2 = id)

which implies that m′+k′ = m+ρ(k′). Therefore if (m,m′) ∈ E we have
(m′,m) ∈ E);

(iii) If m+ k = m′ + ρ(k) and m′ + k′ = m′′ + ρ(k′) then

m+k+k′ = m′+ρ(k)+k′ = m′′+ρ(k)+ρ(k′) = m′′+ρ(k+k′). (6.3.47.4)

Let M ′ denote the quotient of M by E. Then there is a canonical map
M ′ → Mρ so it suffices to show that M ′ is integral. If m,n, n′ ∈ M are
elements with images m̄, n̄, n̄′ ∈M ′ then if

m̄+ n̄ = m̄+ n̄′ (6.3.47.5)

there exists an element k ∈M with

m+ n+ k = m+ n′ + ρ(k). (6.3.47.6)

Since M is integral this implies that n+ k = n′ + ρ(k) so n̄ = n̄′. 	


6.3.48. Let P
ρ

u be the fiber product of the diagram

Pu⏐⏐�id×ρ

Pu
∆−−−−→ Pu ×Σg,δ

Pu.

(6.3.48.1)

Note that P
ρ

u may differ from the underlying stack of (Pu,MP u
)ρ.

Since Pu is separated and representable over Σg,δ the map ∆ is a closed
immersion whence the functor

j : P
ρ

u → Pu (6.3.48.2)

is also a closed immersion. Since the diagram
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Pu

ρ

��

P
ρ

u

j
&&�������

j

��%
%%

%%
%%

%

Pu

(6.3.48.3)

commutes, the map ρb : ρ∗MP u
→MP u

induces an automorphism, which we
again denote by ρ, of the pullback j∗MP u

. Note that by construction ρ2 = id.

Lemma 6.3.49 Let (U,MU ) be a fine saturated log scheme and let ρ :MU →
MU be an automorphism of the log structure MU such that ρ2 = id. Then
étale locally on U there exists a triple (N,β, ι), where

(i) N is a fine saturated monoid;
(ii) β : N →MU is a chart;
(iii) ι : N → N is an automorphism such that the diagram

N
β−−−−→ MU

ι

⏐⏐�
⏐⏐�ρ

N
β−−−−→ MU

(6.3.49.1)

commutes.

Proof. Let x̄→ U be a geometric point, and let Q denote the monoid MU,x̄,
and let ρQ : Q→ Q be the automorphism defined by ρ. SinceMU is saturated,
there exists a section s : Q → MU,x̄. Let Q′ denote the monoid Q ⊕ Q and
define s′ : Q′ →MU,x̄ to be the map

(q1, q2) �→ s(ρQ(q1)) + ρ(s(q2)). (6.3.49.2)

Let ι : Q′ → Q′ be the automorphism

(q1, q2) �→ (ρQ(q2), ρQ(q1)). (6.3.49.3)

Then the diagram

Q′ s′
−−−−→ MU,x̄

ι

⏐⏐�
⏐⏐�ρ

Q′ s′
−−−−→ MU,x̄

(6.3.49.4)

commutes. Set
N := Q′gp ×Mgp

U,x̄
MU,x̄, (6.3.49.5)
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let ι : N → N be the automorphism induced by ι on Q′gp, and let β : N →
MU,x̄ be the projection. Then by [24, 2.10] the map β extends to a chart in
some étale neighborhood of x̄ and the diagram 6.3.49.1 will also commute in
some étale neighborhood since it commutes at x̄. 	


6.3.50. There is a natural projection

z : (Pu,MP u
)ρ → (P

ρ

u, j
∗MP u

). (6.3.50.1)

Let c : U → P
ρ

u be a smooth morphism from a scheme such that there exists a
triple (N,β, ι) as in 6.3.49 for c∗j∗MP u

. Then the fiber product of the diagram

(U, c∗j∗MP u
)⏐⏐�c

(Pu,MP u
)ρ z−−−−→ (P

ρ

u, j
∗MP u

)

(6.3.50.2)

is equal to the fiber product of the diagram

(U, c∗j∗MP u
)⏐⏐�β

Spec(Nι → Z[Nι]) −−−−→ Spec(N → Z[N ]),

(6.3.50.3)

where Nι is as in 6.3.47.

Corollary 6.3.51 The map 6.3.50.1 is a closed immersion (in the logarith-
mic sense 2.3.12). In particular the underlying morphism of stacks is a closed
immersion.

6.3.52. Write P
ρ,log

u for the underlying stack of (Pu,MP u
)ρ and M

P
ρ,log
u

for
the log structure so by definition we have

(Pu,MP u
)ρ = (P

ρ,log

u ,M
P

ρ,log
u

). (6.3.52.1)

Let
i : (P

ρ,log

u ,M
P

ρ,log
u

) → (Pu,MP u
) (6.3.52.2)

be the inclusion so we have a commutative diagram

(P
ρ,log

u ,M
P

ρ,log
u

)

i

''
z �� (P

ρ

u, j
∗MP u

)
j �� (Pu,MP u

). (6.3.52.3)

6.3.53. If S is a scheme, the groupoid P
ρ,log

u (S) is the groupoid of data

(G,MS , P,MP , L, σ, t :MS →M ′
S , p), (6.3.53.1)
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where

(i) (G,MS , P,MP , L, σ) is an object of Σg,δ;
(ii) t :MS →M ′

S is a morphism of fine log structures on S;
(iii) p : (S,M ′

S) → (P,MP ) is a morphism of log schemes such that the
diagram

(P,MP )

��

(S,M ′
S)

p
������������

t

����
���

���
��

(S,MS)

(6.3.53.2)

commutes. In addition we require that ρ ◦ p = p and that the map
p∗MP → M ′

S identifies M ′
S with the colimit (in the category of inte-

gral log structures) of the diagram

p∗MP

ρ

��

id

$$p
∗MP . (6.3.53.3)

The log structure M
P

ρ,log
u

on P
ρ,log

u is the log structure defined by M ′
S .

6.3.54. Note in particular that any object of P
ρ,log

u admits an action of Gm

(acting on the line bundle). Let Θg,δ denote the rigidification of P
ρ,log

u with
respect to this Gm-action. As in 5.11.11 the log structure M

P
ρ,log
u

descends to

a log structure MΘg,δ
on Θg,δ.

We can now state the main result of this section:

Theorem 6.3.55 (i) The stack Θg,δ is proper over Z[1/2d];
(ii) The log stack (P

ρ,log

u ,M
P

ρ,log
u

), and hence also (Θg,δ,MΘg,δ
), is log

smooth over Z[1/2d];
(iii) The natural map Θg,δ → Θg,δ is a dense open immersion, and iden-

tifies Θg,δ with the maximal open substack over which MΘg,δ
is trivial.

The proof is in several steps 6.3.56–6.3.64.

6.3.56. That Θg,δ is proper over Z[1/2d] can be seen as follows. Let

Σg,δ//Gm and T g,δ[1/2d]//Gm (6.3.56.1)

denote the rigidificationswith respect toGm ofΣg,δ andT g,δ[1/2d] respectively,
where Σg,δ is defined as in 6.3.45. Let H denote the finite flat group scheme
over A g,δ[1/2d] defined in 5.11.11. Then T g,δ[1/2d]//Gm is a H -gerbe over
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A g,δ[1/2d], and in particular is proper over Z[1/2d]. The properness of Θg,δ

over Z[1/2d] then follows from the observation that there is a diagram

Θg,δ
v−−−−→ Σg,δ//Gm

w−−−−→ T g,δ[1/2d]//Gm, (6.3.56.2)

where v is proper and w is finite. It follows that Θg,δ is proper over Z[1/2d].
It is also clear that the map Θg,δ → Θg,δ identifies Θg,δ with the maxi-

mal open substack where MΘg,δ
is trivial. If (Θg,δ,MΘg,δ

) is log smooth over
Z[1/2d] then this open substack is also dense. To prove 6.3.55 it therefore
suffices to prove that (P

ρ,log

u ,M
P

ρ,log
u

) is log smooth over Z[1/2d].

6.3.57. To verify the log smoothness of (P
ρ,log

u ,M
P

ρ,log
u

) we verify the infini-
tesimal lifting property.

Let R′ → R be a surjection of artinian local rings and let R0 be the residue
field of R. Assume that the kernel J ⊂ R′ of R′ → R is annihilated by the
maximal ideal of R′ and hence can be viewed as a R0-module. Fix data as in
5.2.1 over R′ and a map β : Hsat

S → R′ sending all nonzero elements to the
maximal ideal, and let

(G′,MR′ , P ′,MP ′ , L′) (6.3.57.1)

denote the resulting standard family over Spec(R′). Let (G,MR, P,MP , L)
(resp. (G0,MR0 , P0,MP0 , L0)) denote the reduction to R (resp. R0). Using
6.3.18 we may assume that the line bundle M on A is symmetric and fix an
isomorphism ιM : ι∗M → M .

Fix also the following data:

(i) A morphism of log structures t′ : MR′ → M ′
R′ . Let t : MR → MR (resp.

t0 :MR0 →M ′
R0

) be the reduction of t′ to R (resp. R0).
(ii) An isomorphism σ : G (δ)R → G(P,MP ,L) inducing the identity on Gm. By

6.3.44 this defines a morphism ρ : (P,MP , L) → (P,MP , L).
(iii) A morphism p : (Spec(R),M ′

R) → (P,MP ) over (Spec(R),MR) such that
ρ ◦ p = ρ and such that the map to M ′

R identifies M ′
R with the colimit of

the diagram

p∗MP

ρ

��

id

$$p
∗MP . (6.3.57.2)

This data defines a commutative diagram of solid arrows

(Spec(R),M ′
R) a ��

b

��

(P
ρ,log

u ,M
P

ρ,log
u

)

d

��
(Spec(R′),M ′

R′)
c ��

m
''&&&&&&&

(T g,δ,MT g,δ
).

(6.3.57.3)

We show that there exists a morphism m filling in the diagram.
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6.3.58. By 6.3.7, the automorphism group scheme of G (δ) is étale over
Z[1/2d], and therefore the isomorphism σ lifts uniquely to an isomorphism

σ′ : G (δ)R′ → G(P ′,MP ′ ,L′). (6.3.58.1)

By 6.3.44 this in turn determines an automorphism

ρ′ : (P ′,MP ′) → (P ′,MP ′). (6.3.58.2)

6.3.59. Let P̃ ′ → P ′ be the covering used in the standard construction, and
let π : P̃ ′ → A′ be the projection. As before let P̃ (resp. P̃0) denote the
reduction of P̃ to R (resp. R0).

By the proof of 6.3.33 the automorphism ρ lifts to an automorphisms

ρ̃ : (P̃ ,MP̃ ) → (P̃ ,MP̃ ) (6.3.59.1)

over the isomorphism ι : A→ A (since we assumed M was symmetric).
Since P̃ ′ → P ′ is étale, we can after possibly replacing R′ by an étale

covering find a lifting

p̃ : (Spec(R),M ′
R) → (P̃ ,MP̃ ) (6.3.59.2)

of p. Let a ∈ A(R) denote π(p̃) (where π : P̃ → A is the projection). Since
ρ ◦ p = p we have ρ̃ ◦ p̃ = ty(p̃) for some y ∈ Y . Applying π we get that
ι(a) = a+ ct(y). Equivalently

−2a = ct(y). (6.3.59.3)

Choose a point a′ ∈ A′(R′) reducing to a such that −2a′ = ct(y) in A′(R′).
Let (Za′ ,MZa′ ) denote the fiber product

Za′ := Spec(R′) ×a′,A′ P̃ ′ (6.3.59.4)

with MZa′ the pullback of the log structure on P̃ ′, and let (Za′+y,MZa′+y
)

denote the fiber product

Za′+y := Spec(R′) ×a′+ct(y),A P̃
′ (6.3.59.5)

with the pullback ofMP̃ ′ . The map ρ̃ induces an isomorphism (which we again
denote by ρ̃)

ρ̃ : (Za′ ,MZa′ ) → (Za′+y,MZa′+y
). (6.3.59.6)

Translation by y also induces a map

ty : (Za′ ,MZa′ ) → (Za′+y,MZa′+y
) (6.3.59.7)

and we let
α : (Za′ ,MZa′ ) → (Za′ ,MZa′ ) (6.3.59.8)
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denote the automorphism ρ̃−1 ◦ ty. The point p̃ then defines a map

w : (Spec(R),M ′
R) → (Za′ ,MZa′ ) (6.3.59.9)

such that α ◦ w = w. We need to show that we can lift this to a map

w′ : (Spec(R′),M ′
R′) → (Za′ ,MZa′ ) (6.3.59.10)

with α ◦ w′ = w′.

6.3.60. Let Ra′ denote the ring

Ra′ = ⊕(d,x)∈P M (a′)⊗d ⊗ Lx(a′) (6.3.60.1)

with algebra structure defined by the maps 4.1.10.2. Then

Za′ = Proj(Ra′). (6.3.60.2)

By the construction of ty and the map ρ̃ (see for example the proof of
6.3.33), the automorphism α is induced by maps

αx : Lx(a′) → L−x(a′) (6.3.60.3)

such that for every x, z ∈ X the diagram

Lx(a′) ⊗ Lz(a′)
αx⊗αz−−−−→ L−x(a′) ⊗ L−z(a′)

can

⏐⏐�
⏐⏐�can

Lx+z(a′)
αx+z−−−−→ L−x−z(a′)

(6.3.60.4)

commutes.

Lemma 6.3.61 After replacing R′ by an étale covering, there exists trivial-
izations ξx ∈ Lx(a′) such that for every x, z ∈ X the diagram

Lx(a′) ⊗ Lz(a′)

can

��

R′

ξx⊗ξz

��'''''''''''

ξx+z

��((
(((

(((
(((

Lx+z(a′)

(6.3.61.1)

commutes, and such that for every x ∈ X the diagram

Lx(a′)

αx

��

R′

ξx

��)))))))))

ξ−x

((*
**

**
**

**

L−x(a′)

(6.3.61.2)

commutes.



268 6 Level Structure

Proof. Choose first trivializations ξx ∈ Lx(a′) such that the diagrams 6.3.61.1
commute. This is possibly simply by fixing a basis x1, . . . , xr for X, choosing
ξxi

for i = 1, . . . , r, and then defining for x = a1x1+· · ·+arxr the trivialization
ξx to be the element

ξa1
1 ⊗ · · · ⊗ ξar

r ∈ La1
x1

(a′) ⊗ · · ·Lar
xr

(a′) = Lx(a′). (6.3.61.3)

For every x ∈ X we then get a unit ux ∈ R′∗ characterized by the condition
that

αx(ξx) = uxξ−x. (6.3.61.4)

The commutativity of 6.3.60.4 together with the commutativity of the dia-
grams 6.3.61.1 implies that for all x, z ∈ X the diagrams

Lx(a′) ⊗ Lz(a′)

αx⊗αz

��

can �� Lx+z(a′)

αx+z

��

R′

ξx⊗ξz

$$������������

ξx+z

��

uxξ−x⊗uzξ−z

��++
+++

+++
+++

+

ux+zξ−x−z

��
L−x(a′) ⊗ L−z(a′)

can �� L−x−z(a′)

(6.3.61.5)

L−x(a′) ⊗ L−z(a′)

can

��

R′

ξ−x⊗ξ−z

$$������������

ξ−x−z

��++
+++

+++
+++

+

L−x−z(a′)

(6.3.61.6)

commute. From this it follows that the ux’s define a homomorphism

u : X → R′∗. (6.3.61.7)

After replacing R′ by an étale cover (since 2 is invertible in R′), there exists
a homomorphism

λ : X → R′∗ (6.3.61.8)

such that for all x ∈ X we have

λ2
x = u−1

x . (6.3.61.9)
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Then we have

αx(λxξx) = λxuxξ−x = λ−1
x ξ−x = λ−xξ−x. (6.3.61.10)

It follows that by replacing ξx by λxξx we obtain the desired trivializations of
the Lx(a′). 	


6.3.62. Choose trivializations ξx ∈ Lx(a′) as in 6.3.61. These choices define
an isomorphism of log schemes

(Za′ ,MZa′ ) � Proj(P �HS → R⊗Z[HS ] Z[P �HS ]) (6.3.62.1)

such that the automorphism α is induced by the involution ι : P � HS →
P � HS described in the proof of 6.3.33 (recall that ι is the automorphism
induced by multiplication by −1 on X).

For p ∈ P let Ũp ⊂ Spec(R⊗Z[HS ] Z[P �HS ]) be the open subset of points
x where p maps to a unit in k(x), and let Up ⊂ Za′ denote the image of Ũp.
Note that Up is affine. If Qp ⊂ (P � HS)p denotes the submonoid of degree
0-elements in the localization then as a log scheme

Up = Spec(Qp → R⊗Z[HS ] Z[Qp]). (6.3.62.2)

For any p ∈ P the open subset Up+ι(p) ⊂ Za′ is α-invariant, and the union
of these open sets cover the set of points fixed by α.

We can therefore find a strict open immersion compatible with involutions

Spec(Q→ R⊗Z[HS ] Z[Q]) ⊂ (Za′ ,MZa′ ) (6.3.62.3)

where HS → Q is a morphism of fine monoids and ι : Q→ Q is an involution
fixing HS , such that the image of w is contained in this open set. Let Qι

denote the colimit (in the category of integral monoids) of the diagram

Q

ι
))

id

** Q . (6.3.62.4)

Then the map w (6.3.59.9) defines a strict morphism

w̄ : (Spec(R),M ′
R) → Spec(Qι → R′ ⊗Z[HS ] Z[Qι]), (6.3.62.5)

and to define the lifting w′ such that α◦w′ = w′ it suffices to lift this morphism
w̄ to a morphism

w̄′ : (Spec(R′),M ′
R′) → Spec(Qι → R′ ⊗Z[HS ] Z[Qι]). (6.3.62.6)

Note that such a lifting w̄′ is automatically strict which ensures that the
colimit condition in 6.3.53 (iii) holds.
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Lemma 6.3.63 (i) The kernel and the torsion part of the cokernel of the
map Hgp

S → Qgp
ι are annihilated by a power of 2.

(ii) The morphism

Spec(Qι → R′ ⊗Z[HS ] Z[Qι]) → (Spec(R′),MR′) (6.3.63.1)

is log smooth.

Proof. Part (ii) follows form (i) and 2.3.16.
To see (i), note that Q is obtained by taking the degree 0 part of a local-

ization of P �HS . It follows that if Ngp denotes the cokernel of Hgp
S → Qgp

then there is a commutative diagram

0 −−−−→ Hgp
S −−−−→ Qgp −−−−→ Ngp −−−−→ 0

=

⏐⏐�
⏐⏐�

⏐⏐�
0 −−−−→ Hgp

S −−−−→ (P �HS)gp −−−−→ P gp −−−−→ 0,

(6.3.63.2)

where the rows are exact and the vertical arrows are inclusions. In particular
Hgp

S → Qgp is injective and Ngp is torsion free. Let G denote the group {±1}.
Then

Qgp
ι � Z ⊗Z[G] Q

gp, (6.3.63.3)

where Z is viewed as a trivial G-module and Q as a G-module via the au-
tomorphism ι. To prove part (i) of the lemma it therefore suffices to show
that

Z[1/2] ⊗Z[G] H
gp
S → Z[1/2] ⊗Z[G] Q

gp (6.3.63.4)

is injective and that Z[1/2] ⊗Z[G] N
gp is torsion free. This is clear because if

M is a Z[1/2][G]-module then M �M+ ⊕M−, where G acts trivially on M+

and by multiplication by −1 on M− and

Z ⊗Z[G] M �M+. (6.3.63.5)

	


6.3.64. This completes the proof of 6.3.55, for since

Spec(Qι → R′ ⊗Z[HS ] Z[Qι]) → (Spec(R′),MR′) (6.3.64.1)

is log smooth we can by the infinitesimal lifting property 2.3.12 (iii) find a
lifting w̄′ of w̄. 	


6.3.65. Note that the proof in fact shows that the morphism

π : (Θg,δ,MΘg,δ
) → (A g,δ[1/2d],MA g,δ[1/2d]) (6.3.65.1)

is log smooth and proper. Since the restriction

Θg,δ → Ag,δ[1/2d] (6.3.65.2)

is finite and étale we obtain:
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Corollary 6.3.66 The morphism 6.3.65.1 is proper and log étale.

Remark 6.3.67. Let Θ
tot

g,δ ⊂ Θg,δ be the closure of M tot
g,δ (defined as in

6.3.14). Since Θg,δ is locally integral, the stack Θ
tot

g,δ is open and closed in
Θg,δ. If all di are divisible by 8, then there is a natural map

P : Θ
tot

g,δ → M
tot

g,δ (6.3.67.1)

restricting to the identity on M tot
g,δ (here M

tot

g,δ is as in 6.3.15). This map is
defined as follows.

Since Mg,δ ⊂ Θtot

g,δ is a dense open substack and Θ
tot

g,δ is locally integral, it
suffices to define a morphism

Θ
tot

g,δ → P(Vδ) (6.3.67.2)

extending the map 6.3.15.4. For this in turn it suffices to define a map

P̃ : P
ρ,log

u → P(Vδ). (6.3.67.3)

For this note that it follows from 5.2.6 that for any scheme S and object

(G,MS , P,MP , L, σ, t :MS →M ′
S , p) ∈ P ρ,log

u (S) (6.3.67.4)

as in 6.3.53 the sheaf f∗L on S is a locally free sheaf of rank d on S and
its formation commutes with arbitrary base change. Furthermore the map
f∗f∗L→ L is surjective by 6.3.10 and 5.2.7 since each di is divisible by 4. We
therefore get a surjection

f∗L = p∗f∗f∗L→ p∗L (6.3.67.5)

on S. On the other hand, by [36, Part II, Proposition 2] there exists a unique
line bundle K on S and an isomorphism of G (δ)-representations Vδ ⊗Z[1/2d]

K � f∗L (which is unique up to multiplication by an element of O∗
S). The

surjection 6.3.67.5 therefore defines a map

S → P(Vδ). (6.3.67.6)

In this way we obtain the desired morphism 6.3.67.3.
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S-groupoid, 8
Γ0(n)-level structure, 240
d-th root construction, 225
(integral) paving (abelian case), 85
(integral) paving (toric case), 57
(integral) polytope, 57

abelian algebraic space, 31
algebraic space, 19
algebraic stacks, 22

biextension, 34
big Kummer étale topos, 234

chart for a log structure, 44
cleavage, 10
closed immersion of log schemes,

45
coarse moduli space, 26
coherent monoid, 43

Deligne-Mumford stack, 22
dimension of a polytope, 57

exact morphism (of monoids or log
schemes), 232

face of a polytope, 57
fibered category, 8
fine log structure, 44
fine monoid, 43
fs log scheme, 50

generalized Tate family, 213
group associated to a monoid, 43
groupoid in a category C, 14

integral monoid, 43
integral morphism of log schemes,
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Kummer étale site, 232
Kummer morphism (of monoids or

log schemes), 231

log étale, 45
log scheme, 43
log smooth, 45
log smooth deformation, 49
log structure, 43
log structure associated to pre-log

structure, 44
log tangent bundle, 49
logarithmic differentials, 48

Poincare bundle, 33
pre-log structure, 43
presentation of a stack, 22
prestack, 17
pseudo-functor, 11
pullback, 7

regular paving (abelian case), 85
regular paving (toric case), 58
representable morphism of stacks,
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rigidification of a stack, 28
rigidified line bundle, 32

saturated log scheme, 50
saturated log structure, 50
saturated monoid, 50
saturation of log scheme, 50
schematic morphism of stacks, 20
semi-abelian scheme, 31
seminormal scheme, 51
stable semiabelic pair, 53
stable semiabelic variety, 53
stack, 18
standard family (general case), 140
standard family (principally polar-

ized case), 93
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symmetric biextension, 38
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245
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